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Abstract

Using the g-harmonic analysis associated with the g-Dunkl operator, we study three types of g-wavelet packets and their corresponding
g-wavelet transforms. We give for these wavelet transforms the related Plancherel and inversion formulas as well as their g-scale discrete
scaling functions.
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1. Introduction

In 1982, J. Morlet introduced wavelets as a tool to study the analysis of seismic data. Taking account of the success of this method, he,
joint with A. Grossmann, reactivated a collaboration between fundamental physics and theoretical signal processing, which led to the
formalization of the continuous wavelet transforms, using some elements of classical harmonic analysis (see [6]). Since then, their results
were generalized to many fields and many generalized Fourier analysis. The wavelet theory is motivated by the fact that certain algorithms
that decompose a signal on the whole family of scales, can be utilized as an effective tool for multiscale analysis. In practical applications
involving fast numerical algorithms, the continuous wavelet can be computed at discrete grid points. This theory involves breaking up a
complicated function into many simple pieces at different scales and positions. It allows a greatly flexibility with more desirable features
such as discretization by wavelet packets, and readiness for better implementation [3, 8, 13]. In general, wavelet packet decomposition
divides the frequency space into various parts and allows better frequency localization of the signal.

In another corner of the world, in the time and place, the g-theory, called also in some literature ”quantum calculus”, began to arise. Interest
in this theory is grown at an explosive rate by both physicists and mathematicians due to the large number of its application domains. For
instance, a lot of work has been carried out while developing some g-analogues of Fourier analysis using elements of quantum calculus (see
[1,9, 10, 11, 12] and references therein).

Since the classical harmonic analysis plays central role in the theory of wavelets and wavelet packets, it is natural to ask if we can apply the
g-harmonic analysis to build new wavelets and wavelets packets. Many papers treated the notion of g-wavelets (see [2, 4, 5] and references
therein) and gave some applications using g-harmonic analysis. In this paper, we are concerned with the notion of g-wavelet packets. We
shall use the harmonic analysis associated with the g-Dunkl operator presented in [1, 2] to study some types of g-wavelet packets. We present
a general construction, allowing the development of some types of g-wavelet packets starting from the so-mentioned g-Dunkl continuous
wavelet analysis. Furthermore, we study its corresponding g-wavelet packet transform and we prove for this transform a Plancherel formula
and an inversion theorem.

This paper is organized as follows: in Section 2, we present some notations and notions needed in the sequel. Section 3 is devoted to
present some elements of the g-Dunkl harmonic analysis. We define and study in Sections 4 and 5, the g-Dunkl wavelet packets and the
corresponding g-wavelet packets transforms as well as its g-scale discrete scaling functions.

2. Notations and preliminaries

Throughout this paper, we assume g €0, 1] and we denote

Ry={£q":ncZ}, Ry,={¢":n€Z} and ]liq:RqU{O}.
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For complex number a, the g-shifted factorials are defined by:

n—1 0
(@qo=1: (@qa=][](1-ag")n=12 . (a:9)=]](1—ad").
=0 k=0
l—¢* (4:9)n
xlg=——, x€C and nl,=-——""—, eN.
Me=T=, = {i—gp

The Rubin’s g-differential operator is defined in [10, 11] by

fla ')+ f(=q" ')~ flg2)+f(=q2)-2f(=2)
%(f)(2) = , 2i—g): if 270 @1
limy_,0 dg (f) (%) if z=0.

Note that if f is differentiable at z, then d;(f)(z) tend to f'(z) as g tends to 1.
The g-Jackson integrals [7] from O to a, from O to e and from —eo to oo are defined by (see [7])

a b oo oo
[ 1= (1-aa X fa)q’, [ fodp=(1-0) ¥ 1" )
- n=0 n=-—oo
and
[ _fwdp=(1-a) ¥ "f@)+(1-0) ¥ a1~ @3

—oo n=—o0 n=—oo0

provided the sums converge absolutely.
The g-Jackson integral [7] in a generic interval [a,b] is given by

b b a
/ fx)dgx = /0 fx)dgx — /0 f(x)dgx. 2.4)
Ja P P
In the particular case a = bq", n € N, the relation (2.4) becomes

b n—1 ‘ X
/ f(x)dgx = (1-q)b Y. f(q"b)g". 2.5)

a k=0

In the sequel, we will need the following sets and spaces.
® G,0(R,) the space of bounded functions on Ry, continued at O and vanishing at oo.
o .7, (R,) the space of functions f defined on R, satisfying

Vn,me N, Pn,m,q(f) = sup |xma‘}1f(x) ‘< o0
x€R,

and
igr(l) dyf(x) (in Ry) exists.

