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Abstract — In this article non-supersymmetric, renormalizable grand unified theories based on the

Special Unitary Group of degree 5 (SU(5)) gauge group are considered. These models extend the

Georgi-Glashow paradigm by the presence of a Higgs field transforming as the 45 representation.
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proportional to the ratio of the vacuum expectation values of the neutral components of the two Higgs

Published: 30 Mar 2026 doublets, to be constrained as follows: 3.4 X 1073 < tanf < 1.2 x 10%. A unification scenario in
Research Article which the physical second Higgs doublet is at 1 TeV, the weak doublet scalar gluons are decoupled
from the theory below the unification scale, and the unification is achieved at 1.9 X 10* GeV is
presented, too. Whereas the weak and color triplet scalar leptoquark must have slightly suppressed

couplings to up-type quarks, because it has a mass of 1.5 X 101 GeV.
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1. Introduction

Half a century after its conception the simplest grand unified theory (GUT) which is based on the gauge group
special unitary group of degree 5 (SU(5)) [1] is still relevant in the exploration of physics beyond the standard
model (SM). Not only does it unify the SM interactions, but also the matter particles, namely quarks and
leptons, that interact through these interactions. It provides the basic framework in which the SM could be
extended.

The mass spectrum of charged fermions, and, in particular, the equality of the masses at the unification scale
of the down-type quark and charged lepton of each generation predicted by the original model fails to
reproduce the observed ratios even for the third family. The minimal extension of the Georgi-Glashow (GG)
model that leads to a realistic mass spectrum of charged fermions and maintains the renormalizability of the
theory requires addition of scalars transforming as the 45 representation of SU(5) [2]. This enlarged spectrum
of particles also ensures the unification of gauge couplings which is in agreement with the experimental values
of physical quantities at the weak scale.

A second Higgs doublet with the same quantum numbers as those of the Higgs doublet of the SM resides in
this additional representation. The neutral component of this Higgs doublet acquires a vacuum expectation
value (VEV) after electroweak (EW) symmetry breaking as well. Hence, a new parameter related to the ratio
of the VEVs of the neutral components of the Higgs doublets in the 5 and 45 representations and which is
represented as tanff < v,5/vs is introduced to the theory.
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Any GUT theory that claims to give a correct description of nature must be able to account for neutrino
oscillations and thus accommodate nonzero neutrino masses. Neutrino mass matrices calculated in
renormalizable SU(5) GUTs as, for example, in the ultraviolet completion of the Zee model [3] will inevitably
involve the tanf3 parameter. Furthermore, there are results in the literature for the mass of the lightest neutrino
[4-6] which predict it to scale with tan*B. These facts motivate us to constrain the values this otherwise
arbitrary parameter can take. This is the major objective of the present article.

Renormalizable SU(5) GUTs are reviewed in Section II, then, it is shown that unification at a sufficiently high
scale is possible in this model, and lower and upper bounds for the tanf3 parameter are obtained in Section III.
Conclusions are drawn in Section IV.

2. Renormalizable SU(5) GUTSs

In this section the Higgs sector of non-supersymmetric, renormalizable SU(5) grand unified theories is
reviewed paying particular attention to their Higgs sector, unification and proton decay constraints in such
models, mass matrices of charged fermions, and how they can be extended to accommodate massive neutrinos.

2.1 Higgs Sector

In SU(5) GUT, the left-handed matter particles of the SM fit in the two smallest irreducible representations of
SU(5) as shown below in their decomposition under the SM subgroup.

_ 1 1
5pq = (dS LT, = (3, 1,—) ® (1,2,——)
' 3/a 2/q

— 2 1
100 = (@5,0,¢ = (3.1.-3) ®(327) @ULY,
' 3/a 6/q
In the above equations a=1,2,3 is the generation (or family) index. The right-handed anti-particles of the above,
then, reside in the conjugate representations, i.e., 5 5 and EF’a.

