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Abstract

In this paper, first we define the notion of a saturated fuzzy soft filter. Afterwards, we introduce the notion of a fuzzy soft uniformity as a
generalization of uniformity in the sense of Lowen [22]. Also, we show how a fuzzy soft topology is derived from a fuzzy soft uniformity.
Then, we give a new kind of fuzzy soft neighborhood system and investigate its relationship with a fuzzy soft uniformity. Finally, we show
that a fuzzy soft uniformly continuous mapping is a fuzzy soft continuous.
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1. Introduction

In 1999, Molodtsov [29] introduced the concept of a soft set theory as a new mathematical tool for dealing with uncertainties. This theory
provides a very general framework with the involvement of parameters. The parameters can be expressed in the form of words, sentences, real
numbers and so on. Hence, soft set theory has attractive applications in other disciplines and real life problems, most of these applications
was shown by Molodtsov [29]. Recently, researchers are contributing a lot regarding soft set theory and its applications [14,16,26,28,33,40].

Maji et.al. [27] combined the concept of fuzzy set and soft set and introduced the new notion of the fuzzy soft set. Roy and Maji [32] presented
some results on an application of fuzzy soft sets in decision making problem. Then, Tanay and Kandemir [36] initiated the concept of a fuzzy
soft topology and gave the some basic properties of it by following Chang [8]. Also, the fuzzy soft topology in Lowen’s sense [21] was given
by Varol and Aygiin [38]. In recent years, there have been considerable advances in fuzzy soft sets and their applications [1,3,11-13,19,30].

Uniformity is a very important concept close to topology and a suitable tool for an investigating of topology. Many authors have obtained the
concept of fuzzy uniformity in different approaches. Using the entourage approach of Weil [39], Lowen [22] and Hohle [15] defined the
fuzzy uniformities in many-valued setting and lattice-valued setting, respectively. Fuzzy uniformity in Lowen’s sense has been accepted
by many authors and has attracted wide attention in the literature [2,4-7, 18,23-25,35]. It should also be pointed out that there are other
approaches such as the uniform covering approach of Tukey [37] and uniform operator approach articulated in Kotze [20], which was first
given in the fuzzy setting by Hutton [17]. Then, Shi [34] introduced the theory of pointwise uniformities on fuzzy sets. Zhang [41] presented
a comparison of various uniformities in fuzzy topology.

Extensions of uniform structures to the soft sets and also fuzzy soft sets have been studied by some authors. By using soft sets, Cetkin and
Aygiin [9] defined soft uniform spaces. As distinct from Cetkin and Aygiin’s definition, Demir and Ozbakir [31] introduced a new concept of
soft uniformity and studied its basic properties. Then, Cetkin and Aygiin [10] proposed Shi’s uniformity in the context of fuzzy soft sets.
In this work, with the help of fuzzy soft sets, we define the concept of a saturated fuzzy soft filter and investigate some of its properties. By
using this, we introduce the notion of a fuzzy soft uniformity on the base of the axioms suggested by Lowen [22] and obtain some results
analogous to those that hold for Lowen’s uniformity. Also, we compare it to a fuzzy soft topology and a fuzzy soft neighborhood system.
Moreover, we establish that a fuzzy soft uniformly continuous mapping is a fuzzy soft continuous.

2. Preliminaries

In this section, we recall some basic notions regarding fuzzy soft sets which will be used in the sequel. Throughout this work, let X be an
initial universe, IX be the set of all fuzzy subsets of X and E be the set of all parameters for X.
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Definition 2.1 ( [27]). A fuzzy soft set f on the universe X with the set E of parameters is defined by the set of ordered pairs
f=le.fle):e€E, fle)e 1Y)

where f is a mapping given by f : E — IX.
Throughout this paper, the family of all fuzzy soft sets over X is denoted by FS (X, E).

Definition 2.2 ( [27]). Let f,g € FS(X,E). Then,

(i) The fuzzy soft set f is called a null fuzzy soft set, denoted bya, if fle)=0x forall e € E.

(ii) The fuzzy soft set f is called an absolute fuzzy soft set, denoted by X, if fley=1x foralleeE.

(iii) f is a fuzzy soft subset of g if f(e) < g(e) for all e € E. It is denoted by f E g.

(iv) The union of f and g is a fuzzy soft set h defined by h(e) = f(e)V g(e) for all e € E. h is denoted by 1 g.

Definition 2.3 ([1]). Let f,g € FS (X, E). Then, the intersection of f and g is a fuzzy soft set h defined by h(e) = f(e) Ag(e) foralle € E. h is
denoted by fg.

