EGE AKADEMIK BAKIS / EGE ACADEMIC REVIEW

Cilt: 15+ Sayi: 4 - Ekim 2015
5. 445-448
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Béliinmez Mallar, Cekirdek ve Walras Dengesi: Inceleme

Hakan INAL'

ABSTRACT

This article surveys some of the developments in allocation of
indivisible goods and Walrasian equilibrium using a common
notation aiming to make it easier for the reader to compre-
hend various contributions on the subject.

Keywords: Discrete Goods, Walras equilibrium, Core, Many-
to-one Matching.

1. INTRODUCTION

In this paper, | present some of the major results
on allocation of indivisible goods, Walrasian equilib-
rium and the core using a common notation to make
it easier for the reader to understand and compare
these results. Early works laying the foundations
range from the housing market in Shapley and Scarf
(1974) and Roth and Postlewaite (1977) to those
works on many-to-one matchings including, Gale
and Shapley (1962), Kelso and Crawford (1982), Roth
and Sotomayor (1990), and Echenique and Oviedo
(2004). Recent works on the subject include Gul and
Stacchetti (1999), and Sun and Yang (2006) who build
on some of these aforementioned studies, see SOn-
mez and Unver (2011) for a recent survey on these
subjects.

Study of Walrasian equilibrium and the core in
discrete goods markets dates back to the early works
in the matching, specifically many-to-one matching,
markets. Many-to-one matchings were introduced
by Gale and Shapley (1962) in the context of college
admission problem. Each college has preferences
over individual students, and has a limited number of
seats, quota, it can fill. Each student also has prefer-
ences over colleges. Gale and Shapley (1962) present
an algorithm in which students propose to colleges
they prefer among those who did not rejected them,
and colleges reject all but those they prefer most
within their quotas. They show that this algorithm
leads to a matching of colleges and students such
that it is pairwise stable and it is student optimal,
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i.e. it is preferred to all other stable matchings by all
students. In Section 3, many-to-one matching mod-
els with and without money are presented. Shapley
and Scarf (1974), the earliest study of core and Walra-
sian equilibrium in economies with discrete goods
is presented in Section 2. In a recent work, Gul and
Stacchetti (1999), building on the work of Kelso and
Crawford (1982), presented an analysis of core and
Walrasian equilibrium in discrete good economies
with money. An extension of their work to include
both substitutes and complements is developed by
Sun and Yang (2006). These models are presented in
Section 3.3.

2. HOUSING MARKET

There is a finite set of agents N = {1,...,n} and
a set of houses X such that each agent is initially
assigned to a distinct house, | NV [=| X |. Initial allo-
cation of houses is represented by a one-to-one and
onto function £, : N = X such that for each agent
ieN, u,(i)e X is the house initially owned by
agent j.Each agent has strict preferences over houses
and interested in owning at most one house. A group
ofagents J ¢ 2V \{@} form a weakly blocking co-
alition for a matching 4 if there exists a matching
4" suchthatu_ u (i)=U 1'(i) ,and foreach j €J
, u’(j)>j M(j), with at least one strict inequality. If all in-
equalities are strict, then the corresponding coalition
is called a strongly blocking coalition. A matching 1
isin the weak core if there is no weakly blocking coali-
tion. Amatching g isin the strong core if there is no
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strongly blocking coalition. Shapley and Scarf (1974)
presented the top trading cycle (TTC) algorithm, at-
tributed to David Gale, to show that in this problem
there exists a strong core allocation of houses. More-
over they show that there exist Walrasian equilibrium
prices supporting this allocation.

Gale’s Top-Trading Cycles Algorithm

Initially, all houses and their owners are on the
market. At step k € {0,1,...} of the algorithm, each
agent points at the owner of the house he prefers
most among the houses on the market. As there are
finite number of agents, there exists at least one cycle
of agents. Moreover, as preferences are assumed to be
strict, cycles of agents do not intersect. Assign prices
P, =n—k to all of those houses in cycles, and
transfer each house in the cycle from the owner to
the agent who demands it. Remove those agents with
their houses from the market. Repeat the procedure
until there are no more houses left on the market.