Spontaneous Symmetry Breaking (SSB) at the super-massive scale is accomplished through the acquisition of
a Vacuum Expectation Value (VEV) by the Higgs multiplet ®,, among those residing in the (real) adjoint
representation of SU(5), that is, 24y. The scalar multiplets comprising the adjoint representation are given
below.

5 _ 5
24y = (Pg, @3, P32y, P3.2), Pas) = (8,1,00D(1,3,0)® (3,2, — g) e (3, 2, g) ®(1,1,0)

The VEV of the adjoint Higgs field which lies in the SM singlet direction is as follows:

V2a .
24,) = —diag(2,2,2,—3,—3

The above VEV breaks the SU(5) gauge symmetry down to that of the SM subgroup, that is, SU(5) —
SUBB)e xSUR2), xU(l)y. As a result of this GUT scale symmetry breaking, the gauge bosons

corresponding to broken symmetry generators become massive with a mass Mgy related to the energy of the
GUT scale symmetry breaking, v,,, as in the equation below:
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Smagyr
Mgyt = Vs 3

This mass is identified with the GUT scale, My, , i.e., My, = Mgyt. @gut = a(Mgyt) is the common value of
the gauge couplings at the unification or GUT scale. However, at this stage, charged fermions of the SM are
still massless. They acquire mass only after the subsequent SSB that occurs at the Electroweak (EW) scale.
This second stage SSB proceeds via the acquisition of a VEV by the neutral components of the Higgs doublets
present in the fundamental, 55, and 455 representations of SU(5).

In addition to the first Higgs doublet, H,, the scalar leptoquark, S; 5, which mediates proton decay at tree level
lives in the fundamental representation as shown in its decomposition below.

S_S*H—?;l1 121
n=(ist) = (31-3)0(123)

The VEV acquired by the neutral component of the first Higgs doublet at the EW SSB is as follows:

; e U
5,) = §i5 5
(Su) 7z

Unlike the SM, in renormalizable SU(5) GUTs there’s also a second Higgs doublet, H,. The decomposition
under the SM subgroup of the scalar 455 that comprises the second Higgs doublet is given below.

1 _ 1 1 _ 7 1 _ 4 1
45 = (30,22,55, B3, Sis o H) = (82,5) @ (6.1, -5 )@ (33, -5) @ (32 -2 )@ (31.-5) @ (3.1.5) @ (125

S3,R3, S1 45 are scalar leptoquarks and we have followed the notation of [7] to denote them, while X, are scalar
gluons that comprise a weak doublet. 45 tensor representation is traceless and has two upper indices that are

anti-symmetric under interchange and a lower index. That is, 4553 = —455 % and Z%=1 452B = 0. The neutral

component of the second Higgs doublet acquires a VEV which conserves color gauge symmetry at the EW
SSB as follows:

(45015 = (45,)2° = (45,)3° = —=

Sils

The aforementioned property of tracelessness, of course, implies that

Uss

(45H)15 =-3 2

It’s convenient to do an orthogonal rotation that takes the basis spanned by H; and H, to the basis spanned by
the mass eigenstates of H and H' in the following manner:

(1) = (g eost ) ()

In this basis, (H) = v/+/2 where v = 246 GeV, whereas the VEV of H’ vanishes. The angle of rotation
satisfies tanf = 21v,5v6/vs, while |v|? = |vg|? + 24|v,5]? as in [8].
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2.2 Unification of Gauge Couplings

At the mass of the Z boson, my, three physical observables, i.c., square of the sine of the Weinberg angle,

sin0y,, inverse of the electromagnetic fine structure constant, a1, , and strong fine structure constant, ag, in

the minimal subtraction (MS) scheme have the values sin?8y,(m;) = 0.23120 , agl (m;) = 127.906,
as(my) = 0.1187, respectively [9]. These values, in turn, determine through the following equations

3
-1 _ .2 -1
a; - = (E) (1 —sin“By)azm.
ay;! = sin®Oyazl,
-1 _ -1
a3~ = Ug

the input values, that is, the values of the three fine structure constants at the weak scale, a; (my), that appear
in the one-loop beta functions for i = 1,2,3 given below.

