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Abstract

In this paper, firstly, we define the Q, -generating matrix for bi-periodic Fibonacci polynomial. And we give nth power, determinant and some
properties of the bi-periodic Fibonacci polynomial by considering this matrix representation. Also, we introduce the Hadamard products for
bi-periodic Fibonacci Oy generating matrix and bi-periodic Lucas Q] generating matrix of which entries are bi-periodic Fibonacci and Lucas
numbers. Then, we investigate some properties of these products.
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1. Introduction

The special sequences and their properties have been investigated in many articles and books (see, for example [1, 3, 5, 6, 8, 9], [14]-[17]
and the references cited there in). The Fibonacci and Lucas numbers have attracted the attention of mathematicians because of their intrinsic
theory and applications. Fibonacci {F, },cn and Lucas {L, }, .y sequences was defined

Fn+1 =F+F1, Ln+1 =Lp+Ly

with initial conditions F{ = F, =1,L; =2,L, = 1.
Many authors have generalized Fibonacci sequence in different ways. In the one of those generalizations, in [17], we define the bi-periodic
Fibonacci {g,(x)},cn polynomial as in the form

_ axqp—1 (x) +4qn—2 ()C)7 if nis odd
qn(x) = { ban—l (X) +qn72(x)7 if n is even (b

where go(x) =0, g1 (x) = 1 and a, b are nonzero real numbers.
Also, the Binet formula and Cassini identity of this polynomial was given. In [5], for a and b are nonzero real numbers, the authors defined
the bi-periodic Fibonacci {g, },c sequence

k]

| agn—1+qu—2, ifniseven
an = bgn_1+qu_>, if nisodd

where go =0, g = 1. In [1], for a and b are nonzero real numbers, it is defined the bi-periodic Lucas {/,},c sequence as
= bly,_1+1, >, ifniseven
"7 aly_1+1l,—o, ifnisodd ’

where [y =2, [} = a. The author also gave in the following relations

(ab+4)qn = g1 411, (1.2)
In = qus1+qn-1,
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alig(n>b£(n>qn+lqn—l _a8<n)b17€(n)q% — a(_])n’ (13)
b 1—g(n) b e(n)
(2) b= (2) B = @raar

where e(n) =n—2|%].
On the other hand, it have been studied the matrix representation of special sequences ([2, 4, 7, 11, 12]). In [12], Sylvester gave Fibonacci

Q-matrix as
1 1
o-|1 0]

Then, he says that some properties of Fibonacci numbers can be founded by using this matrix. Considering this matrix, in [8], the author
obtained some equalities for Q".

And, using this properties in [10], the authors defined the Hadamard product Q" o Q™. Similarly, in [13], the author gave some properties
for the Hadamard products of its Adjoint matrix with a square matrix.

In [4], we defined the Q; matrix as

aZ

b, (1.4)
%

And, we gave

(%)n(ab+4)% [ dnt1 Gn },n even

n
o) = adn  dn1 aet(0)) = (% (ab-+4) (1.5)
| (4)" (ab+4)"T [ YL T VAR ' ‘
b %ln lnfl ’

This study consists of three sections. In Section 2, we define the Q,4-generating matrix as the first time in the literature. This matrix is
generalization form of well-known Q-Fibonacci matrix. By using this generalized matrix, we find some equalities for bi-periodic Fibonacci
polynomial. In the third part of our work, we define the Hadamard products Oy o Q" and Q7 o Q;”. And, we get some properties of these
generalized Hadamard products.

2. The properties of Q,-generating matrix

Definition 2.1. Bi-periodic Fibonacci Qg-generating matrix is defined by

bx L
Qq:|: | 6}' 2.1)
Theorem 2.2. Let Q4-generating matrix be as in equation (2.1). Then, we have
LﬁJ b g(n) b
o= (é) 2 (5) Gn+1(x) oqn(x) 22)
a

w@ ()"

where €(n) =n—2|%| and qu(x) is nth bi-periodic Fibonacci polynomial.

