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ABSTRACT. In the paper, the authors introduce the concept of strongly (α,m)-convex functions with modulus,
establish several new integral identities, and, by virtue of these newly-established identities and Hölder’s inequality,
present some new integral inequalities of the Hermite–Hadamard type for strongly (α,m)-convex functions with
modulus.
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1. INTRODUCTION

The following definitions are well known in the literature:

Definition 1.1. A function f : I ⊆ R = (−∞,∞) → R is said to be convex on the interval I if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)

holds for all x, y ∈ I and t ∈ [0, 1].

Definition 1.2 ([10]). A function f : [0, b] → R is said to be m-convex if

f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y)

holds for all x, y ∈ [0, b], t ∈ [0, 1], and m ∈ (0, 1], where b > 0.

Definition 1.3 ([7]). A function f : [0, b] → R is said to be (α,m)-convex if

f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y)

is valid for all x, y ∈ [0, b], t ∈ [0, 1], and (α,m) ∈ (0, 1]2, where b > 0.

Definition 1.4 ([9]). A function f : [a, b] → R is said to be strongly convex with modulus c > 0, if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)− ct(1− t)(x− y)2

is valid for all x, y ∈ [a, b] and t ∈ [0, 1], where b > a.

In recent decades, numerous inequalities of the Hermite–Hadamard type for various kinds
of convex functions have been established. Some of them may be recited as follows:
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Theorem 1.1 ([3, Theorem 2.2]). Let f : I◦ ⊆ R → R be a differentiable mapping on I◦ and a, b ∈ I◦

with a < b, where I◦ denotes the interior of the interval I . If |f ′| is convex on [a, b], then∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣ ≤ (b− a)
(
|f ′(a)|+ |f ′(b)|

)
8

.

Theorem 1.2 ([2, p. 48, Theorem 2] and [5]). Let f : R0 = [0,∞) → R be m-convex and m ∈ (0, 1].
If f ∈ L1([a, b]) for 0 ≤ a < b < ∞, then

1

b− a

∫ b

a

f(x) dx ≤ min

{
f(a) +mf(b/m)

2
,
mf(a/m) + f(b)

2

}
.

Theorem 1.3 ([1, Theorem 3.1]). Let I ⊇ R0 = [0,∞) be an open real interval and let f : I → R be
a differentiable function on I such that f ′ ∈ L1([a, b]) for 0 ≤ a < b < ∞. If |f ′|q is (α,m)-convex on
[a, b] for some given numbers m,α ∈ (0, 1] and q ≥ 1, then∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤b− a

2

(
1

2

)1−1/q

min

{[
v1|f ′(a)|q + v2m

∣∣∣∣f ′
(

b

m

)∣∣∣∣q]1/q, [v2m∣∣∣∣f ′
(

a

m

)∣∣∣∣q + v1|f ′(b)|q
]1/q}

,

where

v1 =
1

(α+ 1)(α+ 2)

(
α+

1

2α

)
and

v2 =
1

(α+ 1)(α+ 2)

(
α2 + α+ 2

2
− 1

2α

)
.

Theorem 1.4 ([6, Theorems 2.2 and 2.4]). Let f : I ⊆ R0 → R0 be differentiable on I◦ and g :

[a, b] → R0 be continuous and symmetric with respect to a+b
2 for a, b ∈ I with a < b. Denote

L(t) =
1 + t

2
a+

1− t

2
b and U(t) =

1− t

2
a+

1 + t

2
b

for t ∈ [0, 1].
(1) If |f ′| is convex on [a, b], then∣∣∣∣f(a) + f(b)

2

∫ b

a

g(x) dx−
∫ b

a

f(x)g(x) dx

∣∣∣∣
≤b− a

4
[|f ′(a)|+ |f ′(b)|]

∫ 1

0

∫ U(t)

L(t)

g(x) dxdt.

(2) If |f ′|q is convex on [a, b] for q ≥ 1, then∣∣∣∣f(a) + f(b)

2

∫ b

a

g(x) dx−
∫ b

a

f(x)g(x) dx

∣∣∣∣
≤b− a

2

[
|f ′(a)|q + |f ′(b)|q

2

]1/q ∫ 1

0

∫ U(t)

L(t)

g(x) dxdt.

In [11], the concept of (α,m)-geometric arithmetic-F -convex function is introduced and sev-
eral Hermite–Hadamard type integral inequalities about (α,m)-GA-F -convex function are es-
tablished.