® 7,(R,) the subspace of ., (IR,) constituted of functions with compact supports.
o 5,(R,) the space of functions f defined on R, satisfying

VneN, a>0, Pq(f) :sup{\z?;‘f(x)\;ogkgn;xe [fa,a]ﬁRq} < oo
and

limd) f(x) (in Ry) exists.

x—0 q
1
oLl ,(By) = {f-. 1 locg = (J7 F@IP e dgr) 7 < oo} . p>0andacR,

17 ®R)={/:1lf]

g = Py, ()] < oo}

3. Elements of g-Dunkl harmonic analysis

In this section, we collect some basic results and properties from the g-Dunkl operator theory, studied in [1]. In particular, we recall some
properties of a generalized g-Dunkl translation as well as its related convolution product.

For o > f%, the g-Dunkl transform is defined on L}x’q (Rg) by (see [1])

FEUN) = caq | F@WL@ NPy, L eR,, 1)
where

1 -
cag = 0tD (3.2)

T 2Cp(atl)
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and y/f’q is the g-Dunkl kernel defined by

. iA .
Y ja(Axig?) + = x} Jor1(Axiq), (3.3)

2a+2],
with jg (x;q2) is the normalized third Jackson’s g-Bessel function given by:
) T(a+1) n(n+1) 2n

L2\ g 2
Ja(x:q7) = nzo(*l)nm <ﬁq> .

It was proved in [1] that for all A € C, the function: x+—— u/f “(x) is the unique analytic solution of the g-differential-difference equation:

Aa,q(f) =iLf
{ 1o =t G
where A 4 is the g-Dunkl operator defined by
Neg(N0) =3 [t 2 1,] (0 + 2+ 1, /DS, 65

with f, and f, are respectively the even and the odd parts of f.
We recall that the g-Dunkl operator Ag 4 lives the spaces Z,(R,) and 74 (R,) invariant.
It is worthy to claim that letting ¢ 1 1 subject to the condition

In(1—gq)
In(q)

F g 4 tends, at least formally, the classical Dunkl transform. In the remainder of this paper, we assume that the condition (3.6) holds.
Some other properties of the g-Dunkl kernel and the g-Dunkl transform are given in the following results (see [1]).

€27, (3.6)

Theorem 3.1.

D)y () =y (), llff,l @) = w3 @), v () = yh(x), VA,xER, aeC.
iIf a= —%, then l[//1 U(x) = e(idx; q%).

For o > —%7 l[/xa’q has the following q-integral representation of Mehler type

(14+q)Tp(a+1) /l (¢* %) w
)J-1(

1+1)e(idxt;q?)dyt. (3.7
zrqz(%)l—‘qz(a«k% 1 [2q2a+l;q2)w( ) ( ) q

vy i) =

iii) Forall A € Ry, l[/g’q is bounded on ]Eq and we have

4

, VxeR,. (3.8)
4:q9)e !

\Wf’q(X)IS(

iv) Forall A € Rq, q € F(Ry).
v) The function W/l verlﬁes the following orthogonality relation: For all x,y € Ry,

41+ (0 +1)8x,

,q 200+1 _

v OVETIAP g = —— (39)
Theorem 3.2. (1) If f € LY ,(R,) then F(f) € L7 (Ry),
FE(f)|[oog < —2 3.10
|| D (f)” g = (q,q)oo ( )
and
lim Z(f)(A) =0, lim F5(f)(A) = F5(f)(0). 3.11)
[A| =00 [A|—0
AER, le]ﬁq
(2) For f € Ly 4(Ry),
F29(Aqgf) () = iAFEZI(f)(A). (3.12)
(3) For f,8 € Ly 4(Ry),

[ 2540 @nPdn = [ @ @)l (313
Theorem 3.3. Forall f € L}x,q(Rq), we have
VreR,, flx 7caq/ FE) MY () JAPE d