Proof. We use mathematical induction on n, we can write

which show that the equation (2.2) is true for n = 1 and n = 2. Now, we suppose that equation (2.2) is true for n = k, that is

K_ (b 2] <§>€(k)(Ik+1(x) bgr(x)
o (a) () (2)£(k> Gt ()

If we supposed that k is even, by using properties of the bi-periodic Fibonacci polynomial, we get

kt2

0572 = 020k = <é) 2 { Gk+3(x)  Lgpia(x) } .

a k2(X)  Grr1(x)
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Similarly, for k is odd, we can write

k+1
2

b
o} - gy~ (1)

- [ %qu(x) %1]k+2(x) }

G2(¥)  Zgr(v)

By combining this equalities, we obtain

k+2 (k 2)
Qm_(b)LzJ (3 I T R YA E
2 (b

e(k+2)
“ an®  (2) aa

Remark 2.3. Let Qy be as in equation (2.1). Then the following equality is true for all positive integers
b n

det (Q)) = (7> ) (2.3)
Proof. By using the Cassini identity for bi-periodic Fibonacci polnomial, the desired result is obtained. O
The Binet formula for bi-periodic Fibonacci polynomial, given in [17], can also be obtained by using Q, matrix.
Theorem 2.4. Let n be any integer. The Binet formula of bi-periodic Fibonacci polynomial is

a0 @ () =)

(ab)L%J -1 ax) —Bx)

qn(x) =

where o.(x) and B(x) are roots of r* — abx*r — abx* = 0.

Proof. Let the O, matrix be as in equation (2.1). Characteristic equation of Q,-generating matrix is A2 —bxA —2 =0. Then, eigenvalues

and eigenvectors of the 9, are ‘
A’l = a(X)7 a'2 = ﬁ(x)v up = <év_&) y U2 = (év_a(X)> .

a ax a ax

which

ax ax

b b
Bw a) }V—diag[ll,lz]—[

o glr
= o

From properties of similar matrices, for n is any integer, we obtain
Qr=uv'u'.

Thus we get

Q

- [—ax - 0o (8)" |PB@-aty) | BT

ax

Q

an+l(x)n_gn+l(x> b(a”(x)—ﬁ”(x))
T eWBW | g e )

Taking into account the Theorem (2.2), we have

1 M) (é) . n().

alx)—Bx) arlxn-l a
Making the necessary arrangements, the desired result is obtained. O

In the following, we give some properties of bi-periodic Fibonacci polynomial.

Theorem 2.5. For every m,n € N, the following statements are valid

) ( )_{ . qm+l(x)4n(x)+qm()(c)§]n—l(x)v m-+n even
P (E) " ane @an+ (8) " an@an1 (), metnodd

qm(x)qu+l ()C) +qm-1 (x)qn(x B
ii) gmin(x) = {

) m+n even
e(n) €(m)
(%) Gm (X)qn+1(x) + (%) qm-1(X)qn(x), m+nodd

I



Konuralp Journal of Mathematics 275

il (0 = (;(1)) {61m+1( ) n(x) — Qms(<x Yane1 ()}, m+n even

= (*% Gmr1(x < Z gm(*)gn+1(x), m-+nodd ’
, (_1)"“{6]m71( )Qn( ) — Qm(x)Qn 1(x)}, m-+n even
W) gm-n(x) = < b

