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Abstract

Using projection (submersion) of the cotangent bundle T*M over a manifold M, we define a semi-tensor (pull-back) bundle tM of type (p,q).
The present paper is devoted to some results concerning with the complete lifts of vector fields from manifold M to its (p,q)-semitensor bundle.
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1. Introduction

Let M, be an n-dimensional differentiable manifold of class C*, and let (T*(M,), m;,M,) be a cotangent bundle over M,. We use the
notation (xi) = (xa xa) where the indices i, j, ... run from 1 to 2n, the indices E,E, ... from 1 to n and the indices o, 8, ... from n+ 1 to 2n,
x% are coordinates in M, x% = P are fibre coordinates of the cotangent bundle 7*(M,,) [12].

Let now (qu(Mn), 7~t,Mn) be a tensor bundle [1], [4], [[5], p.118] with base space M,,, and let T*(M,,) be cotangent bundle determined by a
natural projection (submersion) 7y : T*(M,,) — M,. The semi-tensor bundle (induced, pull-back [2], [3], [6], [7], [10], [13], [14]) of the

tensor bundle (7 (My), 7, M,) is the bundle (¢} (My), 7>, T*(My)) over cotangent bundle T*(M,) with a total space

(M) = {((ﬁ,x“) ) € T (M) x (), (My) = my (x?x“) —7 (ﬂ,ﬁ) - (x“)}
C T (My)x (1)) (M)
and with the projection map 7, : 1} (M;,) — T*( ) defined by m (x&, x% x ) (x*,x*), where (Tq‘”)x (My) (x=m (%), = (x%,x%) € T*(My))
is the tensor space at a point x of M,,, where x* = tgi o ((x B,...=2n+1,...2n+ nP+q> are fiber coordinates of the tensor bundle qu (My)
[12].
P = ;=
If (x") = (x* ,x% ,x% ) is another system of local adapted coordinates in the semi-tensor bundle ¢/ (M,), then we have

_ 0P
X Bx”’ Pp;
£ — (xﬁ) (1.1)
R

The jacobian of (1.1) has components

B AP
| Ay PoARAT, 0
A= (A§> = 0 Ag 0 ; (12)
(0)B (0‘) (o) (a) (o)
— = — = ) B X°
where I = ((X,(X,(X),J: (ﬁvﬁvﬁ)v ]7J,_‘:]7,_,72n+np+q,[(( )) —t61 gz Ag gxﬁ sAﬁ = g"‘/’Ag’a’ = %'
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Itis easily verified that the condition DetA # 0 is equivalent to the condition:
Det( ) #0 Det(A‘x )#0 Det( ) #0.

Also, dim#} (M,) = 2n+nP ¥4 [12].

We note that the special classes of semi-tensor bundles were examined in [9], [11], [12]. The present paper is devoted to some results
concerning with the complete lifts of vector fields from manifold M to its (p,q)-semitensor bundle.

We denote by 3% (T*(M,)) and 3 (M,,) the modules over F (T*(M,)) and F (M) of all tensor fields of type (p,q) on T*(M,) and M,,
respectively, where F (T*(M,)) and F (M,,) denote the rings of real-valued C~ —functions on T*(M,,) and M,, respectively.

2. Vertical lifts of tensor fields and y—operator

Let A € 35(T*(M,)). On putting

VVAW 0
WA — WA — 0 , (21)
— Q.0
va(x Aﬁlmﬁq

from (1.2), we easily see that with ™A’ = A (*YA). The vector field YA € 3}(¢] (My)) is called the vertical lift of A € 3} (T*(M,)) to the
semi-tensor bundle P(My) [12].
On the other hand, ™ f the vertical lift of function f € 33(M,) on t] (M,) is defined by:

Vf="fom=fomom=fon. (2.2)
Let ¢ € 3](M,). We define a vector field yp in 7~ (U) by

(Zz 1;31.1"'8"‘“'*!’5 ) o5 (p=21420)

e 2.3)

Yo = (Z” 1 ﬁ].us...ﬁ,,(pﬁu) 0B’ (p=0,g>1)

with respect to the coordinates (xﬁ,xﬁ,xﬁ) on t[; (M,). From (1.2) we easily see that the vector fields y¢ and Y@ defined in each
1w c tq( ) determine respectively global vertical vector fields on 7 (M,). We call y@ (or y9) the vertical-vector lift of the tensor

ﬁeld ¢ € 31(M,) to t] (M,). For any ¢ € 3} (M,), if we take account of (1.2) and (2.3), we can prove that (y@)' = A (yp) where y¢ is a

vector field deﬁned by [12]:

0

ro=(rp) =| © o : 24)
Zl 1 p(pSA

Let ¢ € 3{(M,). On putting
0

7o =(79) = , 2.5)
ZH 1 ﬁl---5~~~ﬁq (pﬁu

we easily see that (Y9) = A (o) [12].
3. Complete lifts of vector fields

Let X € 3}(T*(My)), i.e. X = X%Jg. The complete lift °X of X to cotangent bundle is defined by <X = X%y — Pp (9aXP)og (18], p.236].
On putting

chﬁ _ps(gﬁxs)
ey — CCXE _ xB .o . , 3.1)
CCXB Z;L . Bll AAAAAA pagX A Zu : ﬁl spﬁ 8ﬁuX

from (1.2), we easily see that “X’ = A(°°X). The vector field X is called the complete lift of °X € 3}(T*(M,)) to 1§ (M,) [12].