In recent years, some other kinds of the Hermite–Hadamard type inequalities were created
in, for example, [4, 8, 12, 13] and related references therein.
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In this paper, we will introduce the concept of strongly (α,m)-convex functions with mod-
ulus, establish several new integral identities, and, by these newly-established identities and
Hölder’s inequality, present some new integral inequalities of the Hermite–Hadamard type for
strongly (α,m)-convex functions with modulus.

2. DEFINITION AND INTEGRAL IDENTITIES

We now introduce the concept of strongly (α,m)-convex functions.

Definition 2.5. For (α,m) ∈ (0, 1]2, a function f : [0, b] → R is said to be strongly (α,m)-convex
with a modulus c > 0, if

f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y)− ct(1− t)(x− y)2

is valid for all x, y ∈ [0, b] and t ∈ [0, 1].

Example 2.1. Let f(x) = x2 for x ∈ R+ and take α = m = 1
2 and 0 < c ≤ 1

10 . Then the function
f(x) = x2 is strongly

(
1
2 ,

1
2

)
-convex on R+ with the modulus 0 < c ≤ 1

10 .

Proof. For all x, y ∈ R+ and t ∈ [0, 1], putting u = x
y yields

tαf(x) +m(1− tα)f(y)− ct(1− t)(x− y)2 − f(tx+m(1− t)y)

= tαx2 +m
(
1− tα

)
y2 − ct(1− t)(x− y)2 − (tx+m(1− t)y)2

≥ y2
[
t1/2u2 +

1− t1/2

2
− t(1− t)

10
(u− 1)2 −

(
tu+

1− t

2

)2]
=

y2(1− t1/2)

20

{
2
(
10 + 9t1/2 + 9t

)
t1/2u2 − 16t

(
1 + t1/2

)
u+ 5

(
1− t1/2

)
+ 3t

(
1 + t1/2

)}
.

It is clear that
10 + 9t1/2 + 9t > 0 and 5

(
1− t1/2

)
+ 3t

(
1 + t1/2

)
> 0

for all t ∈ [0, 1]. The discriminant ∆ = B2 − 4AC of the quadratic function Au2 + Bu+ C = 0
with respect to u in the above braces is[

−16t
(
1 + t1/2

)]2 − 4× 2
(
10 + 9t1/2 + 9t

)
t1/2

[
5
(
1− t1/2

)
+ 3t

(
1 + t1/2

)]
= 8w

(
32w5 + 37w4 + 23w3 − 57w2 − 25w − 50

)
, w = t1/2

≤ 8w
[
(32 + 37 + 23)w2 − 57w2 − 25w − 50

]
= 8w

(
35w2 − 25w − 50

)
≤ 8w(35w − 25w − 50)

= 8w(10w − 50)

≤ −320w

≤ 0

for t ∈ [0, 1]. As a result, making use of the criterion for extreme values of quadratic functions,
we derive that

tαf(x) +m(1− tα)f(y)− ct(1− t)(x− y)2 − f(tx+m(1− t)y) ≥ 0

for x, y ∈ R+, t ∈ [0, 1], α = m = 1
2 , and 0 < c ≤ 1

10 . Consequently, the function f(x) = x2 is
strongly

(
1
2 ,

1
2

)
-convex on R+ with the modulus 0 < c ≤ 1

10 . □

For establishing new integral inequalities of the Hermite–Hadamard type involving strongly
(α,m)-convex functions, we need the following integral identities.
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Lemma 2.1. Let f : I ⊆ R → R be a twice differentiable function on I and g : [a, b] → R be a
continuously differentiable function on I◦, where a, b ∈ I◦ with a < b. If f ′′ ∈ L1([a, b]), then

Θ(a, b; g) ≜
f(a) + f(b)

2(b− a)

∫ b

a

g(x) dx+ f

(
a+ b

2

)
g

(
a+ b

2

)
+

b− a

8

∫ 1

0

(1− t)[f(u(t)) + f(v(t))][g′(v(t))− g′(u(t))] dt

− 1

2

∫ 1

0

[f(u(t)) + f(v(t))][g(v(t)) + g(u(t))] dt

=
b− a

8

∫ 1

0

(1− t)[f ′′(u(t)) + f ′′(v(t))]

[∫ v(t)

u(t)

g(x) dx

]
dt,

(2.1)

where

(2.2) u(t) = ta+ (1− t)
a+ b

2
and v(t) = (1− t)

a+ b

2
+ tb, t ∈ [0, 1].