Definition 2.4 ( [38]). Let f € FS(X,E). Then, the complement of f is denoted by f€, where f¢: E — IX is a mapping defined by
f<(e) = 1x — f(e) for all e € E. Clearly, (f°)° = f.

Definition 2.5 ([1]). Let J be an arbitrary index set and let {f;}icj be a family of fuzzy soft sets over X. Then,
(i) The union of these fuzzy soft sets is the fuzzy soft set h defined by h(e) = \/ ey fi(e) for every e € E and this fuzzy soft set is denoted by

Uies fi-
(ii) The intersection of these fuzzy soft sets is the fuzzy soft set h defined by h(e) = \;cy fi(e) for every e € E and this fuzzy soft set is denoted

by [iey fi-

Theorem 2.6 ( [38]). Let J be an index set and f, g, f; € FS(X,E) for all i € J. Then, the following statements are satisfied.
(i) (MNies fi)cf Uies £

(ii) (Uies £)° = ies ff-

(iii) If f E g, then g° C f€.

Definition 2.7 ( [19]). Let FS(X,E) and FS(Y,K) be the families of all fuzzy soft sets over X and Y, respectively. Let ¢ : X — Y and
Y : E — K be two mappings. Then, the mapping ¢y is called a fuzzy soft mapping from X to Y, denoted by ¢y : FS(X,E) — FS(Y,K).

(i) Let f € FS(X,E). Then @y(f) is the fuzzy soft set over Y defined as follows:

Veegio F@)),  if g~ (k) #0, g7 () # 0;

otherwise.

e (NIO) = { (\)/xew-'m(

forallke K andallye'Y.
wy(f) is called a image of a fuzzy soft set f.

(1) Let g€ FS(Y,K). Then (p@l(g) is the soft set over X defined as follows:

¢y ()(O(X) = gW(e)((x)

forallec E and all x € X.
<p.!_/1(g) is called a pre-image of a fuzzy soft set g.

The fuzzy soft mapping @y is called injective, if ¢ and s are injective. The fuzzy soft mapping @y is called surjective, if ¢ and  are surjective.

Theorem 2.8 ([19]). Let fi, f>,fi € FS(X,E) and g1,82,8i € FS(Y,K) foralli € J where J is an index set. Then, for a fuzzy soft mapping
@y : FS(X,E) — FS(Y,K), the following conditions are satisfied.

(i) If f1 C fa, then ¢y (f1) T @y (f2).

(ii) If g1 € g2, then ¢! (1) € ¢, (82).

(iii) ‘Pwl(l_liej Ji) = Uies W({i)-

(iv) o, (Uies 81) = Llies ¢, (80).

V) ¢, (Mies 8 = Mies vy 8.

Theorem 2.9 ([38]). Let f € FS(X,E) and let g € FS(Y,K). Then, for a fuzzy soft mapping ¢y : F'S(X,E) — FS(Y,K), the following
conditions are satisfied.

(i) F T @ (@ ().

(ii) ¢y (@, (@) C g -

Definition 2.10 ([36]). Let 7 be the collection of fuzzy soft sets over X. Then, T is said to be a fuzzy soft topology on X if
(FSTI) 0,X belong to .
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(FST2) the union of any number of fuzzy soft sets in T belongs to 7.

(FST3) the intersection of any two fuzzy soft sets in T belongs to T.

(X, 7, E) is called a fuzzy soft topological space. The members of T are called fuzzy soft open sets in X. A fuzzy soft set f over X is called a
fuzzy soft closed in X if f€ €.

Definition 2.11 ( [36]). Let (X, 7, E) be a fuzzy soft topological space and f € FS(X,E). The fuzzy soft interior of f is the fuzzy soft set
fe=11g:gisa fuzzy soft open set and gC f}.

Definition 2.12 ( [30,38]). Let (X, 7, E) be a fuzzy soft topological space and f € FS (X, E). The fuzzy soft closure of f is the fuzzy soft set
f=1Wg:gisa fuzzy soft closed set and f C g}.

Theorem 2.13 ([38]). Let us consider an operator associating with each fuzzy soft set f on X another fuzzy soft set ? such that the following
properties hold:

(FSOI) fC f,

(FS02)f=f. _

(FSO3) fug = fUg,

(FSO4) 0 = 0.

Then, the family
T={f€FS(X.E): f* = f°}

defines a fuzzy soft topology on X and for every f € FS (X, E), the fuzzy soft set f is the fuzzy soft closure of f in the fuzzy soft topological
space (X, 1, E).

This operator is called the fuzzy soft closure operator.