E(l’l) E(m) )
_;) qm(X)anl(X) + (—2) qul(x)Qn(X), m+n odd

Proof. By using equation (2.2), QZ”” can be written as

i &(m+n)
o (b)t 2 ()T b o4
q &(n :
“ e (&) dmin 1
For case of odd m and n, we can write
min b 2 b b 2
o~ (b) 0 (2) a1 (940410 + 200 (@0aa(x) (2) {1 (9909 + g (01 ()} o)
a%q =\ , 2 :
“ L {an ()1 () + dn 1000} Lan(x)an()+ (1) a1 ()1 (9
If we compare the 1st row and 2nd column entries of the matrices (2.4) and (2.5), we get
Gmin(X) = Gmi1 (X)gn (X) + G (X)Gn—1 (x)-
On the other hand, comparing the 2nd row and 1st column, we obtain
Gmtn(X) = G () @n1(X) + @m—1(X)gn (x).
Similarly, for the case of even m and n, we have
Gntn(X) = Gmr1(0)gn(x) + gm(X)gn-1(x),
Gmn(x) = qm(*)gni1(x) + gm—1(x)gn(x).
And, for the case of odd m and even n (or case of even m and odd n), we have
b
dm-+n (x) = ;CIm+1 (X)Qn (x) +gm (X)anl (x)7
b
Gun(x) = G () gn1 () + g1 (6)gn ()
Thus, the proof of i) and ii) is obtained.
Now, we give the proof of iii) and iv). By calculating inverse of the matrix 0y in (2.2), we conclude
b -3 qn-1(x) 72%1()‘)
(5> 4 (x) q“ 1(X) s neven
" nt (2.6)

b b
75‘1"—] ()C) qu’l(x) :| , n Odd

Q;n = n+l1
[ qn(x) _2‘]n+l(x)

Benefitting from the equality Q7" = Qf’Q, " and by comparing the entries, the desired result can be obtained. That is, for the case of odd
m and n, we get

qm—n(x) =  dm+1 (x)qn (x) —qm (x)qnfl (X),
Gm-n(X) = qu-1(X)qn(x) = gm(x)gn—1(x).

Similarly, for the case of even m and n, we obtain

Gm-n(X) = qu(X)qns1(xX) = @uy1(x)qn(x),
Gn-n(*) = qm(*)gn—1(X) = gm—1(x)gn(x).

And, for the case of odd m and even n (or case of even m and odd n), we have
b
qm—n (x) = - EQm—H (X)Qn (x) +qm (X)Qn—H (x)7
b
Gm—n(x) = gu(x)ga—1(x)— ;‘Imfl (x)gn(x).

Thus, we have the desired expressions. O
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3. On the Hadamard Products Q7 o 0" and Q] o Q, " for Bi-periodic Fibonacci and Lucas Gener-
ating Matrices

We will accept x = 1 in Qf matrix throughout this section. Then, we can give the following Theorem for the generating matrices of bi-periodic
Fibonacci and Lucas numbers.

Theorem 3.1. For any integer n, we have

i) Q=005+ 20477,
i) O = g & 5

Proof. We will omit the proof of (ii) because it is similar to the proof of (i).
By considering the Equation (2.2), for even n, we can write

0" (é)i [ dn+1 §Qn :| _ (é)i [ bqn +qn—1 g(aqnflﬂLanZ) ]
4 a dn dn—1 a aqn—1+4n—2 bgn—2+qn—3

n=2

n=2
b(é) 2 { S an %baqnfl ]+é(é> : |:an1 S gna }
a qn—1 adn—2 a\a dn—2  4n-3
Similarly, for odd n, we have

o - (é)T { Yani1 Lqn } :(
4 a dn §Qn71 bgn—1+qn—2 (QQn72 +qn73)

b

a

b<é)7[ qn 3511171 ]+ ( >T|: s‘Infl 24n72 ]
a dn—-1  4qn-2 qn-2 a9n—3

Thus, the desired equality is obtained. O

z { g (aqn +qnfl) % (bqnfl +q1172) :|
a

Now, we define the Hadamard products for bi-periodic Fibonacci and Lucas generating matrices by considering the determinants. Thus,
we can write

- (%)n (QZ OadeZ) ,n even

Q0e0y" = { ~(§)" (Qjoadj@y).n odd 3.1)

and

b mon o0
b d 7
0joQ" = <a2(abbz+4>>n(Qloa ].Ql) n even . o)
_<W> (Q] 0adjQ}),n odd

In the following theorem, we give the determinants of the Hadamard products.