Theorem 3.1. For any vector fields X, Y on T*(My) and f € 3{(M,), we have
(l) CC(X—"-Y) CCXJ’_CCY’
(ll) CCXVVf Vv (Xf)

Proof. (i) This immediately follows from (3.1).(ii) Let X € S})(T*(M,,)). Then we get by (2.2) and (3.1):

CCXVVf — ccxlal(vvf-)
_ CCXH()H(Wf) LX)y (" f) € Xﬁaﬁ(ch)
0 0
X0 ("f)
= (X)),

which gives (ii) of Theorem 3.1. O
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Theorem 3.2. Ifgo €31 (M,), f € 3(M,) and A € S5(T*(My)), then
(i) (MA) (" f) =

(i) (@) "V f) =

(iii) (o) (" f) =0

Proof. (i) If A € 31(T*(M,)), then, by (2.1) and (2.2), we find

(WA)Wf _ (VVA)I al(wf) B
_ (VVA)E()&(W]@) + (va)(x aa (vvf) + (VVA)H ai(vv]c)
0 0 0
= 0.

Thus, we have (i) of Theorem 3.2.
() If g € 3}(Mn), then we have by (2.2) and (2.4):

ro)(Vf) = (@) (S

0 0 0
= 0.
Thus, we have (ii) of Theorem 3.2.
(i) If o € 3% (M), then we have by (2.2) and (2.5):
Fo) (") = T a("f)
= (19)* 0" )+ (79)% (" f) + (79)* 05 (" f)
0 0 0
= 0.
Thus, we have (iii) of Theorem 3.2. O

Theorem 3.3. Let X,Y € S}(T*(M,)). For the Lie product, we have

[X,Y] = [X,Y](i.e. L&Y = (LxY)).
[CCX7CC Y]E B

Proof. IfX,Y € 3}(T*(M,)) and | [€X Y ]E are components of [““X Y]/ with respect to the coordinates (x#,xB,xB) on 1? (M,),
[CCX7CC Y]B

then we have

[ch7cc Y]J _ (ch)lal(ch)J o (L'L'Y)lal (ch)J.

Firstly, if J = 8, we have

(X ay(“r )P — (v oy ex)P

= (CX)TORY P + (X)W (Y P+ (X)For(y)P
(X)X — (F) 0 (X)P — (¥) T x)P

= (X) dape(dpY ) ~ (“X)" Bupe(9pY°)

o
€

—(“X)% Izpe(IpYE) + (€Y )% Igrpe (9pX°)
—— Y
0

[CCX7CC Y]E

=4

o
+(Y ) Dupe(IpXE) + (“Y)* Izpe(IpX°)
~—~—
0
= —(“X)%(IY*) = (“X)*Oope(IpY®)
+(“Y)*(AXY) + (“Y)* Jape (IpX°)
= +P£8aXe(aﬁYa) *Xaaape(aﬁys)
*I’Eaaye(aﬁxa) +Ya8ape(3[3x8)
= pe(—X%0qdgY® + Y %o X® +Y%0qdpX® — IpX“ Y ?)
= _Ps(aﬁ (X¥0aY® —Y %96 X?))
[X.¥]e
= —pe(9p[X,Y]%)
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by virtue of (3.1). Secondly, if J/ = 3, we have
[CCX7CC Y]ﬁ _ (CCX)IaI(ch)ﬁ _ (CCY)IaI(ch)ﬁ
_ (ccx)a a(CCy)ﬁ +(ccx)aaa (ch)ﬁ + (ccx)ﬁai(c‘(ty)ﬁ
0 0
_(CCY)ﬁga(ch)B _(ch)ocaa (ccx)ﬁ _ (ch)iaﬁ( X)ﬁ
—_——— —_———
0 0
— (ch)aaa (ch)B _ (ch)aaa(ch)ﬁ
= X%9u¥P —y%9,xB
= P
by virtue of (3.1). Thirdly, if J/ = 3, then we have
[cex e Y]E _ (ccx) (Y E (CCY)Ia CCX)E
(“X)® I Y )P +(X)* DV )P + (“X)%o5(“Y )P
—_———
0
7(C-C-Y)aaﬁ(ch)§ (< Y)Otaa (CCX)E, (L'L'Y)Eaﬁ(ccx)ﬁ
———
0

p
X %90 Z o OeY P — Zfa‘“,ff’. ,95,Y°)

p
[ O — Z 18y, 90, X"