(3.14)

= ZEUFEND) ).
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Theorem 3.4. i) Plancherel formula
For o0 > —1/2, the g-Dunkl transform Fg “is an isomorphism from /4 (Ry) onto itself. Moreover, for all f € /4(Ry), we have

125 ) 2sag = |1 fl|2.0g- (3.15)

ii) Plancherel theorem

The q-Dunkl transform can be uniquely extended to an isometric isomorphism on L(zx,q (Ry). Its inverse transform (&, g "])71 is given by :
1 bl
(Z5 7 () = caq [ FOWGI00 AP dgh = ZEP)(-2). (3.16)
We are now in a position to define the generalized ¢g-Dunkl translation operator.
Definition 3.5. The generalized q-Dunkl translation operator is defined for f € L%X’q (Ry) and x,y € Ry by
TN =caq | T (NAY @ (0P dgA, (3.17)
Toa;q (f ) = f .
It verifies the following properties.
Theorem 3.6.
1) Forall f € L, ,(Ry) and all x € Ry,
lim 7y(f)(x) = /().
y—0
YER,
2) Forallx,y € Ry, T;(f)(x) = T(f)(y).
NIffe L%X_q(]Rq) (resp. Sy(Ry)) then T, (f) € L%x"q(Rq) (resp. 4 (Ry)) and we have
4

T(f) lr.ag< 7= | f l2aq - (3.18)

I'77(F) 2.0 @a 1/ 112,09

4) For all x,y,A € Ry, Tya’q (l//f’q) (x)= l[/f"q(x)q/f’q(y).
5) For f € Lé,q(Rqu,y € Ry, we have
T (L A) = v ) T () R)- (3.19)

6) For f € Z4(R,) andy € Ry, we have
Aa,qu’mqf _ Tya#/\oc,qf~

Definition 3.7. The g-convolution product is defined for f,g € .74 (Ry) by:

f*pg(x) =caq [ i T f(—)g )|y 2 dyy. (3.20)

In the following theorems, we present some of its properties.

Theorem 3.8. For f,g € Yq(RO?), we have

i) Fy(f+pg) = T (f)-Fp(8).

ii) f*xpg=g*p [.

iit) (f*p &) *ph = f*p (g *p h).

Theorem 3.9. Let f and g be in 74 (R,). Then

1) f+pge SRy,
2)

[ 1508 PP dg= [ 1259000 PLZS @)@ P 12 dy, G2

We finish this section by the following useful result.

Theorem 3.10. For a € R the operator H, defined for g € Lé‘q(Rq) (resp. S4(Ry)), by

H®)) = e ()

a

is linear and bijective from Lza,q (Ry) (resp. Z4(Ry)) into itself and we have

1
||Ha(g)||2.(x,q = W\Igllz,a,q (3.22)
and

T (Ha(2)(A) = Zp(g)(ad), A €Ry. (3.23)

Proof. The linearity and the bijectivity of H,, are clear. In Particular, H; ' = H; . The change of variables u = 2 completes the proof of the
result. ' =
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4. g-Dunkl Wavelet Packets

We recall that a Dunkl’s g-wavelet is a square g-integrable function g on R, satisfying the following admissibility condition:

©° dga o dga
0<Ce= [T 1750 P4 = [ 1759 @) (-a) P 7L <o @)

We consider a Dunkl’s g-wavelet g and a strictly decreasing scale sequence (r;) jez of Ry 1 satisfying limj, oo 7j = oo, limj ;0 r; = 0. We
state the following introductory result.

Theorem 4.1. For all j € Z, we have :
1
1. the function A — (cl frm | faﬂ(Ha(g))(l)quTa) * belongs to Lé#(Rq),

2. there exists a function gII-J € L%w (Rg) such that for all . € R,

=

FEin = (& [ 175 e )P )

Co Jrja a

Proof. Fix j € Z.