Shapley and Scarf (1974) show that the matching
resulting from the TTC algorithm is in the strong core,
and the prices are Walrasian equilibrium prices. Roth
and Postlewaite (1977) show that the TTC algorithm
outcome is the unique weak core matching, and the
unique Walrasian equilibrium allocation. Note that
the weak core is defined by weak domination, and
the strong core is defined by strong domination.
Hence, the weak core is contained in the strong core.

3. LABOR MARKET

3.1 Many-to-one Matching Model without
Money

There are afinite set of firms N = {1,...,n},and
a finite set of workers X = {1,...,m}. Each worker

i € X has strict preferences R over firms, and each
firm j has preferences over groups of workers de-

fined by choice functions C () such that for each
subgroup of workers § ¢ X', C,(S)c S

A preference relation satisfies substitutability if
for each worker i,i' € X with i # 1, for each set of
workers S < X with i, i'eSifje C (S) where
C (*) is the choice function representmg the prefer-
ence relation, then { Cj (S\{i'} .

A matching p isamapping fromtheset N U X
to the set of all subsets of N\ X such that for each
je N andforeach ie X :

) u(i)e N Ui} and | u(@F 1,
iy u(j)e2”,
(i) i € p(j) ifandonlyif p(i)=j.

A matching 4 is acceptable for worker i € X if
(1) >, D, and u is acceptable for firm j € N if

U
u(j)= C (u()))-

A matchmg M is individually rational if for each
agent k € X UN , p(k) isacceptable foragent k.

A worker and a firm (i, )) EX_XN pairwise
block a matching 4 if i & u(j), J > () and
ieC (uuii}).

A matching is pairwise stable if it is individu-

ally rational and not pairwise blocked by any pair
(@, j) e XxN ofagents.

%9 workers and a firm
, ])E \{Q}X block a matching & if
INu(j)=O andforeach iel, j>; #(i) and
IS C(u()VT),

A matching is stable if it is |nd|V|duaIIy rational
and not blocked by any pair (/, ) € 2% \{DIx N
ofagents

group of Workers and a group of firms
(, J)e2 M@ x 2" \{D} is a group block for
a matching H if there exists a matchip ' such
that for each ie I, (') J and (1 9)>_ (i)
, nd for each ]GJ ,u(])CIU,U(]) and
u(1)> H(J).

A matching is group stable if it is indi-
vidually ratlonal and not blocked by any pair
(1,J) €2 \{@x 2" \{D} of agents.

A group of workers and a group of firms
(1,J) €2 \{@DV x 2" \ {@} form a weakly block-
ing coalition for a matching 4 if there exists a
matching ' such that for each i, t'(i)eJ
and (i), u(i), and for each jeJ, t'(j)cl
and u'(j) =, u(j), with at least one strict inequality for
a worker or a firm. A matching 4 is in the weak core
if there is no weakly blocking coalition. Let CW stand
for the weak core.

A group of workers and a group of firms
(1,J) €2 \{@D x2" \{@B} form a strongly
blocking coalition for a matching A if there exists
a matching ' such that foreach je [, ¢'(i)eJ

and 4'(i) =, (i), andforeach jeJ, f'(j)c I

and 4'(J) >, #(J). A matching & is in the strong
core if there is no strongly blocking coalition. Let C

stand for the strong core. Observe that CW cC
. Echenique and Oviedo (2004) show that the set
of stable matchings, which contains group stable
matchings, is equal to weak core. Moreover, weak
core is contained in the set of pairwise stable match-
ings.
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Roth and Sotomayor (1990), and Echenique and
Oviedo (2004) show that the set of stable matchings
is nonempty when firms have substitute preferences.

A matching is worker (firm)-optimal if it is not
worse than any other stable matching for any worker
(firm). Echenique and Oviedo (2004) show that when
firms have substitute preferences, then the set of
stable S (weak core, CW) matchings form a non-
empty lattice, and the largest (smallest) element of
the lattice is the worker (firm)-optimal matching.

3.2 Many-to-one Matching Model with Money

There are a finite set of firms N ={1,...,n}
, and a finite set of workers X ={1,...,m}. Each
worker j € X has utility u,(j; p;) from working at

firm j € N atwage p;-Firm J € N, on the other
hand, has value (gross product) v;(S) from hiring
workers S < X, and has net value (net profit) of
v, (S)—ZX, s p; - The following are the assumptions
made in Kelso and Crawford (1982):

(Monotonicity) For each je N, ie X and
Sc X\, v, (Sulih)-v,(S) 21,  where
v is the reservation wage of worker 7 for firm J,
ie. u,(j;7,)=u,(5;0) (u;(3;0) is the utility of
worker | when he is unemployed with wage () ).

