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The purpose of this study is to reveal how prospective mathematics teachers evaluate
proofs that are proved by others in the field of analysis. In this regard, skills of
prospective teachers to evaluate the accuracy of arguments were presented in various
ways, and strategies they use during the evaluation process were examined. This study
adopted as a qualitative approach is a case study. The sample consisted of eight
prospective teachers studying primary school mathematics teaching in their third year
at a state university in Turkey. The data were collected with the help of task-based
interviews on subjects of functions, sequences, limit and derivatives. In the study, it was
found that prospective teachers were successful at choosing valid proofs, whereas they
had difficulties in identifying invalid proofs. It was determined that especially some
prospective teachers were not able to distinguish proving methods, they were not
aware of the power of counterexample, and they considered inductive arguments and,
even if they were not correct, they accepted deductive arguments as valid proofs. It was
found that prospective teachers used three strategies while evaluating proofs. These
were structural examination, argument examination and authoritarian examination.
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Calismanin amaci matematik 6gretmeni adaylarinin analiz alaninda bagskasi tarafindan
yapilan ispatlari nasil degerlendirdiklerini ortaya g¢ikarmaktir. Bu amagla 6gretmen
adaylarinin, kendilerine gesitli tiplerde sunulan argimanlarin  dogruluklarini
degerlendirme surecinde kullandiklari stratejiler incelenmistir. Nitel arastirma
yaklagimin benimsendigi ¢alisma bir durum galismasidir. Arastirma grubunu Tirkiye’de
bulunan bir devlet tniversitesinin ilkdgretim matematik 6gretmenligi Gglincl sinifinda
6grenim goren sekiz 6gretmen adayi olusturmaktadir. Calismanin verileri fonksiyonlar,
diziler, limit ve tirev konularinda hazirlanan etkinlik temelli goériismeler yardimiyla
toplanmistir. Calismada 6gretmen adaylarinin gegerli ispatlari segmede basarili iken
gegersiz ispatlari belirlemede giigliik yasadiklari belirlenmistir. Ozellikle bazi 6gretmen
adaylarinin ispatlama yontemlerini ayirt edemedikleri, ters 6rneklerin glictintin farkinda
olmadiklari, timevarimsal argiimanlari ve yanhs da olsa deduktif argiimanlari gegerli
ispat olarak gordiikleri tespit edilmistir. Ogretmen adaylarinin ispatlari degerlendirirken
genel olarak g strateji kullandiklari belirlenmistir. Bunlar; yapisal inceleme, argiiman
incelemesi ve otoriter incelemedir.
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Introduction

The subject matter of mathematics is abstract phenomena such as numbers, figures, sets, functions
and spaces, and operations among these. Mathematicians examine the structures of these entities and
uncover generalizations related to these (Altun, 2013). The procedures followed to make generalizations
are specific to mathematics and they are called proving. A mathematician attempts to prove an idea
concerning the general and this idea is valid for all samples (Altun, 2014). Proof is an effort to put across
the accuracy (or inaccuracy) of a rule, statement or conclusion by showing adequate evidence (Yildirim,
2014). Proofs obtain whether a mathematical process is true or false (iskenderoglu, Baki and Palanci,
2011). Mathematical proof is a mathematical activity in which it is asked from the person demonstrating
the proof to present previous information such as hypotheses, axioms, definitions, apply theorems until
reaching the desired result, and apply deduction rules like recalling previously obtained facts (Weber,
2005). Mathematical proof is utilized to validate a result, communicate to and convince others of the
accuracy of this result, discover a result and place these results in a deductive system (Almeida, 2003).
Stylianou, Chea and Blanton (2006) stated that proof, which is a logical argument enabling someone to
validate a claim and convince himself and others of its accuracy, is considered to have a prominent role
in mathematics. Similarly, Mejia-Ramos and Inglis (2009) stated that proof is a special argumentation
activity. The so-called term of argument is defined as reason or reasons to support or object to a proposal
or idea, or the process of explaining these reasons (Cambridge University, 2013). Argumentation as a
phenomenon is a set of logical arguments to support a theory, act, idea (Oxford University, 2010), as well
as a process originated from the logical combination of one or more arguments (Douek, 1998). The
concept of argument is also used as a structured recording of the argumentation process (Rumsey, 2012).
The first person to discuss argument as a phenomenon was Stephen Toulmin, who is among the founders
of informal logic. The six-component pattern defined by Toulmin for the structure of an argument has
been known as the Toulmin model over time. The Toulmin model is a productive tool for identifying,
analyzing and comparing structures of arguments and proofs for students (Boero et al., 2010; Pedemonte,
2007, 2008; Rumsey, 2012). According to Toulmin (2003), there are three major parts as data, claim and
warrant related to each other in every well-built logical argument. Three auxiliary components as qualifier,
backing and rebuttal can be added to arguments.