Definition 2.14 ( [38]). Let (X,7y,E) and (Y,72,K) be two fuzzy soft topological spaces. A fuzzy soft mapping ¢y : (X,71,E) = (Y,72,K) is
called fuzzy soft continuous ifgal;l (g) € Ty for every g € 13.

Theorem 2.15 ([38]). Let (X, 71, E) and (Y, 73, K) be two fuzzy soft topological spaces and ¢y : (X,71,E) — (Y,72,K) be a fuzzy soft mapping.
Then, the following conditions are equivalent:
(i) @y is fuzzy soft continuous.

(ii) For every f € FS(X,E), ¢y (f) C @y (/).

Definition 2.16 ( [11]). A fuzzy soft filter ¥ on X is a nonempty collection of subsets of FS (X, E) with the following properties:
(FSFI1)0 ¢ F.

(FSF2)If f,g € F, then frigeF.

(FSF3)If feF and fT g, thenge F.

If F1 and F> are two fuzzy soft filters on X, we say that ¥ is finer than F> (or F is coarser than F1) iff ¥1 2 F».

Definition 2.17 ( [12]). A collection B of subsets of F'S (X, E) is called a base for a fuzzy soft filter on X if the following two conditions are
satisfied :

(FSBI)B#0and 0 ¢ B,

(FSB2) If f,g € B, then there is an h € FS (X, E) such that hCT fg.

If B is a base for a fuzzy soft filter on X, then the collection
(B)={f € FS(X,E) : there exists an h € B such that hE f}

is a fuzzy soft filter on X. We say that the fuzzy soft filter (B) is generated by B

Theorem 2.18 ([12]). Let ¢y : FS(X,E) — FS(Y,K) be a fuzzy soft mapping and let F be a fuzzy soft filter on X. Then, {¢y(f): f€Flisa
base for a fuzzy soft filter gy (F)onY.

3. Saturated Fuzzy Soft Filters

Now, we define the concept of a saturated fuzzy soft filter which will play a crucial role in the next section and obtain its some related
properties.

Throughout this paper, [0, 1] and (0, 1] are denoted by / and /Iy, respectively.

Definition 3.1. Let f € FS(X,E) and € € I. Then, the mappings (f +€): E — IX and (f —€) : E — IX is the fuzzy soft sets on X defined as
follows:

(f+ee@ =(fex)+e) Al and (f -e)e)x) = (f(e)x)—€e) VO
forallec E and all x € X.
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Let  be a fuzzy soft filter base on X. We define

é::{I_I(fe—E)ZfEE‘Tforalleelo}

eely

Then, we get the following properties.

Theorem 3.2. Let ¥ and G be two fuzzy soft filter bases on X. Then,
OF CF.

(i) If for all € € Iy we have (f +€) € F, thenfe?c.

(i) Fisa fuzzy soft filter base on X.

W IfFcgG then?gg

) F = (7)7:\), where F = (‘;':).

i) F CF.

i) If F C G, then F CG.

(viii) If F is a fuzzy soft filter on X, then F=F.

Proof. (i) Let f € ¥ and take f. = f for all € € Ip.Then, we get

| o= |r-o=reF.

ecly e€ly

@ii) Let (f +¢€) € F for all € € Iy. Thus,

U((f+e)—e):f€7/':.
ecly
(iii)) We shall show that 9? satisfies conditions (FSB1)-(FSB2).

(FSB1) is obvious.
(FSB2) Let f,g € ¥. Then, there exist two families {fe : € € Ip} and {g¢ : € € Ip} of ¥ such that f = | | (fe —€) and g = | |c¢j,(ge — ©).
Therefore, for all e € E and x € X, we have

(fM&)e)(x) = (Veesy (fe = €)(@)()) AV eery (8e — €)e)())
= Veer, (fe = O(e)(x) A (ge — €)(e)(x))
> Veer, (feMge) — €)(e)().

Because ¥ is a fuzzy soft filter base on X, there exists a family {4 : € € Ip} of F such that h¢ C fe M ge for all € € Ip. Thus, | |ecq, (he —€) € 7?
and we obtain

frg3 u ((ferge)—€) 2 |_|(h5_5)~
ecly e€ly
(iv) It is clear from the definition of F.

(v) Let f e F = (7?). Then, for some g € 7/-:, we have g C f. Therefore, there exists a family {ge : € € Iy} of  such that g = | |cf,(ge—€) C f.
For all € € Iy, we get g¢ C (f +¢€) and hence (f +€) € (). Thus,

| |(F+o-a=FeP.

ecly

Conversely, let f € ("}F) Then, there exists a family {f. : € € I} of (¥) such that f = [ |¢cj, (fe —€). Therefore, there exists a family {g. : € € Ip}
of F satisfying ge C fe for all € € Iy. Thus, from the fact that | |/, (ge — €) E f it follows that f € (F).