MGUT) @1

1 -1 1
a; ~(mz) = agyr + Ebilog y

The SM values of the one-loop beta function coefficients, b;, are given below:

41 19
_,b3 =-7

b1=1_0,b2=_ 6

The above expressions for the b; coefficients do not include the contribution of the second Higgs doublet. As
is well known, SM particles do not lead to unification of coupling constants. Therefore, particles beyond those
of the SM with masses in the range m; < M; < MgyT, and beta function coefficients, b;;, must be present to
ensure unification. As a result of these hypothetical particles, as shown below, one-loop beta function
coefficients are replaced by effective coefficients B;.

log(Mgyr/M;)

B; = b; + by —>— ST/ "1
L= Pt i o Maur/my)

It’s more convenient to reduce the number of equations which have to be solved to two by taking the
differences of those in (2.1) and defining new variables B;; = B; — B;. It was realized decades ago [10] that
irrespective of the particle content of the GUT under consideration successful unification requires that the ratio
of the effective coefficients and the GUT scale be given in terms of the physical observables at the weak scale
as in the equations below.

% _ §(Sin29W(mZ) — Qem.(Mz) /s (mz)>
8

B, 3/8 — sin20,,(my)
o (MGUT) __ lém 3/8 —sin%6,,(my)
8 mg 5aem.(Mmz) Bi,

When the aforementioned values of the physical observables at the weak scale are substituted in the above
formulas we obtain the ones given below.
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= — (2.2)

As will be discussed later in this section, the basis in which proton does not decay into a positively charged
meson and an antineutrino pair provides, in GeV, the lowest value of [11, 12]

Mgyt = 1 X 10™*./40agyT

for the GUT scale. The prefactor of 8 x 103 given in [12] has been corrected as its decay rates are erroneously

down by a factor of 4 which leads to an erroneous decrease by a factor of V2 in the GUT scale. A comparison

of (A6-A13) in [12] with (9-11) and (13-17) in [13] reveals this error. Even for a GUT scale as low as this, the

(highest) required value of By, = 6.7 according to (2.2) is too small compared to that of the SM B, = j—; -
(— %9) = 7.3. Thus, new scalars or fermions that have a negative value of this coefficient, that is, b;; — by,

must populate the region between the weak and GUT scales.

Table 1. b;; — b, coefficients of the split multiplets in the 5y, 24y, and 45y Higgs representations. The
contribution of H; is already included among those of the SM particles

5H 24H 45H
by — bj; Hy Sis Dg D3 % b)) 53 R; S1as L H,
1 1 1 8 2 9 17 1 16 1
15 15 3 15 15 5 15 15 15 15
1 1 1 1 2 5 3 1 1 1 1
by — b3y — —— —-= = -3 —= = — —— —— —
6 6 2 3 3 6 2 6 6 6 6

By looking up in Table 1 it is seen that there are only three split multiplets —®5 is decoupled- which have this
property among those of the Higgs fields 5y,24y , and 45y: H,, £, and S3. The two equations, that involve
the masses of these three particles as well as the GUT scale, given below

109 M 1 M 8 M 9 M
2rfa;i(my) — azt(my)] = —log( rfoT) ——log <ﬂ> - —log< TSUT> - —log( GUT)
Z 2

15 15 mH 15 > 5 ms3
23 Mgyry 1 Mgyr) 2 Mgyt 3 Mgyt
2 -1 —a;! =—1 ( ) -1 — =1 -1
nlay " (mz) — a3z (my)] 6 87, +2log — 3108 mg, +5log ms,

can be solved to find the GUT scale and the mass of the scalar leptoquark in terms of the masses of the other
particles. In writing down the above equations it has been assumed that all the other split multiplets are
decoupled from the theory below the unification scale, that is, they have masses greater than the GUT scale.
The result is as follows:

3 my m9 (1/80)
Mour = myexp (<5 [5a7 (mg) + a5 (mz) — 605 ()1} g 23)
80 g, 10
10...7 (1/240)
T - - _ mg, Mgz
ms, = mzexp {mmsdl L(mz) — 291a7(my) + 14603 (m)]} (—; = ) (2.4)
2

Turning to the determination of the minimum value of the unification scale, for this purpose both the
experimental lower bounds and the theoretical expressions for the lifetime of the proton in the various decay
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channels are needed. The experimental lower bounds, 7y, for the lifetime of the proton across the 8 best

studied decay channels are given in Table 2,

Table 2. Bounds on the lifetime of the proton in different decay channels. Table is taken from [12]

Channel Lifetime [1033 years]
p- etm? 16

poutn® 7.7
p - vt 0.39
p—e'K° 1.0
p - utK® 1.6
p - VK* 5.9
p-oetn 10

poun 4.7

whereas the theoretical lifetime of the proton is related to the decay rates of the different channels [13] given
below through the equation Typeory = I'"1 . Needless to say, Ttheory = Texp for the theory to be valid and this

enables one to place a lower bound on the GUT scale.

F(p—>17K+)—( 22| |ZZ| D wud sC)+[1+ﬂ(D+3F)] c(vy,s,dS) 2
pr[ L 3 Y 3mB 172

r(p ") =3 ; A2| )2 (1+D+F)22|c(vi,d,dc)|2
T

(m2 —m2)*
481

py— ~——————Af|al*(1 + D = 3F)*{|c(eq, d)|* + kilc(eg, d)|*}
mpfrr

F(p —>nez) =

m2 —m2) m 2
I'(p - K%)= MAEIO(IZ [1 + m—p(D —F)| {lc(eq s + ktlc(e, s)1%}
T B

8mm; f;?
[(p - ng) = 16 I} Aflal*(1 + D + F)*{|c(eq, dO)|* + kflc(el, )1}
Vs

where m,=938.3 MeV, mg=493.7 MeV, m,=547.9 MeV, D=0.8, F=0.47, mg=1.15 GeV, f=139 MeV,
A;=1.4%3.4, @=0.012 GeV? [12]. The variable k, is defined as k? = 4wagyr/Méyr-

c(eS,dg) = VAV + (V) B (Vvy) "
c(eq di) = kleanfa
C(Vl:dou d,g) =k (ViVyp) *(VsVpn)Pt,a =1or g =1
where V; = UTU v, = ETD V3 = D E,Vyp = UTD, Vgy = ETN. Quark mixings are given by Vyp = UTD =
K1VekmKs, whereas Vigy = K3V} denotes mixing in the leptonic sector in the Majorana case at low energies.

K; and K, represent diagonal matrices with three and two phases, respectively. According to the convention
used for the diagonalization of mass matrices of charged fermions in this article,

Uly,u = v
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DLY,D = Yy (2.5)
ELY,E = y&e9 (2.6)

Down-type quark and charged lepton generation indices run over a,§ = 1,2, while there are 3 neutrino
flavors, sol =1, 2, 3.

The precise value of the GUT scale depends on the basis chosen, i.e., the choice of the unitary matrices that
diagonalize the mass matrices of charged fermions. There’s a special basis in which the GUT scale attains its

minimum value of 1 X 10%*,/40a¢yr in GeV quoted above. This basis is defined by the absence of proton
decays into charged meson anti-neutrino pairs assuming neutrinos are Majorana. This is achieved by setting

(V1VUD)1a =0

for « = 1 and 2. The above condition implies that

[V = [ViRm

and thus, substantially suppresses the remaining decays into meson charged lepton pairs. If, in addition, one
chooses [12]

0.11 0.77)

Vol = V3| = (0.16 0.61 27)

for a, f = 1,2, then as per the figures listed in Table 2 the four decay channels p » e*n®, p - u*n% p -
e*K% p > utK° become equally constraining and one obtains the minimum value of the unification scale
mentioned above.