Proof. By integration by parts, we have∫ 1

0

(1− t)

[∫ v(t)

u(t)

g(x) dx

]
f ′′(u(t)) dt

=

∫ 1

0

(1− t)[g(v(t)) + g(u(t))]f ′(u(t)) dt− 2

b− a

∫ 1

0

[∫ v(t)

u(t)

g(x) dx

]
f ′(u(t)) dt

=
4

b− a
f

(
a+ b

2

)
g

(
a+ b

2

)
+

∫ 1

0

(1− t)f(u(t))[g′(v(t))− g′(u(t))] dt

− 4

b− a

∫ 1

0

f(u(t))[g(v(t)) + g(u(t))] dt+
4

(b− a)2
f(a)

[∫ b

a

g(x) dx

]
.

Similarly, we have∫ 1

0

(1− t)

(∫ v(t)

u(t)

g(x) dx

)
f ′′(v(t)) dt

=
4

b− a
f

(
a+ b

2

)
g

(
a+ b

2

)
+

∫ 1

0

(1− t)f(v(t))[g′(v(t))− g′(u(t))] dt

− 4

b− a

∫ 1

0

f(v(t))[g(v(t)) + g(u(t))] dt+
4

(b− a)2
f(b)

(∫ b

a

g(x) dx

)
.

Lemma 2.1 is thus proved. □

Lemma 2.2. Under conditions of Lemma 2.1, if g(x) = 1 for x ∈ [a, b], then

1

4

[
f(a) + f(b) + 2f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(x) dx

=
(b− a)2

16

∫ 1

0

t(1− t)[f ′′(u(t)) + f ′′(v(t))] dt,

where u(t) and v(t) are defined as in (2.2).
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3. SOME INTEGRAL INEQUALITIES OF HERMITE–HADAMARD TYPE

Now we are in position to establish new integral inequalities of the Hermite–Hadamard type
involving strongly (α,m)-convex functions.

Theorem 3.5. For (α,m) ∈ (0, 1]2, let f : [0, b∗] → R be twice differentiable on [0, b∗] for b∗ > 0 and
g : [a, b] ⊆ R0 → R0 be continuous on [a, b] for a < b with b

m ≤ b∗. If |f ′′|q is strongly (α,m)-convex
on [0, b

m ] for q ≥ 1 and f ′′ ∈ L1

(
[0, b

m ]
)
, then

(3.3)

|Θ(a, b; g)| ≤ (b− a)2∥g∥∞
48

×

{[
6|f ′′(a)|q

(α+ 2)(α+ 3)
+

α(α+ 5)m
∣∣f ′′(a+b

2m

)∣∣q
(α+ 2)(α+ 3)

− c[b− (2m− 1)a]2

20m2

]1/q
+

[
α(α+ 5)m

∣∣f ′′(a+b
2m

)∣∣q
(α+ 2)(α+ 3)

+
6|f ′′(b)|q

(α+ 2)(α+ 3)
− c[(2m− 1)b− a]2

20m2

]1/q}
,

where Θ(a, b; g) is defined as in (2.1) and ∥g∥∞ = sup
t∈[a,b]

g(t).

Proof. Using Lemma 2.1 and Hölder’s inequality, we acquire

(3.4)

|Θ(a, b; g)| ≤ b− a

8

∫ 1

0

(1− t)[|f ′′(u(t))|+ |f ′′(v(t))|]
[∫ v(t)

u(t)

g(x) dx

]
dt

≤ (b− a)2∥g∥∞
8

∫ 1

0

t(1− t)[|f ′′(u(t))|+ |f ′′(v(t))|] dt

≤ (b− a)2∥g∥∞
8

[∫ 1

0

t(1− t) dt

]1−1/q[(∫ 1

0

t(1− t)|f ′′(u(t))|q dt
)1/q

+

(∫ 1

0

t(1− t)|f ′′(v(t))|q dt
)1/q]

.