(vi) Let f € F. Then, there exists a family {f : € € Iy} of F such that f = Ueer,(fe — ). Similarly, for all € € Iy, there exists a family
{2 :6 €Iy} of F such that f = [ |ses, (f - ). Therefore, we have
f= Ueelo (|_|5€10(fés -6)—¢€)

= Ueer, User, (£ —6)—€)

= Ueer, User, (f2 = (6 +e€)).
Now, take a go = | | ser, ff € (Ff) where @ = ¢ + €. Since
F=1 |G-

acly

we get f € (/\‘F) =F.
(vii) and (viii) are clear from (iv) and (v), respectively.

Definition 3.3. A fuzzy soft filter F on X is called a saturated fuzzy soft filter if F = F.
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Theorem 3.4. Let  be a fuzzy soft filter on X. Then, the following conditions are equivalent:
(i) F is a saturated fuzzy soft filter.
(i) If (f +€) €T forall e € Iy, then f € F.

Proof. (i) = (ii) It is clear by Theorem 3.2(ii).

(i) = (i) It follows from Theorem 3.2(i) that ¥ C 7. Conversely, let f € F. Then, there exists a family {f¢ : € € I} of F such that
f = Ueer, (fe — €). Therefore, we have fe E (f +¢€) for all € € Iy. Since F is a fuzzy soft filter, we obtain (f +€) € F for all € € Iy. Thus, from
hypothesis it follows that f € F.

In view of Theorem 3.4, we shall give an example of a saturated fuzzy soft filter.

Example 3.5. Let 7. be a filter on X in classical meaning. Then, for any « € I
FI=(fe FS(X.E): fP € F. forall B < a}

where

fﬁ ={xeX: f(e)(x) > foralle € E}

is a saturated fuzzy soft filter on X.

Theorem 3.6. Let 7 be a fuzzy soft filter on X. Then, the following statements are satisfied.
(i)(;?: {(fe FS(X,E): (f+e)eF forallee ly}.
(ii) Fisa saturated fuzzy soft filter on X.

Proof. (i) Let f € F. Then, there exists a family {fe : € € Ip} of F such that f = | |, (fe — €). Therefore, we get fec E (f +¢€) for all € € I.
Hence, since ¥ is a fuzzy soft filter, we obtain (f +¢€) € ¥ for all € € Iy. On the other hand, let (f +€) € F for all € € Ij. It follows from
Theorem 3.2(ii) that f € F.

(ii) By Theorem 3.2(v) and (viii), it is clear that Fisa fuzzy soft filter on X. Now, we shall show that F = F. It follows from Theo-

rem 3.2(i) that FCF. To prove the converse inclusion, let f € % By (i), we have (f +¢€) € 7? for all € € Iy. Again from (i), we get
(f+e)+d=f+(e+6)eF forall ec Iy and all § € I. Thus, feF.

Theorem 3.7. If ¥ is a fuzzy soft filter base on X, then F=F.

Proof. It is clear from Theorem 3.2(v), (viii) and Theorem 3.6(ii).

4. Fuzzy Soft Uniformity

In this section, on the basis of the notion of saturated fuzzy soft filters, we introduce a fuzzy soft uniformity, which is a fuzzy soft version of
uniformity which is proposed by Lowen [22]. Also, we present the concept of a fuzzy soft neighborhood system and investigate its relation
with fuzzy soft uniformity.

Definition 4.1. (i) Let f € FS(X x X, E). A mapping f; : E — I**X is a fuzzy soft set on X x X defined as follows:

fs(@)(x,y) = f(e)(y,x)

forallee E and all (x,y) € X x X.
(ii) Let f,g € FS(Xx X, E). A mapping fog: E — I*X is a fuzzy soft set on X x X defined as follows:

(Fog)e)xy) = \/ (8(e)x,2) A fle)z.y)

z€eX

forall e € E and all (x,y) € X X X.

Definition 4.2. The non-empty family U C FS (X X X, E) is called a fuzzy soft uniformity on X if the following axioms are satisfied:
(FSUI) U is a saturated fuzzy soft filter.

(FSU2) If f € U, then we have f(e)(x,x)=1forall e € E and x € X.

(FSU3) If f € U, then we have fs € U.

(FSU4) If f € U and € € Iy, then there exists a g € U such that (go g) E (f +¢€).

The triplet (X, U, E) is called a fuzzy soft uniform space on X.