Ko (2010) indicated that the primary purpose of proofs and counterexamples is to demonstrate the
accuracy or inaccuracy of a theorem. For Ko and Knuth (2009), proving and refuting are important skills in
advanced mathematics since they help show whether theorems are valid or not, as well as the reason
behind the result. As it can be understood from this point, both proving and refuting a theorem is an
important activity in mathematics and they have an important role in development of mathematics
(Lakatos, 1976). Refutation of mathematical theorems is generally achieved with the help of a
counterexample (Altun, 2014; Lampert, 1990-; Yasuhiro, 1991). As opposed to other fields of science,
counterexamples have a definition and status in mathematics (Whiteley, 2009). Refutation via
counterexample is shown among proving methods in most sources (Akkas, Hacisalihoglu, Ozel and
Sabuncuoglu, 1998; Altun, 2014; Irmak, 2008). A mathematical proof demonstrates the accuracy of a
theorem for all conditions (Stylianides and Stylianides, 2009), whereas a counterexample indicates that
the existing theorem is not accurate (Akkas et al., 1998; Irmak, 2008). Similarly, Zaslavsky and Ron (1998)
stated that counterexamples have a much more powerful position than other examples and underlined
that even one counterexample is enough for ruining the overall results, whereas several examples that
are presented as supportive and corroborative are not adequate. It is not enough to provide only one
example to demonstrate the accuracy of a theorem while proving substantive theorems. This is because
even though a theorem is validated for one example, it may not be validated for other examples (Akkas
et al., 1998).

Even though the importance of proof for mathematics and mathematics education is emphasized by
researchers, it is found that university students and mathematics teachers fail to construct proofs (Cusi
and Malara, 2007; Doruk and Kaplan, 2015; Ko and Knuth, 2009; Weber, 2001), produce counterexamples
(Riley, 2003; Zaslavsky and Peled, 1996) and evaluate the accuracy of proofs constructed by others (Alcock
and Weber, 2005; Doruk and Kaplan, 2013; Giler and Ekmekgi, 2016; Knuth, 2002; Martin and Harel,
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1989; Morris, 2002; Segal, 2000; Selden and Selden, 2003; Uygan, Tanisli and Kose, 2014). Researchers,
who determined failure of students, focused on the proving process. They attempted to identify factors
affecting the proving process of students. In this regard, Weber (2001) underlined that it is necessary to
examine the proving process of students in order to understand mistakes they make while constructing a
proof.

One of the reasons behind undergraduate students having difficulties in proving and counterexamples
is their incorrect perception and lack of complete knowledge about proving and counterexamples.
According to Weber (2001), one of the difficulties students have in proofs for subjects in advanced
mathematics is not having an accurate idea about the components of mathematical proofs and their
characteristics. It was ascertained that students acknowledge the proof of a general theorem when it is
validated with one or several examples (Barkai, Tsamir, Tirosh and Dreyfus, 2002; Knuth, 2002; Martin
and Harel, 1989; Morris, 2002; Weber, 2001), and when it is in a traditional and ritualistic format (Harel
and Sowder, 1998). It was also found that some students have difficulties even in identifying whether a
statement is accurate or not (Gibson, 1998; Goetting, 1995; Ko and Knuth, 2009; Riley, 2003). It was
determined that some of the students consider a valid counterexample produced for a statement as an
exception of this statement and still think that the statement is accurate (Williams, 1979). Additionally,
research that was conducted for process of students’ proof evaluation came through interesting results.
Several students in these researches evaluated both inductive and deductive arguments produced for a
statement as valid proofs (Martin and Harel, 1989). Moreover, some undergraduate students stated that
both the true counterexample and inaccurate proof produced for a statement were valid (Goetting, 1995).
Most students acknowledge that inaccurate proofs produced in a deductive way were valid (Segal, 2000).
It was found that while evaluating the proofs constructed by others, undergraduate students make a
superficial examination, focus on unnecessary details instead of overall logical gaps, and have a result-
oriented approach (Doruk and Kaplan, 2013; Selden and Selden, 2003).

When studies examining process of undergraduate students’ proof evaluation are reviewed, it is seen
that they have preferred mostly algebra (Giler and Ekmekgi, 2016; Knuth, 2002; Morris, 2002; Selden and
Selden, 2003; Weber, 2008) in these studies. It was observed that research about the field of analysis is
in limited numbers. Additionally, it was seen that the conducted research was rather in the subject of limit
(Alcock and Weber, 2005; Doruk and Kaplan, 2013). It was established that the number of studies about
what students pay attention to and which strategies they pursue in the process of students’ proof
evaluation, is very small. In the research conducted by Ko (2010), which is among these studies, it was
found that the strategies used by students to evaluate proofs and counterexamples are paying attention
to proof/counterexample methods, line-by-line examination, and example-based line-by-line
examination.

Producing valid arguments or proofs and criticizing arguments are an integral part of mathematics. If
reasoning skills are not provided to students, mathematics becomes a process that consists merely of
following a sequence of operations and imitation of examples without considering their meanings (Ross,
1998). In this regard, prospective mathematics teachers, who will be responsible for mathematics
teaching in the future, should have knowledge about how to evaluate the accuracy of arguments
presented to themselves. In order for prospective teachers to acquire this skill, firstly, it is important to
reveal what kind of strategies they use during the process of argument evaluation. Research may be
conducted with the help of such studies in order to develop appropriate strategies for students. In this
study, it is aimed to reveal what kind of strategies prospective mathematics teachers use by examining
the process of how they evaluate proofs in the field of analysis.