The Higgs potential shall be listed below which leads to the SSB at the GUT and EW scales, as well as the
mixing between the first, H;, and second Higgs doublets, H,. The terms that involve only the adjoint scalars
[14] are responsible for the GUT scale symmetry breaking. Since the Higgs potential preserves the 24y, —
—24y symmetry of the GG model, the mass relation of m; 3y = 2m g ) between the weak triplet scalars and

scalar gluons is intact. This relation suggests that both will be
Has j j J ok o4l 2ci v A5 rcice 32
Liiggs ==~ 244,244, (24H124 ) ——24H]24 24H124Hi+y55,,5m—Z(sHsm)
+ 4,55k 5H124f 24%; — Ay 55555 240,24%; + 12545, 457K,
+ Ay 4545 AS TR 245, 24T — By 45 451K 248,247, — B,45]) 45T 24K 24%,
— B345, A5 24L 24K, — B,45], 457K 24L, 24T, — Bo45Y 457 247 24%
— As—as54 5145 T A5 — As—a554 5045545 D — As_455L 571,450,451,
— A4545,, 45K, 45T A4S — 14545, 45KE 45T A5 — 14545, 45K, 45 45T,
- /145,145ij 5’1(111'45;1%4511“ — X451 45 5’15111457171?1145}111
— 45 245, A5KLAST 45T — A elkime,  45) 4SKL 45T 45,

— Relkime, 457 45K 45T 45— ] eUkime 450 45KiASH 45im

decoupled when the scalar gluons are chosen to lie at the GUT scale, i.e., m(g 1) = Mgyr. Then, there are the

terms which involve only the fundamental Higgs and the mixing between the fundamental and adjoint Higgses.
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These terms push the scalar leptoquark multiplet, Sy 5, to the GUT scale while keeping the first Higgs, H,,
light, that is, accomplish the doublet-triplet splitting and determine the VEV of the first Higgs doublet.

Likewise, the terms in which the 455 interact among themselves and with the adjoint scalars lead to a mass
spectrum of the multiplets as given below [15]

2 2 U224
my, = —M —ﬁ(6ﬁ1 + By +4B3 + By + 2fs5)

2 2 v224
mg, =—-M*— ?(631 + 5B, + 4P3 + B4 + 25)

2 2 U224
ms, = —M* - ﬁ(zﬁﬁ +15B; +4B3 + 7By + 6fs)

2——M2—v—%4(18 + 158, + 8B5 + 3P4 — 2PBs)
mg, = 24 B B2 B3 Bs— 2PBs

z ——MZ—U—%‘*(Z + 158, + 2083 + 764 — 2f5)
mpg, = 4 B1 B2 B3 Ba Bs

2
v
m3, ,, = —M? = =2 (=6 + 158, + 2085 — B4 + 65)

2
v
m§, = —M? — == (108, — 56, + 6f3 + 58, + 2fs)

and determine the VEV of the second Higgs doublet. In the equations above a new variable has been defined
M? = pss + v224)lﬂ,45. In order for SSB to occur at the EW scale, m,%,2 must both be negative and fine-tuned
to be O(v?2). As the equations below explicitly demonstrate R, S1 45, and L5 whose masses are above the GUT
scale must cancel each other to give a light second Higgs doublet and, if necessary, light weak doublet scalar
gluons. This is always possible.

2
mg, = —(m§3 —mp, +m§ _+ Zmi) _EMZ

3 4
2 _ 2 2 2 2 2 2
msg = 10 (mz2 + 3mg, — 2mg, + ZmSL45 + Zm):ﬁ) + §M

Finally, a word is in order for the weak and color triplet scalar leptoquark, S3, because it might cause the proton
to decay too rapidly. Naively, it would have to have a mass exceeding mg, = 10 GeV in order for this not
to happen [16]. However, if its coupling to the up-type quark is somewhat suppressed such as it would have to
be in the scenario considered in this manuscript, then this bound could be evaded.