(1) On the one hand, r; and r;, | are two elements of R, | satisfying ;| < rj, then there exists a positive integer n such that r;, | = ¢"r;.
J Jt+ 9, J+ J Jt+ J

So, using the relation (2.5) and Theorem 3.10, we obtain

< (1 (T dsa 1—-
[ (& [ imsamionart) apean = 120 [T 1m0 PRt

Cg iyl Cg k=0
l—a'\v [° ga
- LIV gt PR 4
8 k=07

On the other hand, the change of variable u = lqkr j» (0 <k <n-—1), together with Theorem 3.4 lead to

o0 a _ z %9
(& o) o - ‘Ji/wi‘iq%&f&'

Ce =0/~
= Tg”fo )[3,0.4 Z 2a+2
_ q2a+2 1 1
Ce[2a+2],4 ’;2&1” r?wz
(2) The result follows from Theorem 3.4. O

Definition 4.2. i) The sequence (gi ) jez is called Dunkl’s g-wavelet packet.
ii) The function gf, J € Z, is called Dunkl’s g-wavelet packet’s member of step j.

We have the following immediate properties.

Theorem 4.3. For all A € R,, we have
0< 7P M) <1, keZ  and 2 7P =1.

Jj=—o0

Let (gf ) jez be a Dunkl’s g-wavelet packet. We introduce forall j € Z and x € Ry, the function gi . as

g ) =5 (x), yeR,. 42)

Some properties of these functions are summarized in the following result that its proof follows easily from the properties of the g-Dunkl
translation operator and the definition of the Dunkl’s g-wavelet packets.

Theorem 4.4. For all j € Z and x € Ry, the function gix belongs to L%w (Ry) and we have for all A € I@q,

« Tp(gh)A) = v ()75 () ().

485 12,0,
* lgjull2ag < g

Definition 4.5. Let (g ) jez be a Dunkl’s g-wavelet packet. We define the Dunkl’s g-wavelet packet transform ‘I’

W (1)) = cag [ F@EE P dyx, jEZ, yeRy and feL} ,(Ry), 4.3)

where cq 4 is given by the relation (3.2).

Remark 4.6. The equality (4.3) is equivalent to
WP (1Y) = Frpgl(y) = ZEUFENFrpgD)) (=) = FEAFE().ZE (D)) (-), “.4)

where f(x) = f(—x).
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The following theorem provides some useful properties of ‘Pgﬁg.
Theorem 4.7. Let (gf ) jez be a Dunkl’s q-wavelet packet and f € L%t_’q(Rq). Then,
1. forall jeZ, be @q, we have
G0 < o g ],
2. forall j € Z, the mapping b — ‘Pg’g(f) (j,b) is continuous on ]Eq and we have limp,_, ‘I"f;g(f) (j,b)=0.
Proof. (1) From the relation (4.3), Theorem 4.4 and the Cauchy-Schwarz inequality, we have for j € Z and b € R,

Caq

4
P 200+1 P S . P
Wo.e(f)(J:b)| = caq / flx ( V¥ dgx| < cagllfll2,0qll85pll2.0.4 < G- 1 £112,.q118 112,04-

in Ly g 4(Ry). So, the relation (4.4) together with Theorem 3.2 achieve the proof.
The following result shows Plancheral and Parseval formulas for the Dunkl’s g-wavelet packet transform ‘I‘f;g.

Theorem 4.8. Let (g ) jez be a Dunkl’s g-wavelet packet.
(1) Plancherel formula for ‘Pq’ <
For f € L(zx7 (Rg), we have

Y [ 106 P bR g =

Jj=—o0

(2) Parseval formula for ‘I‘; <
For fi,f> € L%h (Rg), we have

| ARG = Y [ ()G RGP

j=—oo
Proof. (1) From the relations (3.21) and (4.4), we obtain

[ (DG = [ 1S @IS @ Pl e

So, the use of the Fubini’s theorem and the fact that

=

Y [Fp P =1,

j=—oo

give

Z / ‘\P b)|2|b|2a+ldqb = / |g0‘4( Hla )‘2 i [(gg,q(gf(a))]Z|a|2a+ldqa

J=—ee j=—o0

[ 175 P@PlaPe dga

Thus, (4.5) follows from Theorem 3.4.
(2) The result is a direct consequence of assertion (1).