Method

This is a case study where a qualitative research approach was adopted. The case study involves the
study of an issue explored through one or more cases within a bounden system (i.e., setting, a context)
(Creswell, 2007). In other words, it is an in-depth description and analysis of a limited system (Merriam,

625



Muhammet DORUK, Abdullah KAPLAN - Cukurova Universitesi Egitim Fakiiltesi Dergisi, 47(2), 2018, 623-666

2013). In this study, it is aimed to reveal the process of evaluating proofs in the field of analysis carried
out by prospective teachers.

Participants

The participants of this study consisted of a total of eight prospective mathematics teachers (five of
them are female, the remaining are male) who were studying in their third year of primary school
mathematics teaching at a state university located in the Eastern Anatolia Region of Turkey in the spring
semester of the academic year of 2013-2014. Additionally, the pilot study was conducted with a total of
10 prospective teachers who were studying in their last year of primary school mathematics teaching at
the same university in the fall semester of the academic year of 2013-2014.

In the pilot study, draft data collection tools were used. The interviews with the prospective teachers
were made in the conditions that were planned in the actual study. Through the pilot study, information
on the functionality of the data collection tools, the validity of the method of the study, the possible
difficulties encountered in the study, and possible outcomes were obtained. At the end of the pilot study,
the data collecting from pilot study were discussed with six expert academicians. Experts indicated that
the data collection tool and method were appropriate. Experts stated that the number of participants was
high and that the number of participants should be reduced in order to achieve the depth in this
qualitative research. As a result of the pilot application, an evaluation of the data collection tool and
method was carried out and the number of participants were reduced.

While selecting the participants, the purposive sampling method of criterion sampling was used. A
basic explanation of the criterion sampling method is studying situations that meet a set of predetermined
criteria. The criterion or criteria referred to here may be established by the researcher or a previously
prepared criteria list may be used (Yildirim and Simsek, 2011). The logic of criterion sampling is to study
and observe all situations that meet some predefined significance criteria (Patton, 2014). In this study;, it
was aimed to investigate the types of strategies used and points considered by prospective teachers while
proofs are evaluated in the field of analysis. In this regard, while selecting the sample, the prospective
teachers were considered to have knowledge about what mathematical proof is, how it is applied, how
an argument should be defended or the existence and use of counterexamples for refuting in
mathematics. They were also required to have taken Abstract Mathematics, General Mathematics,
Analysis-I, Analysis-1l and Analysis-IIl courses in which analysis topics are taught and passed these courses
successfully. The concepts of functions, sequences, limit, continuity and derivative were taken into
account as the basic concepts of analysis. In order to obtain more detailed information on selection of the
sample, the students' success levels in the courses that activities are related to (Analysis-I, Analysis-Ill,
Abstract Mathematics) and cumulative grade point average (CGPA) were examined. The reason for not
selecting the prospective teachers who were studying in the fourth grade as a research group is that the
possibility of external factors (future anxiety, KPSS etc) originating from prospective teachers is more likely
to affect negatively the research process than the third class prospective teachers. This was clearly seen
in the pilot study with fourth grade prospective teachers. Prospective teacher had difficulty in having time
to pilot study because of their university courses, KPSS courses and test exams. For this reason, it was
observed that fourth grade prospective teachers had difficulty in focusing on the work. So, third grade
prospective teachers were chosen for this study between third grade and fourth grade prospective
teacher who were matching the criteria of the study.

As a result of the evaluations, the students were divided into two groups based on success in related
courses and CGPAs. The first group consisted of students with medium success levels. Four easily
accessible students were selected on a voluntary basis among the students with medium success levels.
The CGPAs of these students range from 2.5 to 3.0 out of 4. Some students with medium success levels
had passed the courses (Abstract Mathematics, Analysis-I, Analysis-Ill) that the research activities are
related to first time and some took these courses again and passed with medium success. The other group
consisted of students with high levels of success. The CGPAs of the students in this group range from 3.0
to 4.0 out of 4 and they passed the related courses with high success the first time. Four easily accessible
students were also included in the group on a voluntary basis. The students in this group were the most
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successful students in the branch they studied. For example, the group included students who passed all
courses with the highest letter grade (AA) and successfully completed the four-year branch in three years.

The prospective teachers participating in the study used nicknames instead of real names. The
nicknames of the prospective teachers with medium levels of academic success constituting the first
group were Baris, Belma, Bilge and Buse based on the order of success. The nicknames of the prospective
teachers with high levels of academic success were Adem, Ahu, Aysun and Aziz based on the order of
success.