Remark 4.3. The above definition coincides with Lowen’s uniformity when the parameter set E is a singleton set.
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Example 4.4. Let X be a non-empty set and E be a set of parameters for X. Then, the family
U={fe FS(XXX,E): f(e)(x,x)=1 forall e € E and x € X}

is a fuzzy soft uniformity on X.

It is enough to show that U satisfies (FSU4), since the other axioms are readily verified.
(FSU4) Let f € U and € € Iy. Then, since for all e € E and (x,y) € XXX

(fof)e)x,y) = \/ (fle)(x,2) A fle)z,y)) < fle)(x,y) < (f(e)(x,y) +€) Al

z€eX
it follows that (f o f)E (f +¢€).

Definition 4.5. The non-empty family 8 C FS (X X X, E) is called a fuzzy soft uniform base on X if the following axioms are satisfied:

(FSUBI) B is a fuzzy soft filter base.

(FSUB2) If f € B, then we have f(e)(x,x)=1forall e € E and x € X.

(FSUB3) If f € B and € € Iy, then there exists a g € B such that g C (f + €).
(FSUB4) If f € B and € € I, then there exists a g € B such that (go g) T (f +¢€).

Example 4.6. Let X be a non-empty set and E be a set of parameters for X. Then, the family
B={fee FS(XXX,E): e>0}

is a fuzzy soft uniform base on X, where

1 if x=y;
foxe={ Gy, o

forall e € E and (x,y) € XX X.

Definition 4.7. A family B of subsets of FS(X X X, E) is called a base for a fuzzy soft unifomity U on X if the following two conditions are
satisfied :

(i) B is a fuzzy soft filter base.
(i) B="1U.

Example 4.8. Let X be a non-empty set and E be a set of parameters for X. Let us define an f € FS(X XX, E) by

L ifx=y
f(e)(x,y)—{%’ sy

forall e € E and (x,y) € XX X. Then, the family B = {f} is a base for some fuzzy soft uniformity on X. Indeed, it is easily verified that B is a
fuzzy soft filter base. Now, we shall show that the family

Fl=H=U={ge FSXxX.E):| |(f-oCg)

€€l
is a fuzzy soft uniformity on X.
(FSUI) It is clear that U is a fuzzy soft filter. Let (g+06) € U for all § € Iy. Then, since (f —€) C (g+0) for all € € Iy and all 6 € Iy, we have
f C g. Therefore, from the fact that f € U and U is a fuzzy soft filter it follows that g € U. Thus, by Theorem 3.4, U is a saturated fuzzy soft
filter.

(FSU2) and (FSU3) are obvious.
(FSU4) If g € U, then we have | ¢ (f —€) E g. Thus, since for all € € Iy we get (f o f) = f E (g +€), this axiom is also satisfied.

Theorem 4.9. If B is a fuzzy soft uniform base on X, then Bisa fuzzy soft uniformity on X with B as a base.

Proof. The last part of the theorem is obvious. We shall show that B satisfies axioms (FSU1)-(FSU4).
(FSU1) and (FSU2) are clear.

(FSU3) Let f € Bandee Ip. Then, there exists a family {4 : ¢ € Ip} of B such that

U(h(g—(S)Ef.

oely

In particular, take an k> € B satisfying (he/2 — 5) C f. By hypothesis, there exists a g¢/2 € 8 such that g./» C (hej2), + 5. Therefore, we
obtain

8e/2 C ((he/z)s + %) E(fs+e).

From the fact that 8 C B it follows that (f; + €) € B. Thus, by Theorem 3.4, we get f; € B.
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(FSU4) Let f € Bandee Ip. Then, there exists a family {/s : 6 € Iy} of B such that

Lﬁ%—&;ﬁ

oely
Choose an h¢jy € B with (he/a — 5) E f. By hypothesis, there exists a g2 € 8 such that (ge/2 0 g¢/2) E (he/2 + 5). Also, since B ¢ B, we
have g¢/> € B. Thus, there exists a g/ € B such that
€
(8e/208¢2) E (he/z + 5) C(f+e),
which completes the proof.

Theorem 4.10. If B is a base for a fuzzy soft uniformity U on X, then B is a fuzzy soft uniform base on X.

Proof. Since the other axioms are easily verified, it suffices to show that B satisfies (FSUB3) and (FSUB4).

(FSUB3) Let f € 8 and € € Iy. Then, we have (f +5) € B = U and so that (fs+5)e B. Therefore, there exists an heja € B such that
(hej2 = 5) E (fs + 5), which shows that A T (f + €) as required.

(FSUB4) Let f € 8 and € € Iy. Then, we have (f+ %) € B = U. By the definition of U, there exists a g € B such that (gog) T (f + 5)+5.
Also, for an he/3 € B, we get (he/3 — 5) E g, that is, hej3 E (g + 5). Thus, we obtain

€
(hess oheps) € ((g28)+ 5 ) E(f+0)
which proves (FSUB4).