2.3 Charged Fermion Masses
The following Yukawa lagrangian

Ly = _Y1§F10F5;I - Y2§F10F45;I - 1_()12"10F(Y35H + Y4-45H) + h C.
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is responsible for generating masses for charged fermions in renormalizable SU(5) theories. The mass matrices
of down-type quarks, Mp, charged leptons, Mg, and up-type quarks, My, which follow from this lagrangian
are given below.

1

MD = EY]_U; + YZUZS (28)
1

ME = EY“’; — 3Y, v, (2.9)

My =2 (Y3 + Y{)vs — 2vV2 (¥, — Y])vys

These mass matrices are connected to the Yukawa coupling matrices mentioned in the previous subsection by
the formulae

v*
v*

Mg = Ve 75 2.11)
v

My = Yuﬁ

Therefore, the diagonalization of the Yukawa couplings mentioned in the previous subsection apply without
alteration to the mass matrices as well.

2.4 Neutrino Masses

Today, it is known that neutrinos oscillate from one flavor to another as they move in space. Explanation of
this phenomenon requires that at least two neutrinos be massive. There are different mechanisms by which
neutrino masses can be generated in grand unified theories. The simplest one, albeit not predictive, is to add
two singlet right-handed neutrinos, 1, to the particle spectrum of the SM. In this case, the smallness of neutrio
masses is still a mystery, because the masses of the right-handed singlets are not determined by unification

constraints and are instead arbitrary, and the Dirac mass of neutrinos are adjusted to their physical values by
hand.

One could also add a fermionic representation which includes a SM singlet as in the Type-I see-saw mechanism
[17-19]. Of course, two of these multiplets such as those in 24 or 75 or one of each would be necessary. A
variation of this mechanism involves a fermionic multiplet which contains particles whose quantum numbers
are (1,3,0). This is dubbed the Type-III see-saw [20] and it can be implemented by extending the particle
content of the GG model by two fermionic 24 representations. There are hybrid non-renormalizable [21] and
renormalizable [16] models, too, which involve a single fermionic 24. In these models it’s possible to give
mass to two neutrinos at once by the presence of the singlet, (1,1,0), and the weak triplet, (1,3,0), multiplets
in the fermionic adjoint representation.

It’s possible to extend the particle spectrum of the SM only by scalars, too. The first mechanism utilizes a
scalar with quantum numbers (1,3,1) and is called the Type-II see-saw [22]. For example, 15 representation
of SU(5) contains the aforementioned multiplet. These are the only mechanisms of mass generation at tree-
level. However, neutrinos could acquire mass at loop-level as well. In fact, a model proposed recently [23]
makes use only of scalars in the 105 representation to generate mass for neutrinos at the one-loop level.
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3. Results and Discussion

(2.8) and (2.9) in the previous section are inverted to obtain the Yukawa couplings in terms of the mass matrices
as follows:

Y = -—[3Mp(Q) + ME(Q)]

*
2ve

Y, = [Mp(Q) — ME(Q)]

*
4v,,

In the above equations it has been explicitly indicated that mass matrices are functions of @ to emphasize their
renormalization scale dependence. Mass matrices are related to down-type quark and charged lepton Yukawa
couplings through (2.10) and (2.11), combining this with (2.5) and (2.6) leads in a general basis to

VIIN2) (i ey di
= 707 )(3DCY§lagDT + E'Y*8E])
_ (v*/ 2) xyydiag n+ xy,diag -t
Y= 'S(DCYD Dt - E*Y;8E})

Substituting in v = v*cosf and v,s = v*sinf/V24 we get

1 xy,diag xydiag -t
Y1 = m(3DCYD DT +E YE EC)
3 dia i
— * g sy diag -t
) = ZS.inB (pevgept — gy eE])

These are the general equations which enable one to constrain the values of the tanf parameter.