Theorem 4.9. Let (g ) jez be a Dunkl’s g-wavelet packet. For f € La q(Rq), one has the following reconstruction formula :

X) = cag Z/ @, b)gh,(x)[bP* dgb, x € R,
i

(2) Let j € Zand f € L}, ,(R,). From Theorem 3.4, we have .7, f) and fg’q(g“]’) arein L} ,(R,) and the product fg’q(f)fg’q(g) is

O

(4.5)

(4.6)

Proof. For x € Ry, we have h = &, belongs to La_q(Rq). Then, according to the relation (4.6), the definition of ‘ng and the definition of the

g-Jackson’s integral, we have

(a2 = Y [ ()BT G P
j_—°°
= cay Z/ W (£)(j,b (/ h(r |t|2a+1dt>|b|2a+1db
=
= (—qhP ey, ¥ / WP (1)) ()|,
g
which is equivalent to
=cag Z/ P (F)(G.b)ghy (x)b[**H dyb.
j_—°°
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5. Dunkl’s g-Scale discrete scaling function

In this section, we consider a Dunkl’s g-wavelet packet (g‘; )jez-

Theorem 5.1. 1. Forallm € Z and x € Ry, we have

m—1 oo a
Y Z5UWR = & [ 178 Bl P

:C7g 4

Jj=—o0

1
2. Forall m € Z, the function x (Z;”:_lw[ﬂg’q(g‘;)(x)]z) * belongs to Lé’q(Rq).
3. For all m € Z there exists a function GE, in La’q(Rq) such that for all x € Ry,

1

m—1 2
Tp (G (x) = ( Y [93"’(57?)()6)]2) :

Jj=—o0

Proof. (1) follows from the definition of gi .
(2) From the Fubini’s theorem, the relation (5.1) and Theorem 3.10, we have

T j=—oo

oo m—1 | o e i
/oo Z [ﬁg’q(gf)(x)]2|x|2a+ldqx = @/_w/r |cgig"q(Ha(g))(X)\2%|x|2a+ldqx

1 /([ dga
= & ([ @pnreax) %,
8 Jm —o a

By the change of variables u = ax and Theorem 3.4, we obtain

* (1 [* _a. 2dgqa 20+1 L= e 2|20 +1 dqa
(& [ 75 romen@re Jupeta = g [ (7175 0P )

_ llgll2,0.q /w dga
Cg o a2a+3 .

This completes the proof of (2).
(3) We deduce the result from the previous assertion and Theorem 3.4.

Definition 5.2. The sequence (GF),,cz is called Dunkl’s g-scale discrete scaling function.
The sequence (G‘;,)mez verifies the following trivial and easily proved properties.

Theorem 5.3.
(i) Forallm € Z and A € Ry, we have

0< FZLUGE)A) < 1.
(if) For all A € Ry, we have

lim Z,9(Gh)(A)=1.

m—oo

Theorem 5.4. For m € Z and x € Ry, the following relations

(i)

1,

[Z2ach)0] + ¥ 1780 )

j=m
(i)

(729 0)]” = [Zae6h ] - [72@)]

E ([z5echae] - [#5echio] ) =1

e oo
hold.

Proof.
(i) Follows immediately from (5.2) and Theorem 4.3.

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

5.7)



318 Konuralp Journal of Mathematics

(if) We deduce the result from the relation (5.2).

(iii) The relation is a consequence of (5.6) and Theorem 4.3. O
Now, let (G )mez be a Dunkl’s g-scale discrete scaling function and consider for all m € Z, x € R, the function GZ x given by
Gpx(¥) = (G, (x), Yy €Ry. (5.8)
From the properties of the Dunkl’s g-translation, one can prove easily the following result giving some properties of the function Gfm.
Theorem 5.5. For all m € Z and x € Ry, the function GZ,X belongs to lex’q (Ry) and we have

« Fp (G A) =y (0T (G (A), A €Ry,

o ||G < 4HGZH2-mq.
el (2:9)

Definition 5.6. Let (Gf;,)mez be a Dunkl’s g-scale discrete scaling function. We define the Dunkl’s g-scale discrete scaling transform @55
on lex,q (RQ)’ by

O 6 (f)(m,x _ca,q/ F(B)GD ((b)|b**dyb, mEZ, and x € Ry. (5.9

Remark 5.7. The relation (5.9) is equivalent to
Oy 6(f)(m,x) = f*p Gh(x). (5.10)
In the two following results, we will provide a Plancheral and a Parseval formulas for ®§.G'

Theorem 5.8. Let (GZ)mEZ be a Dunkl’s g-scale discrete scaling function.
(1) Plancherel formula for ®5G