Utilizing the strongly (α,m)-convexity of |f ′|q on [0, b
m ], we have

(3.5)

∫ 1

0

t(1− t)|f ′′(u(t))|q dt

≤
∫ 1

0

t(1− t)

[
tα|f ′′(a)|q +m(1− tα)

∣∣∣∣f ′′
(
a+ b

2m

)∣∣∣∣q − c

(
b− (2m− 1)a

2m

)2

t(1− t)

]
dt

=
|f ′′(a)|q

(α+ 2)(α+ 3)
+

α(α+ 5)m
∣∣f ′′(a+b

2m

)∣∣q
6(α+ 2)(α+ 3)

− c[b− (2m− 1)a]2

120m2

and

(3.6)
∫ 1

0

t(1− t)|f ′′(u(t))|q dt ≤
α(α+ 5)m

∣∣f ′′(a+b
2m

)∣∣q
6(α+ 2)(α+ 3)

+
|f ′′(b)|q

(α+ 2)(α+ 3)
− c[(2m− 1)b− a]2

120m2
.

Substituting the inequalities (3.5) and (3.6) into the inequality (3.4) leads to the inequality (3.3).
Theorem 3.5 is proved. □
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Corollary 3.1. Under conditions of Theorem 3.5, if q = 1, then

|Θ(a, b; g)| ≤ (b− a)2∥g∥∞
24

[
3|f ′′(a)|

(α+ 2)(α+ 3)
+

α(α+ 5)m
∣∣f ′′(a+b

2m

)∣∣
(α+ 2)(α+ 3)

+
3|f ′′(b)|q

(α+ 2)(α+ 3)
− c[b− (2m− 1)a]2 + c[(2m− 1)b− a]2

40m2

]
.

In particular, if α = m = 1, we have

|Θ(a, b; g)| ≤ (b− a)2∥g∥∞
480

{
5|f ′′(a)|+ 10

∣∣∣∣f ′′
(
a+ b

2

)∣∣∣∣+ 5|f ′′(b)| − c(b− a)2
}
.

Theorem 3.6. For (α,m) ∈ (0, 1]2, let f : [0, b∗] → R be twice differentiable on [0, b∗] for b∗ > 0 and
0 ≤ a < b with b

m ≤ b∗. If |f ′′|q is strongly (α,m)-convex on [0, b
m ] for q ≥ 1 and f ′′ ∈ L1

(
[0, b

m ]
)
,

then ∣∣∣∣14
[
f(a) + f(b) + 2f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

96

{[
6|f ′′(a)|q

(α+ 2)(α+ 3)
+

α(α+ 5)m
∣∣f ′′(a+b

2m

)∣∣q
(α+ 2)(α+ 3)

− c[b− (2m− 1)a]2

20m2

]1/q
+

[
α(α+ 5)m

∣∣f ′′(a+b
2m

)∣∣q
(α+ 2)(α+ 3)

+
6|f ′′(b)|q

(α+ 2)(α+ 3)
− c[(2m− 1)b− a]2

20m2

]1/q}
.

Proof. Similar to the proof of Theorem 3.5, applying Lemma 2.2, the strongly (α,m)-convexity,
and Hölder’s inequality results in∣∣∣∣14

[
f(a) + f(b) + 2f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16

∫ 1

0

t(1− t)[|f ′′(M(t))|+ |f ′′(V (t))|] dt.

The rest is the same as in the proof of Theorem 3.5. Theorem 3.6 is thus proved. □

Theorem 3.7. For (α,m) ∈ (0, 1]2, let f : [0, b∗] → R be twice differentiable on [0, b∗] for b∗ > 0 and
g : [a, b] ⊆ R0 → R0 be continuous on [a, b] for a < b with b

m ≤ b∗. If |f ′′|q is strongly (α,m)-convex
on [0, b

m ] and f ′′ ∈ L1

(
[0, b

m ]
)

for q > 1 and q ≥ ℓ ≥ 0, then

(3.7)

|Θ(a, b; g)| ≤ (b− a)2∥g∥∞
8

[
B

(
2q − 1

q − 1
,
2q − 1

q − 1

)]1−1/q

×

{[
1

α+ 1
|f ′′(a)|q + mα

α+ 1

∣∣∣∣f ′′
(
a+ b

2m

)∣∣∣∣q − c[b− (2m− 1)a]2

24m2

]1/q
+

[
mα

α+ 1

∣∣∣∣f ′′
(
a+ b

2m

)∣∣∣∣q + 1

α+ 1
|f ′′(b)|q − c[(2m− 1)b− a]2

24m2

]1/q}
,

where Θ(a, b; g) is defined as in (2.1) and the beta function B(α, β) can be defined by