The renormalization scale dependence of the charged fermion mass matrices and hence the unitary
transformations which diagonalize them were utilized to use different bases at low and high energies. In
evaluating the neutrino mass which is a low energy observable the PMNS basis is utilized, while in the case
of proton decay matrix elements that must be calculated at the GUT scale and then run down to the scale of
the proton mass the scale mentioned in the Unification of Gauge Couplings subsection of Section II which
minimizes the GUT scale is employed. It is demanded, of course, that the elements of the Yukawa coupling
matrices remain perturbative throughout the whole energy range.

First, specialize to the PMNS (or flavor) basis, taking K;, K, to be unit matrices for simplicity, to arrive at the
expression given below.

diag,,t diag
Y; =——(3Y, "V, +Y,
! Zx/fcosB( b TCRMTUE )
_ \/?: ( diagV-l- _Ydiag)
2 ZsinB D CKM E

All of the elements of these matrices must be perturbative in order for our calculations to be consistent.
Therefore,
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3Y5 BV fy + Y5 ) | < Var

ol = |
vy _ZﬁcosB
V3

|Y2'ij| 251nB

ij

(V58w — Yd‘ag)lj| < Van

Obviously, for both cases it’s the 33 element which will give the largest absolute value. Thus,

cosf3 = Vekmss + Y)

\/_(3Y,,

V3
sinff = —= (Y, V, -Y
B 4\/5( »Vekmas — Yr)

Evaluating the above Yukawa couplings at the bottom quark and tau lepton masses, respectively, the limits
given below for the tanf3 parameter are obtained.

3.4 %1073 < tanf < 1.2 x 102

Now, the bounds are evaluated in the basis that minimizes the GUT scale. This is the high energy basis, so the
figures used for the bottom quark and tau lepton Yukawa couplings are the ones at the GUT scale. Multiplying
the first and second equations on the left by DX and ET, respectively, and on the right by D and E, respectively,
the equations given below are obtained.

DIY,D = —— (3ydia8 4 prydiagy
¢ ZCOSB\/E( b 3°E 2)
V3 di
ETY,E; = — (VIy SR8y — yiee
2LC 251 B( 3 )

ETY,E; and DLY,D on the left-hand side of the equations are not considered, because it has been checked that
these lead to less stringent bounds on the value of tanf3. Perturbativity of Yukawa couplings implies

1 ) i
T | = diag xy,diag
|(DEY, D)5 P |(3YD +V3YS Vz)ij| <Van
|(ETY,E0)y| = B| vIvgeeyt — ylee) | < Van
ij

for each of the nine matrix elements separately. Hence, the full matrix whose two-by-two subspace was given
in (2.7) has to be found assuming that all of its elements are real. Here is the result:

0.11 0.77 0.629
V,=VI= (—0.16 —-0.61 0.776 )
0981 —-0.186 0.0561

As it turns out, in each case the absolute value of the 33 element is the largest and thus gives the most
demanding bounds. Therefore,
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|(DZY,D)45| = gyJiae 4 V;Yg”agvz)33| < Varm

1
2cosf2 |(

V3 di )

T _ Ty diagy,+ diag
|(E"Y2E¢)33] = —ZSinB |(V3 Y, "V, =Yg )33| <+4r
Finally,

1
cosp = ——[3Y, + [(V53Y,V5)33]
B 4-\/%[ b (3‘[2)33]

i B = ’ |( ; ) |
Sin VY,V Y
| — 31h¥2)33 T

At this point, the values of the bottom quark and tau lepton Yukawa couplings evaluated at the GUT scale
from [24] are substituted in to obtain the following limits for the tanf3 parameter.