The reason for studying two groups with different levels of success in the study was to ensure that
different views are obtained. In this regard, it was thought that various and in-depth information on the
subject could be obtained from the prospective teachers. The logic in using purposive sampling is to select
rich situations in scope of information in order to make the study go deeper. Rich situations in scope of
information are situations in which the researcher can obtain as much information as possible from the
point of view of the purpose of the research. Studying rich situations in scope of information provides an
in-depth understanding rather than empirical generalizations (Patton, 2014). Furthermore, selecting
participants with the purposive sampling method significantly increases the transferability of qualitative
studies (external validity) with detailed description (Yildirnm and Simsek, 2011). Studying groups of
students with different levels of success based on certain criteria is a common practice in the relevant
literature (Sari et al., 2007; Weber, 2001, 2008, 2009). One of the reasons for not including students with
low levels of success was that such students tended to use uncomfortable expressions to analyze in pilot
practice.

Instrument

Four task-based interviews were used to identify proof evaluation skills in the analysis of the
prospective teachers. The interviews were carried out four times with prospective teachers individually.
The interview is a communication process that is conducted orally between at least two people and
provides in-depth information about the question or topic being searched for in the survey (Blyukoztirk,
Kilig Cakmak, Akgiin, Karadeniz and Demirel, 2012). Task-based interview which is one of the kind of
interviews have importance both as research instruments and as potential research-based tools for
assessment and evaluation. They offer the possibility of obtaining information from students that bears
directly on classroom goals and can help answer research questions central to the educational reform
process (Goldin, 1997). A clinical task-based interview also used in this study can be seen as a situation
where the interviewer interviewee interaction on a task is regulated by a system of explicit and implicit
norms, values, and rules (Koichu and Harel, 2007). Interviews were carried out in order to elucidate the
processes of evaluation about functions, sequences, limits and derivatives. The study included a total of
seven proof evaluation activities including an invalid proof made by the direct proof method, inductive
argument, and deductive argument for a false statement in addition to the valid proofs made by direct,
contrapositive, contradiction, and counterexample methods. As the prospective teachers had studied the
relevant courses in advance, they were familiar with the statements used in the study. In these activities,
it was aimed to find out how the prospective teachers evaluated the correctness or wrongness of proofs
made by someone else who is an important part of the proof process. The reason for not including proofs
made by the inductive proof method was that the inductive proof method is easy to notice because of its
inherent steps. Therefore, it is more likely that the method of proof used is determined by only looking at
the image of the proof without conducting a detailed review. After the evaluation of the proofs, the
prospective teachers were asked to indicate arguments with one of the options "true", "partly true" and
"false" and write down the reasons for their decisions. The option of “partly true” was used in the study
to get information about all preferences of prospective teachers. That is why we did not present only two
options like “true or false” to them

Within the scope of validity studies in development of data collection tools, six expert academicians
were consulted, and the pilot scheme was prepared. These academicians serve as associate professor and
assistant professor in the field of primary math and secondary science and mathematics education at a
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state university. In line with the opinions received from the experts, the typographical errors and
mathematical mistakes in the form were corrected. Table 1 provides information about the arguments
for statements used in the study.

Table 1.

The Properties of the Arguments to Show Accuracy or Inaccuracy of the Statements Used in the Study.

Subjects of the Statements Properties of the arguments used
interviews for the statements
Functions Letf:A— Bandg: B - C beafunction. Iffand gare The argument constructed to show

injective functions, then gof is also an injective the accuracy of the statement by

function. direct proof method is a valid proof.

Let f: A = B be a function and D C A. Then, there is The argument constructed to show

fH(f(D)) c D. the accuracy of the false statement is
an invalid deductive argument.

Sequences If a sequence has limit, the limit is unique. The argument constructed by

contradiction method is a valid proof.

Let (s,,) be a reel number sequence. If (s,) has any The argument constructed to show

accumulation point, it is convergent. inaccuracy of the statements is a
valid counterexample.

Limit Suppose that g(x) < f(x) < h(x) for all x in some Valid proof of this theorem is
open interval containing a except possibly at a itself. If transformed to invalid argument by
limg(x) = limh(x) = L, then L lim f(x) = L. changing most important key idea in
e e e its valid proof.

Derivative lLet ACR, a€Aand f: A— R. If f function is not The argument constructed to show

continuous at the point a, it is also not differentiable.

The derivative of every odd function is an even; and
derivative of every even function is an odd function.

the accuracy of the statement by
contraposition method is a valid
proof.

The argument constructed to show
accuracy of the statement with only

one pair of examples is an inductive
and mathematically invalid
argument.

Data Collection Procedure

Data from the study were collected in four weeks with the help of task-based interviews. Before
starting the interviews with the prospective teachers, they were informed about the study. It was stated
that the study would be carried out on a voluntary basis. Furthermore, it was stated that the names of
the prospective teachers would be kept secret and nicknames would be used. The study was planned to
be recorded on video, but based on the information obtained from the pilot study, the study was recorded
on audio because the prospective teachers might have been uneasy about this situation and might not be
able to pay attention to the study.