Theorem 4.11. Let (X, U, E) be a fuzzy soft uniform space. Then, the family
B={feU: f=[}
is a base for U.

Proof. It is easy to verify that 8 is a fuzzy soft filter base. Now, let us show that B=U. Let fe B. Then, there exists a family {h¢ : € € Ip} of
B such that | |¢j,(he —€) E f. Since U is a saturated fuzzy soft filter, it follows from 8 C U that f € U.

Conversely, let f € U. By (FSU3), we have f; € U and so (f 1 f;) € U. Because (f 1 f;), = (f 1 f;), we obtain (f 1 f;) € B. Also, since
(f M fs) C f, this means that f € (8). Thus, from the fact that (B) C (B) = B it follows that f € B.

Let f e FS(XXX,E) and h € FS (X, E). Then, we define a fuzzy soft set f(h) € FS(X,E) by
Sy (e)(x) = \/ (R A f(e)(y,x))
yeX

for all e € E and all x € X.

Lemma 4.12. Let (X, U, E) be a fuzzy soft uniform space and let f,g € U and h,h’ € FS (X, E). Then, the following properties are satisfied.
(i) L E f<h).

(i) Forall e e I, (f + €)Xh) C f(h) +e.

(iii) fChUR') = fChyu fCR).

(iv) f(hyug(h’y 3 (frig)hUR).

(v) f{g{h)) = (f o g)h).

Proof. (i) It is clear from the definition of f(h).
(ii) Let e € I. For all e € E and x € X, we obtain

(F + IO = Vyex (B0 A (F + XEN3,)
< \Vyex (HOW) + ) A (O 0 +€)
= (Vyex (MO A fle)0.20) )+ €

= f{(e)(x) +e,
which proves (f + €)(h) C f(h) + €.
(iii) For all e € E and x € X, we have

UK = Vyex (LK) A f(E)0.)
= Vyex (B0 A @00V (@) A fle)3. )

= (Vyex (4©)0) A F@0 ) ) Vyex (W @00 A fl13, )
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= f(h)(e)(x) V f{h)(e)(x)
= (fh U fCh))(e)(x).
This proves our assertion.
(iv) Let e € E and x € X. Then,

FBEWV WY@ = Vyex MO A F@0,0)V (Vyex W @) A gle)0)

> Vyex (A(@)) V I (e)) A (f()(, x) A g(e)(v, X))
= Vyex(hU R ) () A (f N g)e)y, x)
= (fMg)hUh )(e)(x),
which shows that f(hyLig(h’y 3 (fMg)}huh’).

(v) For all e € E and x € X, we have
J{g{m)(e)(x) = Vyex (gh)(e)¥) A f(e)(y, X))
= Vyex ( Veex (heX2) A g(@)e) A £, )
= Vyex Vzex 1e)(@) A gle)(z,y) A fe)(y, x)

On the other hand, for all e € E and x € X, we have
(f o g){h)(e)(x) = V zex (h(e)(@) A (f 0 g)(e)(z, x))
= Vaor HXQ) A Vyex (0@ A £, )
= Vzex Vyex 1e)(2) A g(e)(z,y) A f(e)(y, X)
Thus, we obtain f(g(h)) = (f o g){h) and the proof is concluded.

We induce a fuzzy soft topology from a given fuzzy soft uniformity by using the fuzzy soft closure operator as shown in the following theorem.

Theorem 4.13. Let (X, U, E) be a fuzzy soft uniform space and h € FS (X, E). Then, the mapping h — h satisfies the conditions (FSO1)-(FSO4),
where

h= ﬂ F(h).

fel

Therefore, the family

tqy ={h € FS(X,E) : h¢ = h°)

is a fuzzy soft topology on X.

Proof. We shall show that the mapping & — T has the properties (FSO1)-(FSO4).
(FSO1) By Lemma 4.12(i), it is clear.

(FSO2) It follows immediately from (FSO1) that hCh. To prove the reverse inclusion, let f € U and € € Ip. Then, there exists a g € U such
that (go g) C (f + €). Therefore, forall e € E and x € X,

FINE)) = Vyex h(©)3) A f(e)(y, 1)
>\ yex h(@)) A (g0 2)e)y, x)—€)
= Vyex MO0 A Veex 800 A g(e)e) €
= Vyex Vzex h(@)(y) Age)(y.z) A gle)(z, x) — €
> Veex8(@@0) A e Vsex o) A8 (€32 ) e
= V.ex 8(e)z,x) Ah(e)(z) — €
= g(h)(e)(x) €,

which shows that

/\ e = )\ gixe-e.

feu geU

Since the above result holds for all € € [ it follows that

N\ Few = /\ giyer,

feu geU

that is, i(e)(x) > h(e)(x). Thus, we get s 3 .