For f € Léyq(]Rq), we have

£ g = Jim [ 10F G(F)mb)P P dyb 1

(2) Parseval formula for ®§‘G
For fi,/» € L%W(Rq), we have

| ARk = tim [ 0F () (m b)E] G (12)(m )b dy (512

Proof. (1) Due to the relations (5.10) and (3.21), we have for all m € Z,

[ 1066 m PR b = [ 15 RIS (Gl )PP (5.13)
The relations (5.3) and (5.4), and the Lebesgue’s theorem yield to

lim \@ () m,b)PBP*  dyb = || Z 29 ()2

M—soo HZ,a,q :

Finally, Theorem 3.4 achieves the proof of (1).
(2) The result follows from (5.11). O

Using the Dunkl’s g-scale discrete scaling function (G ),,cz and the Dunkl’s g-wavelet packet transform ‘{—‘q ¢> one can obtain another

Plancheral formula for ®° 0.6 This is the aim of the following result.

Theorem 5.9. (/) Plancherel formula for ®5G using ‘I‘;g
Forall f € L%X"q (Ry), we have for all m € Z,

1By = [ 1@ c(mb)Pdpr ¥ [ 12 (GBI dyb, (5.14)
. L.

(2) Parseval formula for @f;_G using ‘I’f; <
For f1,f» € L%W(Rq), we have for allm € Z,

[ R TanR g = [ 08 G )& () m b g+

¥ [0 DR B
j=m
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Proof. (1) On the one hand, from the relations (5.13) and (5.2), we have for all m € 7Z,
oo o . m—1 2
[ 18 mb) P dh = [ 1759 (PP ( Y [#75ehw) ) PP dx,
N —oo j=—o0

On the other hand, using the relations (3.21) and (4.4), and the Fubini’s theorem, we obtain

=

Y [ G g = [ 1S (2 [fg’%g?)(x)f) 2+
j=m

J=m

Hence,

/ ‘@;G(f)(m’b)|2|b|2a+1dqb + Z / |‘I‘Iq)7g(f)(j7b)‘z‘b‘2a+1dqb =
—oo j=mT

[ 15 her ( y L@gﬂ(gfxx)p> P

=

The result follows then from Theorem 4.3 and Theorem 3.4.

(2) The assertion (2) follows from (1). O
Theorem 5.10. For f € L%x,q(Rq), we have the following reconstruction formulas.

(1) For all x € Ry,

F(2) = Cag lim, /m OF G(£)(m,b)GE, , (x)|BI2*+ dyb. (5.15)

(2) Forall x e Ry and all m € Z,
%) =caq [ O () mb)Ch, (bR  dyb+cag ¥ [ W (£))8, ) P dyb, (5.16)
J oo =)

Proof. (1) Let f € Léﬁq(Rq), fix x € R, and put i = §,. By using the relation (5.12), we get

(lfq)|x|2a+2f(x) = lim ® (f)(mvb)Wlblwﬂdqb

m—oo | o
. “ QP 20041 20041
Wlllg}wca‘,q/inq’ Y(m, b) (/ ()G ()] a+dz>|b| “Ha,b

= Jim cag (1= @R [~ O G()mb)Gh () b2 dyb

Thus,

o

) = cag lim [ OFG(f)m.b)GE ,(x) 6P dyb.

m—oo | _oo

(2) The technique of the proof is similar to (1). O

Theorem 5.11. For f € lex‘ (Ry), one has for all j € Z,
[ WGP b= [~ OF (1) 1D)G B b —

| @GP g,

Proof. Using the relations (5.16) and (5.6), and Theorem 3.4, we obtain
/ ®P-G<f><f+17b>G§’+1.b<x>lbl2““dqb*/,w®f§.,c<f><j,b)Gﬁib<x>|b|2““dqb

Zo9(F 20 Gl (-D)GTy (IR b~ [ FRAFL (o GG ) b2

Il
.\
\%
S

= /ng”(f)(b) ([fg’q(Gfﬁ-])}z _ [}‘g‘r‘/(Gl}’)] 2) (b)wg,q(x)‘b‘2a+ldqb

)6) [ 759 (0w )P b

TR
T3
8 8

b)g" () [bI**+ dyb.
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