Theorem 3.2. For any integer n, we have

1 +2§q,21, n even

7 —n _
det(Qg00,") = { 1 =22 nodd

1 +2§q3, n even

det(Qf0Q;") = b 2
1°%] 1+2mln»” odd

Proof. We are doing the proof for det(Q} o O, ") because the proof of det(Q} 0 Q;") can be done in similar way. By using the Equation
(3.1), for even n, we can write

b2
glog," = | Wit g |
—4qy dn+19n—-1

And, we have

_p 2
det(QZoQ;") —  det 6]n+_16]§4 2 dn
qn dn+19n—1
b , b ,
= dn+19n—1 — ;qn dn+19n—1+ ;qn
b b
= (qnﬂqnq +*qﬁ) =14+2-q.
a a
Similarly, for odd n, we get
0l oQ " = |: _Zthanfl §Q% :|
q-*q — a2 _b :
p4n a9n+149n—1
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det(Q’; o Q;")

b b
det{ ~a49n+19n-1 ;q% }
a2 _b
b»4n a9n+149n—1

b 2\ (b 2
EQnJﬁlqnfl —dqn Ethanfl +qn

b b
(71)" (%H—l‘h—l + gq£> = 1+25q3'

Thus, we get the desired result. O

Using the above definition and theorem, we obtain traces, eigenvalues, eigenvectors and inverses for Hadamard products as in the following.

Remark 3.3. We have

2 (1 + %q%) , neven

) WC@(QSOQq")_{ 2(1-¢2) . odd

2(1—i—é 2) n even

2(1+ sabrgy2) nodd

ii) The eigenvalues of the matrix Qy0Q," are given as

trace(Q;’ o Q;”) =

b

M = 1, h= I—Q—qu%,forevenn
a

M

1, A, = 172q3,f0r0ddn

and the eigenvalues of the matrix Q) o Q;" are given as

b
Az = 1, 14:1+27q,%,f0revenn
a
B o= L g=14+2— I dd
3 , Mg + a(ab+4) 1, forodd n

iii) The eigenvectors corresponding to the eigenvalues of the matrices Q” ) Q‘” and Qf 0 Q" are

b _b 1 1
=1 g 2= @ |andys=| p [s¥a=| _p
a a
respectively.
iv) The matrices Q00" and Q] o Q" are invertible and
b %qz
1— an a? 1"
o\ —1 —m\—1 142k 42 142k 42
(QZqu ") = (QloQ/") = qj ¥ + zé‘;nz , for even n
142242 - 142242
r 2 _b2
7 —m—1 1+ leEq2 17023;2
(quQq ) = _ug " q’§ , forodd n
bdn n
L 1-242 1 1-242
r b 2
1 _ a(ub+4 l 0171\413
-1 422 R 42 25y a(a/7+4 i
(0100 = 2 p P , forodd n
a2 (ab+4) 1 — al ab+4
20 u(ab+4 i 2y a(ab+4 i

4. Conclusion

In Section 2, we present some properties of bi-periodic Fibonacci polynomial by using the O, matrix. Then, we express that well-known
matrix representations are special cases of this generalized matrices.
If we choose x = 1, then we get generating matrix for bi-periodic Fibonacci sequence and properties of this sequence.
Thus, if we choose the different values of a and b, then we obtain generating matrices for well-known matrix sequences in the literature:

* If we replace a = b = 1 in Q, we obtain the generating matrices for Fibonacci sequence.
* If we replace a = b =2 in Q,, we obtain the generating matrices for Pell sequence.
* If we replace a = b = k in Q,, we obtain the generating matrices for k-Fibonacci sequence.

And, in Section 3, we define the Hadamard products for the generating matrices of bi-periodic Fibonacci and Lucas sequence and give
some properties of these new matrices. By taking into account these generalized matrices, it also can be obtained properties of some special
matrices. Namely, for different values of a and b, we can rewrite some properties for the well-known matrices in the literature such as
Fibonacci Q.
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