B(α, β) =

∫ 1

0

tα−1(1− t)β−1 dt, ℜ(α),ℜ(β) > 0.
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Proof. Similar to the proof of Theorem 3.5, employing the strongly (α,m)-convexity, Lemma 2.1,
and Hölder’s inequality produces

|Θ(a, b; g)| ≤ (b− a)2∥g∥∞
8

∫ 1

0

t(1− t)[|f ′′(M(t))|+ |f ′′(V (t))|] dt

≤ (b− a)2∥g∥∞
8

(∫ 1

0

[t(1− t)]q/(q−1) dt

)1−1/q

(3.8)

×
[(∫ 1

0

|f ′′(u(t))|q dt
)1/q

+

(∫ 1

0

|f ′′(v(t))|q dt
)1/q]

.

Using the strongly (α,m)-convexity of |f ′|q on [0, b
m ], we obtain

(3.9)∫ 1

0

|f ′′(u(t))|q dt ≤
∫ 1

0

[
tα|f ′′(a)|q +m(1− tα)

∣∣∣∣f ′′
(
a+ b

2m

)∣∣∣∣q − c

(
b− (2m− 1)a

2m

)2

t(1− t)

]
dt

=
1

α+ 1
|f ′′(a)|q + mα

α+ 1

∣∣∣∣f ′′
(
a+ b

2m

)∣∣∣∣q − c[b− (2m− 1)a]2

24m2

and

(3.10)
∫ 1

0

|f ′′(u(t))|q dt ≤ mα

α+ 1

∣∣∣∣f ′′
(
a+ b

2m

)∣∣∣∣q + 1

α+ 1
|f ′′(b)|q − c[(2m− 1)b− a]2

24m2
.

Combining the inequalities (3.8), (3.9), and (3.10) yields the inequality (3.7). The proof of The-
orem 3.7 is completed. □

In Theorem 3.7, letting g(x) = 1 for x ∈ [a, b] ⊆ R0 leads to the following corollary.

Corollary 3.2. For (α,m) ∈ (0, 1]2, let f : [0, b∗] → R be twice differentiable on [0, b∗] for b∗ > 0 and
0 ≤ a < b with b

m ≤ b∗. If |f ′′|q is strongly (α,m)-convex on [0, b
m ] and f ′′ ∈ L1([0,

b
m ]) for q > 1,

then ∣∣∣∣14
[
f(a) + f(b) + 2f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16

[
B

(
2q − 1

q − 1
,
2q − 1

q − 1

)]1−1/q

×

{[
1

α+ 1
|f ′′(a)|q + mα

α+ 1

∣∣∣∣f ′′
(
a+ b

2m

)∣∣∣∣q − c[b− (2m− 1)a]2

24m2

]1/q
+

[
mα

α+ 1

∣∣∣∣f ′′
(
a+ b

2m

)∣∣∣∣q + 1

α+ 1
|f ′′(b)|q − c[(2m− 1)b− a]2

24m2

]1/q}
,

where B(α, β) is the beta function.
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[1] M. K. Bakula, M. E. Özdemir and J. Pečarić: Hadamard type inequalities for m-convex and (α,m)-convex functions, J.
Inequal. Pure Appl. Math., 9 (4) (2008), Article ID: 96.

[2] S. S. Dragomir: On some new inequalities of Hermite–Hadamard type for m-convex functions, Tamkang J. Math., 33 (1)
(2002), 45–55.

[3] S. S. Dragomir, R. P. Agarwal: Two inequalities for differentiable mappings and applications to special means of real
numbers and to trapezoidal formula, Appl. Math. Lett., 11 (5) (1998), 91–95.

[4] S. S. Dragomir, C. E. M. Pearce: Selected Topics on Hermite–Hadamard Type Inequalities and Applications, RGMIA
Monographs, Victoria University (2000).

[5] S. S. Dragomir, G. Toader: Some inequalities for m-convex functions, Studia Univ. Babeş-Bolyai Math., 38 (1) (1993),
21–28.

[6] D. Y. Hwang: Some inequalities for differentiable convex mapping with application to weighted trapezoidal formula and
higher moments of random variables, Appl. Math. Comput., 217 (23) (2011), 9598–9605.
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