The interviews took place in an environment where the researchers and prospective teachers were
believed to be not affected by external factors. The prospective teachers were asked to think aloud during
the interviews. The prospective teachers often expressed their thoughts aloud. During the interviews, the
researcher tried to avoid guiding the prospective teachers. Questions were asked frequently in order to
understand the thoughts of prospective teachers. Before the interviews began, it was stated that the
questions asked by the researcher were to understand what they thought, and these were not strictly
guiding. The prospective teachers were also asked not to wait for confirmation from the researcher or ask
guestions about it.

Analysis of the Data

The prospective teachers were asked to evaluate the proofs made by someone else. They were asked
to think aloud while making an assessment. The researcher tried to reveal their thoughts by asking
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questions to the prospective teachers when necessary. After the evaluation of the proofs, the prospective
teachers were asked to indicate their arguments with one of the options "true", "partly true" and "false"
and write down the reasons for their decisions. The study evaluated the thoughts of the prospective
teachers when evaluating the proofs and the answers to the questions of the researcher and their reasons
together. The analysis of the data obtained from the prospective teachers was conducted by use of
content analysis. The focus was on the strategies that the prospective teachers used while evaluating the

proofs.
Result

In this study, It was determined that the prospective teachers often used multiple strategies while
evaluating the proofs. As a result of the content analysis in the study, their strategies were generally
grouped into three categories: argumentation, structural examination and authoritarian examination.
Additionally, many sub-categories were identified under these categories. Table 2 shows the strategies
used by the prospective teachers to evaluate proofs that were made by others in the field of analysis.

Table 2.
The Strategies Used by Prospective Teachers to Evaluate Proofs That Are Proved by Others in the Field of
Analysis

Strategies f Indicators

Argumentation 47  Prospective teachers check proofs with line by line. They focus on local arguments in
examination proofs. They elaborate whether there are computational mistakes in the lines of proofs
and control the correctness of the warrants between lines. They consider key expressions
which play important role in proofs and which carry the data obtained from hypothesis of
theorem to next stage in the proof. By means of key expressions, the information obtained
from the hypothesis of the theorem is made ready to be used in reaching the theorem's

conclusion by incorporating into the conceptual understandings.

Structural 74 Prospective teachers evaluate proofs without looking content of the proofs. They do not
examination question the truth or relationship between lines of the proofs. They judge the validity of
the proofs from the outside by looking their structural characteristics. Structural
examination strategies consist of superficial and proof method strategies. Prospective
teachers using superficial strategies take into account whether formal definitions and
theorems are used in proofs. They also focus on how proofs begin and whether conclusion
of theorem is reached with result oriented approach. Some prospective teachers consider
proofs method or structure of arguments when they evaluate proofs. To illustrate, while
some prospective teachers accept inductive arguments as a valid proof, some of them do
not accept proofs constructed by different proof method that they learnt.

Authoritarian 9 Prospective teachers don’t try to question arguments in proofs or don’t use structural

examination examination. If evaluated proofs were memorized previously or they are familiar with
them, they try to remember. They recall symbols or expressions which are similar with
proofs they learnt before. Some prospective teachers also try to use different proofs that
they know in evaluating proofs. Decisions given by prospective teachers are closely related
to level of remembering proofs constructed by their lecturers or memorized by prospective
teachers.

When strategies used by prospective teachers to evaluate proofs were examined, it was found that
there were 15 different approaches under three categories in order to evaluate the accuracy of the proofs.
Throughout the study, 130 strategies of evaluating proof done by prospective teachers were identified.
While evaluating the proofs, prospective teachers generally followed argument examination, structural
examination and authoritative examination strategies. Structural examination strategy is divided into two
in itself as superficial examination and method of proof. It was found that 74 of the 130 approaches by
prospective teachers in overall research was structural. One of the mostly preferred strategy in this
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research by the prospective teachers was the examination of local arguments. They used this strategy 47
times. Nine of the proof evaluation strategies used by prospective teachers were related to authoritative
information. These strategies were presented in the following sections.

The Proof Evaluation Strategies Used in Functions

The prospective teachers were first presented with the valid proof of the theorem “Let f: A —» B and
g: B = C be a function. If f and g are injective functions, then gof is also an injective function.”, which
was constructed with the method of direct proving. It was observed that the strategies used by the
prospective teachers were clustered under three categories and six subcategories. The strategies that
were used by prospective teachers to evaluate the proof, and decisions they made about the accuracy of
the argument are presented in Table 3.

Table 3.
The Strategies Used by Prospective Teachers in Evaluating the Proof
Categories Subcategories Ahu Adem Aziz Aysun Baris Bilge Buse Belma
Argumentation Operational v v v v v v v
examination mistakes
Structural Formal definition v v v v
examination of injective
function
Using hypothesis v v v
and finding
conclusion of the
theorem
Beginning of the v v
proof
Using hypothesis v v
of the theorem
Authoritarian Accordance with v
examination the proof learnt
Decisions True True True True True True True True

All prospective teachers stated that the theorem was proved accurately. It was found that most
prospective teachers (except Belma) questioned whether there was an operational mistake in the content
of the proof. These prospective teachers paid attention to the reasons for transition between the steps
of the proof, as well as not having any operational mistakes in these steps. Half of the prospective teachers
(Ahu, Bilge, Buse, Belma) analyzed whether the definition of injective function was used in the proof.
Three of the prospective teachers (Aysun, Baris, Buse) took into consideration that conclusion was
reached by using the hypothesis of the theorem in its proof. Two prospective teachers (Adem, Belma)
specifically paid attention to the use of hypothesis of the theorem in the proof. Two prospective teachers
(Adem, Bilge) also focused on how the proving process started. While evaluating the proof, Belma
considered whether this proof was in accordance with the proofs she had previously learnt.