),
p
Z 4446.44(X[)agyﬁ _ Z t[xllm,;‘”ﬂqaﬂu )
Y du( zr"“ g, 06X Zr“%..ﬁfﬁ ,%8,X°)
2 a].HE...(X, ap...00
0¥ % — Z’ B p,9.Y )05

“(Ltg

A=

P

Z:’ 1““’“'“”8@Xﬁl Z toil___f{iﬁqaﬁuxy)

q
”‘8"'0"7(95Yﬂl) Xﬁtaa Z tgllmsmﬁq(aﬁu )

P
= X%u(}, ’g,]uﬁ
P

_ a..£..0 o a...0...0, B
Agl l:Blwﬁt/ paﬁ'y ' gﬁlgltﬁlwﬁq [ agX "
————

60

[04 a,
+ Z ! lmsm aauX 5L Z tﬁ ylﬁ aﬁu

%,_/

57
Ehe e O X (9, V)
_ o...0 05,) b4
Z ! ...emﬂ 90, Y* O Z ’g,..y... B, aﬁux
_,_/
o7
Ye(9p,X%)

q lll .vlep
Yo lﬁl...s...ﬁqaa}i
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_ Qy..€...0) o B 0..£..0p B
I ) (2% ) E’ltﬁuﬁq Y7 0a0eX™

i Z tal Ot,, _x“ aa“aﬁ Y£+aﬁ Yaaa X¢€ +Yaaa aﬁ X¢ — aﬁ Xa()auYf)

ST (9, (X%00, YE — Y 0, XF))

XY

_ Zt 1...6...05pa£[X Y Z tﬁl:fpﬁ aﬁ# [X,Y}S)

by virtue of (3.1). On the other hand, we know that ““ [X,Y] have components

—pe(9p[X,Y]¥)

ce [X,Y] — [X Y}ﬁ g o "
Zl 1 o...E... P ae [X Y}B _ Z“ | ﬁ 8pﬁ aﬁu [X,Y}g
with respect to the coordinates (xg,xﬁ ,xB) on t§ (M,,). Thus Theorem 3.3 is proved. O

Theorem 3.4. Let X € 3}(T*(M,)). For the Lie product, we have
[CCX’VVA] :VV (LXA)
forany A € 35(T*(My)).

I:L'L'X VVA]

Proof. IfX € S\ (T*(My)), A€ SH(T*(My))and | [“X,"A]
[CCX7VVA]

are components of [“X,"” A}/ with respect to the coordinates (xﬁ B ,xﬁ)

YIRS

on 1§ (M), then we have
[CCX7VVA]J _ (L‘CX)IaI(VVA)j _ (VVA)IaI(ch)J.

Firstly, if J = B, we have

[ch7va]B — (CCX)IaI (VVA)E_(VVA)IaI(CCX)E
~——
0
_ (va)ﬁaa(ch)B _ (VVA)(X aa(ccx)ﬁ _ (WA)E(’)E(CCX)ﬁ
~—— ~——
0 0
= A dane(@X)
0
= 0
by virtue of (2.1) and (3.1). Secondly, if J = 3, we have
[CL'X’VVA]B _ (L'L'X)Ial (VVA)B 7(WA)181 (ch)B
——
0
- _ (va)HaoT(ccx)ﬁ _ (va)[x aa(ccx)ﬁ _ (va)Eaa(ch)ﬁ
~—— ~——
0 0
_ g xP

AB..
= 0



Konuralp Journal of Mathematics 337

by virtue of (2.1) and (3.1). Thirdly, if J = E then we have

[CCX’VVA}E — (L‘CX)IaI(VVA)Ei (VV ) al(CCx)E B B
= (X)T 9" AP +(X) (AP + (X)T 9 (" A)P
e 0
(VVA) }(“X)E (VVA)(Z aa (ch)ﬁ _ (VVA)EaE(Ctx)E
e e
— (ch)aaa (VVA)E _ (VVA)iaﬁ(ccx)E

— )4
= KOG (AR Y g X Ztﬁ___f.‘f’.ﬁ 9, X7)

1---Pg

_ o
= X aaA ﬁq aAZI By
vai % -G 5 XY
+( ) H”z::ltﬁl...ymﬁq Bu
o o a oc;L .0t a...0...0p B
= Xx¢ aaAB] I ‘%Zfﬁ 5 00X
\—v—"
551

q aj..op
=1 A,Bl oy aﬁuxa

- x%y Atxl...a], D (Z}XB’I Aalmamap g In X* Aalma,,
= o ﬁl,..ﬁq*lzl( o ) Bi..B, +ﬂ;( Bu > Br...at...B,

o

By

by virtue of (2.1) and (3.1). On the other hand, we know that * (LxA) have components

= LyAg’

0
VV(LXA): 0

(LXA)ﬁl ﬁq

with respect to the coordinates (xExﬁ ,xﬁ) on t; (M,,). Thus, Theorem 3.4 is proved. O
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