(No Free Lunch) For each firm J, Vi (©D)=0,ie.
firm with no employees produces nothing.

Define the demand of each firm j€ N and

for each wage vector p;, J faces as follows:

Di(p))={Sc X VS cX,v,(S)-Z,sp; 2
!
Vi (S )_zies’py}'

(Gross Substitutes- GS) For each wage vector
q;,P; eR" with q;,2p;, foreach j€N, and
for each SeD.(pj), there exists S'eD,(p;)
such that {i equl.j =p;scS.

The Salary Adjustment Process

Step 0. Initially, all wages are set such that for
each worker i e X, and for each firm jeN,
p;(0)=1r;.

Step t. Given the collection of possible wage of-
fers {p; ()}, , each firm j € N determines a set
of workers maximizing its net profit provided that
for each wage offer p;(#) made by j not rejected
by some worker i at Step ¢ —1, worker i is among
those receiving a wage offer in the current step. By
the gross substitutes assumption, there exists such
set of workers maximizing net profit of firm ; at cur-
rent wages containing those workers who received
wage offers at Step ¢ —1 not rejected by these work-
ers. Each worker receiving wage offers reject all but

the most preferred wage offer with an arbitrary tie-
breaking rule. The next step’s wage offers are deter-
mined such that p,(¢+1) = p,(#) for those who
did not reject their offers,and p, (1 +1) = p,(¢) +1
for those who did reject their offers.

The algorithm ends when there are no more rejec-
tions of wage offers.

A matching together with a salary schedule
{p,-,,(,-)}ieX is individually rational if for each i € X
and for each j & N, ui(,l;(l);pw(i)) > u, (;0)
and vj(,u(]) _zi'ey(j)pij 20

An individually rational matching 4 together
with a salary schedule {piy(i)}ieX is a discrete core
allocation if there are no (1,j)€2* \{&}xN
with a salary schedule {p;},, such that for
each jel, u,(j;p;)>u(u@);p,,) and
Vj(l) _zi’elpi’j > V](IU(]) _zi'e,u(j)pi'j .

Kelso and Crawford (1982) show that when the
monotonicity, no free luch and gross substitutes
assumptions hold, the salary-adjustment process
above reaches a discrete core allocation in finitely
many steps.

3.3 Walrasian Equilibrium with Substitute and
Complement Discrete Goods

Sun and Yang (2006) examined the Walrasian
equilibrium in economies where there are comple-
ment and substitute indivisible goods. The set of
goods X is partitioned into two sets X, and X,
such that goods in the same set are substitutes
whereas those in different sets are complements to
each other. Formally, demand correspondence D],
satisfies the gross substitutes and complements
(GSC) condition if for any p, ie X,, §>0 and
S eDj(p), there exists S’ eDj(p+§1i) such
that [SO X, I\{i} = S and, §° A X = S™.

A Walrasian equilibrium is a price vector p and
an allocation (matching) ¢ of objects such that for
eachagent je N, u(j) EDj(p)-

Sun and Yang (2006) show that if every agent’s
utility function satisfies GSC condition then there ex-
ists a Walrasian equilibrium.

In an earlier work, Gul and Stacchetti (1999) stud-
ied the allocation of discrete goods, and Walrasian
equilibrium in such markets. Their model is based on
the model in Kelso and Crawford (1982), described
above.The set of workers X is now treated as the set
of indivisible goods, and the set of firms N represent
the set of agents in the economy. Hence, each agent
J € N receivesvalue v,(S)— X, p; from consum-
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ing goods S < X at prices {D:}ics . Their model is
a special case of the model in Sun and Yang (2006),

either X, =X, X, =D or X, =X, X, =0,
ScS'cX,

(Monotonicity) For each

v;(§)<v;(S).

Foreach S,S' < X, SAS' is the symmetric dif-
ference between sets S and S', and #(SAS’) is
the Hausdorff Distance between S and S’.

(Single Improvement Property -SI) For each
P =P} icx, and for each S & D(p), there exists
S'c X such that #(S'\S) <1, #(5\S") <1,
and V,(8)=Z,cop; > v, (S)—Zi5p;.
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