(FSO3) Let h,h' € FS(X,E). Then, for all e € E and x € X, we have
(RUR)(e)(x) = A peas [ Ye)()
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= Npeu (f{h)(e)(x) V f(h ) e)(x))
> ( A\send YO0V (A gere fH YD)
= h(e)(x) v W (e)(x) = (AU )(e)(x),
which shows that kA’ I hUn’. Conversely, we know that
AU = ( Asers W)V ( Agera gt M)
= Ag.geu ()@ V g(h ) e)(x)).
Since f = (fMg) € U, by Lemma 4.12(iv), we have

(RUIYE@® 2 \ FCRURYE)) = (LR )(e)(x).
freu
Thus, we obtain hUR JRUN.

(FSO4) It is clear that 0 = 0.
Then, it is called the fuzzy soft uniform topology induced by the fuzzy soft uniformity U.

Example 4.14. It is easily verify that the fuzzy soft uniform space defined in Example 4.4 induces the fuzzy soft topological space T = FS (X, E)
on X.

Theorem 4.15. If B is a base for a fuzzy soft uniformity U, then for all h € FS (X, E), we have

h=[ s =11 =[] rm.

FeB fe®) fes

Proof. Since BC BC U and B C (B) C U, it is sufficient to show the following. Let & € FS(X,E) and € € Iy. Then, since for all f € U
there exists a g € B such that (g —€) C f, it follows that

h=[]rmal g-omal |emw-e

feu geB g€B

which proves that # 23] gen 8(h).

Definition 4.16. A collection { N} ex, where Ny C FS(X,E) for all x € X, is called a fuzzy soft neighborhood system on X if the following
axioms are satisfied for all x € X.

(FSNS1) Ny is a saturated fuzzy soft filter.
(FSNS2) For all h € Ny and e € E, we have h(e)(x) = 1.
(FSNS3) For all h € Ny and € € Iy, there exists a family {h; : z € X} such that h; € N for all 7 € X and such that

\/ (@) Ahe(@)() < he)(y) +€

zeX

forallec EandyeX.
Ny is called a fuzzy soft neighborhood filter on X and the elements of N are called fuzzy soft neighborhoods of the point x

Let f € FS(XXX,E) and x € X. Then, we define a fuzzy soft set f(x) € FS(X,E) by
) = fle)y,x)

for all e € E and all y € X. Then, we get the following theorem.

Theorem 4.17. Let (X, U, E) be a fuzzy soft uniform space. If for all x € X we define
U= {f(x): feU],

then {Uy} cx is a fuzzy soft neighborhood system on X.

Proof. We shall show that {4}, .y satisfies axioms (FSNS1)-(FSNS3).

(FSNS1) Let x € X. First, let us show that U, is a fuzzy soft filter.

It is clear that U, # 0 and 0 ¢ U,.

Let f(x), g{x) € Uy. Then, we get f,g € U. Thus, from the fact that f Mg € U and f(x) M g(x) = (f M g){x) it follows that f{x) M g(x) € U,.
Let f(x) € U, and f(x) E h. Then, we have f € U and f(e)(y,x) < h(e)(y) for all e € E and y € X. Now, take a fuzzy soft set g € FS(XX X, E)
such that

_ ) fe(x1,x2), if xp # x;
gle)(x1,x2) = { (e, if v -t
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for all e € E and all (x1,x2) € X X X. Therefore, f C g and so that g € Y. Thus, by g(x) = h, we obtain h € U,.

Next, we prove that U, is a saturated fuzzy soft filter. To see this, let (f{x) + €) € U, for all € € Iy. Because (f{x)+¢€) = (f + €){x) for all
€ € Iy, we have (f +€) € U for all € € Iy. From (FSU1) it follows that f € U and therefore we obtain f(x) € U,. Thus, by Theorem 3.4, Uy
is a saturated fuzzy soft filter.

(FSNS2) is clear.

(FSNS3) Let x € X and let f(x) € U, and € € I. Since f € U, by (FSU4), there exists a g € U such that (go g) C (f +€). Now, let us take a
family {g(z) : z € X} such that g(z) € U, for all z € X. Therefore, for all ¢ € E and y € X, we have

Vzex (8(x)(e)(@) A gle)(@)()) = V zex (8(e)(z, X) A gle)(y,2))
=(g08)@)(,x)
< fley,x)+e
= fxe)y) +e.
Thus, {Uy},cx is a fuzzy soft neighborhood system on X.