The prospective teachers were presented with a deductive argument from a false statement about
functions. They were asked to examine the arguments and make a decision about its accuracy. The
prospective teachers validated the false statement “Let f: A = B be a function and D < A. Then, there is
f‘l(f(D)) c D.”. Theargument “f(x) € f(D) = x € D” in this argumentation is an argument which is
not accurate for every condition. The strategies that were used by the prospective teachers were
analyzed. It was observed that these strategies were clustered under three categories and six
subcategories. The strategies that were used by the prospective teachers to evaluate the presented
argumentation are given in Table 4.
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Table 4.
The Strategies Used by Prospective Teachers in Evaluation of the Deductive Argument Constructed for
False Statement

Categories Subcategories Ahu Adem Aziz Aysun Baris Bilge Buse Belma
Argumentation Warrant v v 4 v 4
examination control
Structural To reach the v v v v v v v
examination conclusion
from the
hypothesis
Using formal v v v v
definitions
Decisions True Partially True Partially ~ True True True True
true true

When Table 4 is examined, it is found that Aysun and Adem picked out that the argument was not
accurate. They indicated that the argument was partly accurate. Other prospective teachers stated that
the argument in question was accurate and convincing. When the strategies used to evaluate the
argument were examined, it was determined that the beginning and the end of the argument were
effective on the decisions of most prospective teachers. They were predominantly interested in where
proving started, from which set the elements were chosen and what the ending was. It was observed that
half of the prospective teachers paid attention to whether the operations were in accordance with the
definitions of the subset and inverse function. Most prospective teachers also checked for the accuracy
of the arguments in the argumentation. They attempted to find how they reached the conclusion from
the data in the arguments, in other words, they tried to find the reasons for the arguments. These
prospective teachers especially attempted to understand the reason for the inaccurate statement of
“f(x) € f(D) = x € D”. Among these prospective teachers, Adem stated that the argument was an
accurate proof. He also stated that the argument presented to him was partly accurate. Adem underlined
that there was an accuracy side of the argument because he thought the method was a valid one. Adem’s
reasoning is provided as an example below.
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Partially true. It was started the proof correctly. When we examine step of the proof, expression
of “f(x) € f(D) = x € D" is not always true since it can be x € D while x & D.

Figure 1. Adem’s warrant

The Proof Evaluation Strategies Used in Sequences

The second set of interviews examined how the prospective teachers evaluated proofs about the
sequences constructed to them with the method of proof by contradiction and counterexamples. The
prospective teachers were first presented with the proof of the theorem “If a sequence has limit, the limit
is unique”. Strategies and decisions are presented in Table 5.
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Table 5.
The Strategies Used by Prospective Teachers in Evaluating of the Proof and Their Decisions.
Categories Subcategories Ahu  Adem Aziz Aysun Baris Bilge Buse Belma
Argumentation Line control and v v v v v 4
examination operational
mistake
Choosing n, 4 4
Structural Proof method v v v v v v v v
examination Convergent v v v v v v v v
sequence
definition
Authoritarian Accordance with v v v
examination proof learnt
Decisions True True True True True True True True

According to Table 5, it is observed that prospective teachers were able to identify that the proof
presented to them was an accurate proof. According to this, it may be stated that the ability of the
prospective teachers to choose accurate proofs was high. When the things the prospective teachers paid
attention to while evaluating the proof were examined, it was found that all of them first paid attention
to the method of proving and use of the definition of convergent sequences. More than half of the
prospective teachers (Ahu, Adem, Aziz, Baris and Bilge) focused on the transition between the steps of
the proof, as well as not having any operational mistakes in these steps. While evaluating the proof, three
prospective teachers (Baris, Bilge and Belma), with an authoritative approach, paid attention to have it in
accordance with the previous proof they learnt. Two prospective teachers (Adem and Aziz) took into
account how the term n; in the proof was choosen.

How prospective teachers evaluated the method of proof had an important place in decisions they
made. The prospective teachers had difficulties in accurately identifying the method of proof. While Ahu,
Adem and Aysun were able to explain the proof by identifying the method of proof by contradiction,
others stated that the proof was constructed by the method of proof by contrapositive. When these
prospective teachers were asked why they thought that the proof was constructed with the method of
proof by contrapositive, they were not able to provide an appropriate explanation. When the reason for
this was analyzed, it was found that the prospective teachers were not able to differentiate between the
method of proof by contradiction and the method of proof by contrapositive. Below is the conversation
between Ahu, who was among the prospective teachers that successfully identified the method of proof,
and the researcher.