2.4x 1073 < tanf < 5.7 x 102

60 T "““': HERRUL LU RLLL B L

*1-loop - . d.. M ©aal-loop
S, : S, 17 GUT = Mgyt

20f :

10— : from top to bottom:'

0 E il il il E il E il il EE il
102 10 10°  10° 10" 10" 0™ 10" 10"
1 [GeV]
Figure 1. Inverse Gauge Couplings vs. Renormalization Scale in GeV in the case in which the second Higgs
doublet has a mass of 1 TeV and the scalar gluons are at the unification scale. Solid lines indicate the 2-loop

solution, whereas the 1-loop solution is shown as dotted lines

For completeness, a scenario is presented in which the physical second Higgs doublet, H,, has a mass of 1
TeV, the weak and color triplet scalar leptoquark, S, has a mass of 1.5 x 101° GeV, and the scalar gluons,
%, are decoupled from the theory below the unification scale as their mass is equal to the GUT scale of
1.9 x 10'* GeV. The decoupling of the scalar gluons ensures that the weak and color triplet scalar leptoquark
mass is maximized according to (2.4) for the given mass of the second Higgs doublet. The evolution of the
inverses of the three fine-structure constants as a function of the renormalization scale for this scenario is
shown in Figure 1.
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A comparison of the GUT scale of 2.7 x 10* GeV given by (2.3) obtained using the 1-loop running of gauge
couplings with that of the 2-loop result of 1.9 X 101* GeV shows it to be larger almost by 50%. On the other
hand, there’s more than an order of magnitude decrease in the mass of the weak and color triplet scalar
leptoquark, S5, of 1.3 x 10° GeV computed using (2.4) in the 1-loop approximation compared to the mass of
1.5 x 101° GeV found at 2-loops. The common value of the inverse of the fine-structure constants at the
unification scale in the 1-loop approximation is 39.4 and compares favorably with the figure of 39.7 obtained
at 2-loops. The 1- and 2-loop results are shown as dotted and solid lines in Figure 1, respectively.

4. Conclusion

Renormalizable grand unified theories based on the SU(5) gauge group provide a realistic mass spectrum for
the charged fermions of the SM with the extension of the GG model by 455 [2]. The additional degrees of
freedom in the Higgs sector combined with the freedom to choose a different basis for the mass matrices of
charged fermions at low and high energies enables the unification of gauge coupling constants at as low a
unification scale as 1.9 X 101 GeV without violating the experimental constraints regarding proton decay due
to gauge boson exchange.

Consistency of the model requires that the Yukawa couplings of the down-type quarks and charged leptons be
perturbative throughout the whole range of energies. The more stringent condition on the perturbativity of the
Yukawa couplings is obtained at low energies and the tanf parameter, provided that § lies in the first quadrant,
is found to fall in the following range: 3.4 X 10~3 < tanf < 1.2 X 102, Even though these bounds do not
impact the angle itself by much 0.195° < 3 < 89.5° as opposed to 0° < § < 90°, they make a huge difference
in a physical quantity such as the lightest neutrino mass which scales as tan*p [4-6].

In the simplest scenario considered Dirac neutrino masses are generated for two of the neutrinos through the
addition of two right-handed singlet neutrinos. Being singlets these fermions do not affect the running of gauge
couplings and thus do not alter the analysis presented in this manuscript. There are several other possibilities
[16-23] as was explained in the subsection on Neutrino Masses in Section II; however, the extra particles they
introduce to the theory must be accounted for in the running of gauge couplings, too.

There are also supersymmetric grand unified theories with SU(5) gauge symmetry [25] and non-
supersymmetric grand unified theories based on the 10-dimensional orthogonal group SO(10) [26] that involve
only renormalizable couplings, which are investigated intensely. When the gauge group is SO(10), and the
theory is renormalizable, 10y and 126y Higgses, which transform as the vector and complex self-dual five-
index tensor representations, respectively, must be present to reproduce the observed mass matrices of charged
leptons. Therefore, there are again two types of coupling, and both have to remain perturbative. However, the
breaking of SO(10) gauge group down to that of the SM is more complicated and, in general, proceeds in
multiple steps. Investigating whether this more complicated chain of symmetry breaking affects the results
herein is worth studying. Therefore, in future studies, it would be interesting to establish similar bounds in
those theories.
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