5. Fuzzy Soft Uniformly Continuous Mapping

Our task in this section is to define the notion of a fuzzy soft uniformly continuous mapping and investigate its connection with fuzzy soft
continuous mapping.

Definition 5.1. Let (X, U, E) and (Y,'V, K) be two fuzzy soft uniform spaces. A fuzzy soft mapping ¢y : (X, U,E) — (Y,V,K) is called a fuzzy
soft uniformly continuous if for all f €V, there exists a g € U such that (¢ X go)¢/(g) C f (Here, the mapping o X ¢ : XX X — Y XY is defined
by (px@)(x1,x2) = ((x1),9(x2)) for all (x1,x2) € X x X).

This is obviously equivalent to saying that for all f € V, (¢ X <p):bl (Hed.

Example 5.2. Let (X, U, E) be a fuzzy soft uniform space which is defined in Example 4.4. Then, the fuzzy soft mapping ¢y : (X, U,E) —
(X,U,E) is a fuzzy soft uniformly continuous, where ¢ : X — X and  : E — E are arbitrary mappings.

Proposition 5.3. The composition of two fuzzy soft uniformly continuous mappings is a fuzzy soft uniformly continuous mapping.
Proof. We can easily prove it by using the definition of fuzzy soft uniformly continuous mapping.

Theorem 5.4. Let (X, U, E) and (Y,V,K) be two fuzzy soft uniform spaces and let B and C be two bases for U and V, respectively. Then, a
fuzzy soft mapping ¢y : (X, U, E) — (Y,'V,K) is a fuzzy soft uniformly continuous if and only if for all f € V and € € I there exists a g € B

such that (g—€) C (¢ X tp)l/_,l -

Proof. Let f € V and € € Iy. By applying Theorem 3.6(i), we get (f + 5) € V. From the hypothesis it follows that there exists a g’ € U = B
such that

gt (wxw)il(ﬂ §)= (ex@), (H+ g

Therefore, we obtain a g € B satisfying (¢~ 5) C g’. Thus, since (g—€) C (¢ x tp)d_/l (f), the necessity is proved.

To prove the sufficiency, let f € V = C. Then, there exists a family {fs : 6 € Ip} of C such that (f5—6) C f for all § € Ip. Let € € [y. By
hypothesis, we obtain (g¢ — €) C (¢ X <p)l,j1( fe) for some g¢ € B. Therefore,

e Epxe)y (f)+eT(pxe), (f+o+e=(pxp), (f)+26

that is, we have
(8c—26)C(9x ), ().
As the above result holds for all € € Iy it follows that g = | |cej, (e —2€) C (¢ X <p)l;1 (f). Thus, since g € BCU, the proof is concluded.

Corollary 5.5. Let (X, U, E) and (Y,V,K) be two fuzzy soft uniform spaces. Then, a fuzzy soft mapping ¢y : (X, U,E) = (Y,'V,K) is a fuzzy
soft uniformly continuous if and only if for all f €V and € € Iy there exists a g € U such that (g —€) T (¢ X (,D)l;l ).

Proof. It follows immediately from Theorem 5.4 and the fact that every fuzzy soft uniformity is a base for itself.

Theorem 5.6. If a fuzzy soft mapping ¢y : (X, U,E) — (Y,'V,K) is fuzzy soft uniformly continuous, then the fuzzy soft mapping @y :
X, 7, E) = (Y, 79/, K) is fuzzy soft continuous.

Proof. By Theorem 2.15, it suffices to show that gow(ﬁ) Egy(h) forall he FS(X,E). Let h€ FS(X,E). For all k€ K and y € Y, where
Yl (k) # 0 and ¢~ (y) # 0, we have

Py (MR)Y) = A rev f{py (M)K)(Y)
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= Ny Vaer eui®@ A £602.9)

= Ay Veer (Vg1 Vw100 MO0 A FE,)).
Then, for all e € y~ ! (k), we get
PO = A per Ve (MO A W) (0.3)),

On the other hand, since ¢y, is fuzzy soft uniformly continuous, for all f € V, there exists a g € U such that g C (¢ x <,o)l,_/1 (f). Therefore, for
all X’ € ¢~ 1(y), we obtain

y(N)Y) 2 A fev V rex (h(e)(X) A f(W(e)(e(x), tp(X’)))

> Agetr V xex (h(e)(x) A g(e)(x, X))
= h(e)(x).
Thus, from the fact that

CuMRY) 2 V e () Veey- 10 )
it follows that ¢y (h) 3 @y (h).
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