Ahu: My lecturer, it was accepted that the inverse of the statement is true. Then, he showed that the
two limits we have taken were actually one. In other words, he showed it is not like that by accepting the
inverse of the statement.

Researcher: Which method of proof was used?

Ahu: The method of proof by contrapositive was q' = p'. Here itis, q. Is it proof by contrapositive or
is it proof by contradiction? It seems like proof by contradiction.

Researcher: Why proof by contradiction?
Ahu: We are starting by assuming (accept as true) the inverse (inverse of the statement).
Researcher: What is the difference between proof by contrapositive and proof by contradiction?

Ahu: We were assuming the inverse of the statement for proof by contradiciton, then we are
demonstrating that it is not true. For proof by contrapositive, you take the inverse of the statement and
again find the inverse of it. Symbolically, for theorem of p = q, thereis q' = p'.
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The prospective teachers, except for Ahu, Adem and Aysun stated that the proof was constructed by
the method of proof by contrapositive. Below is the reasoning of Baris, who was among these prospective
teachers, and the conversation between him and the researcher.
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True. Firstly, I looked that the definitions were used correctly. I paid attention to the method of

the proof. It was done by contrapositive. And lastly, I said it was true because I did not see any
contradiction in the operations.

Figure 2. Barig’s warrant

Researcher: Why proof by contrapositive?

Baris: For such things, we use it. Let’s say there are two different routes from point A to point B. When
you try to prove this, it says one route should be used to go from point A to point B. It approves this. We
call such proofs as method of proof by contrapositive.

Researcher: Well, what is its difference from proof by contradiction?

Baris: It resembles proof by contradiction, but it does not yield the full measure. There is contradiction,
but in proof by contrapositive there is contradiction with what it assumes. You know, it says there should
be two limits, then finds that they are the same; this is a contradiction. Because, there would be one limit.
In other words, it contradicts with what it assumes. This is the difference between them.

The inaccuracy of the false statement “Let (s,,) be a reel number sequence. If (s,) has any
accumulation point, it is convergent.”, which is related to the correlation between the accumulation point
and its limit, was shown to the prospective teacher with the help of a counterexample to evaluate. The
prospective teachers were asked to evaluate the proof constructed by a counterexample and make a
decision about the accuracy of this proof. The kind of strategies that were used by the prospective
teachers to evaluate the proof constructed with counterexample were examined. The strategies used and
the decisions made by the prospective teachers are presented in Table 6.

Table 6.
The Strategies Used by Prospective Teachers in Evaluating of the Proof Constructed with Counterexample
and Their Decisions

Categories Subcategories Ahu Adem Aziz Aysun  Baris Bilge Buse Belma
Argumentation Warrant v v v v v
examination control
Structural Proof method v 4 v v v v v 4
examination
Authoritarian Past memories 4
examination Authoritarian v
knowledge
Decisions True True True True True True False Partially
true

When Table 6 is examined, it is found that only two prospective teachers (Buse and Belma) stated that
the proof constructed with a counterexample was inaccurate. All prospective teachers took the method
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of proof into consideration while evaluating the proof. More than half of the prospective teachers (Ahu,
Adem and Aziz) examined the reasoning used in the proof. While Bilge evaluated the proof without help
of her previous information, Buse used information from an authority by claiming that the lecturer
provided information in class in the way she presented.

All of the prospective teachers have paid attention to the method of proof when evaluating the proof.
In their decisions, how proof is made was substantially effective. Most of the prospective teachers stated
that the proof made by producing the counterexample is a valid proof. They have emphasized that the
aforementioned counterexample is enough to refute the statement. Below is the reasoning presented by
Aysun, one of these prospective teachers.
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True. If there is a limit then it is a convergence sequence. He said that there is no limit but
there is an accumulation point here. It does not mean that if it has accumulation points it is
convergence. He proved by giving counterexample.
Figure 3. Aysun’s warrant

Buse, on the other hand, stated that the counterexample in the proof is not a proper counterexample.
Buse, in her expression, stated that the accumulation points of this counterexample are equal in terms of
their absolute values and this example is not appropriate. What Buse means in her statement is not fully

understood. Buse has indicated the lecturer of the relevant course as the basis for this thought. She
claimed that the lecturer spoke as she stated. Below is Buse’s reasoning and statements on the subject.
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False. Accumulation point. Since I think this statement is false. The absolute values of them are
equal.
Figure 4. Buse’s warrant

Researcher: Why did not what is done seem convincing to you?

Buse: Here, even if there are two accumulation points chosen, the absolute values of -% and % are
equal. That's why it sounded as if it were wrong to me.

Researcher: Why do you take its absolute value?

Buse: Couldn't it be its absolute value when it was like this? That's how | remember it. | do not know,
but | might have visualized what my lecturer said this way. | understood this from what the lecturer said.
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Belma has stated that counterexample is not sufficient to falsify this statement, and it should be
proved in a more general way. She, therefore stated that the proof made would be partly correct.
According to this, it can be said that Belma has deficiencies in her knowledge of the proofs made with
counterexamples. Below is Belma’s reasoning presented.
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s, Seguence was expressed with only one definition, its correctness was shown by these values.
If we want to prove this statement then we need to prove more generally.

Figure 5. Belma’s warrant

More than half of the prospective teachers have examined the reasoning for the arguments in the
proof. Prospective teachers pay attention to whether or not there is a procedural mistake in these
arguments or whether the results obtained are logically correct. Most of these prospective teachers
correctly question the reasons of the expressions in the proof, while others present mathematically
incorrect reasons. Ahu, Adem and Aziz used mathematically correct reasoning for questioning the
accumulation points of the given sequence as counterexample in the proof. Aziz stated that the
accumulation points came from limit of the sub- sequence. Below are the expressions of Aziz.

Researcher: Where does % and -% come from?

Aziz: When we look at the sequence's limit when it goes to infinity it becomes positive sometimes and
negative sometimes. For evens it is positive %, for odds it is -%.

Researcher: What is it that you named odd and even?

Aziz: The Odds and the evens are two sub-sequence of this sequence. Sub-sequences are divergent
because their limits are different.

Bilge from prospective teachers confused the limit concept in the sequences with the notion of limit
of function at one point while expressing where % and -% of the accumulation points came from. It turns
out that the cause of this situation is Bilge's lack of conceptual knowledge for the definition of convergent
sequence. Prior to the beginning of the activities for the concept of the sequences, he used statements
about the concept of continuity while describing the definition of the convergent sequence. Here too, it
has been revealed that she can not distinguish the convergent sequence concept from the concept of limit
of functions at a certain point. She pointed out that the accumulation points came from the right limit and
the left limit. Below are the expressions of Bilge.

Bilge: If there were 2n instead of n in (—1)™, the right limit would be 1. Then we'd say there is a limit,
and it'd be a convergent one. | was convinced that it didn't have a limit because -1 is involved.

Bilge also decided on the influence of the previous information while evaluating the proof. Bilge
decided by using the knowledge that limit is divergent if there are two accumulation points. Below is the
Bilge's reasoning of her decision.
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True. If sequence has limit it is convergence. If sequence has two accumulation points it has not
limit. It is not convergence. If we had taken only 1 or -1 instead of n in (—1)" it would have
been convergence and had only one accumulation point.

Figure 6. Bilge’s warrant

Baris often confused the series with real number sequences when questioning why the sequence given
in the counterexample is divergent. Properties that were used to determine the convergence character
of the series were used to determine the character of the sequence. Below are sections from Baris's
expressions.

Baris: If the limit of the general term is different than zero we say it is divergent ... We make alternating
series, sequences from the same thing of series. That is to say, for even terms positive, for odd terms
negative... OK Sir, let's give a few values. We see that it is an ascending, descending sequence. Sir, for
example how do we get the ratio of a, ,,to a, , subtract the former from the latter.

The Proof Evaluation Strategies Used in Limit

The third set of interviews investigated how the prospective teachers evaluated an inaccurate proof
in the subject of limit. The prospective teachers were presented with the inaccurate proof of the theorem
“Suppose that g(x) < f(x) < h(x) for all x in some open interval containing a except possibly at a itself.
If)l}_r}r; glx) = )lcll% h(x) =L, then )l(l_TLl f(x) = L.”. Inthe original version of this proof, the statement “8§ =
min{8;,8,}” is replaced with § = maks{8;, 8,}. Such a change in the proof damages the generalizability
of it and it can be refuted with a counterexample. It was observed that strategies used by the prospective
teachers were clustered under three categories and seven subcategories. The strategies used and the
decisions made by the prospective teachers are presented in Table 7.

Table 7.
The Strategies Used by Prospective Teachers in Evaluating of the Proof and Their Decisions
Categories Subcategories Ahu Adem Aziz Aysun Barig Bilge Buse Belma
Argumentation Line control and v v v v v
examination operational
mistake
Choosing § v v v v
Structural Using the v v v
examination hypothesis
Using limit v v 4 v v v
definition
To reach the v v
conclusion
Authoritarian Accordance v v
examination with the proof
learnt
Adaptation v
Decisions True True True True True True True True
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According to Table 7, all prospective teachers stated that this inaccurate proof was accurate. According
to this, the ability of the prospective teachers to identify the inaccurate proof about the subject of limit
was very low. The prospective teachers mostly paid attention to the use of definition in the proof and not
having any operational and logical mistakes in proof steps. Half of the prospective teachers (Ahu, Adem,
Aziz, Aysun) considered the choice of the number § in the proof. Most prospective teachers paid attention
to the structure of proof interested in the use of hypothesis of the theorem, use of limit definition in proof
and reaching the conclusion. Two prospective teachers (Bilge and Belma) paid attention to have the proof
in accordance with the proof they previously knew. Barig evaluated a proof in another subject by adopting
it to the respective proof.

It was found that Ahu, Aziz, Adem and Aysun paid attention to the choice of the number & in the proof
while evaluating it. Even though the prospective teachers presented correct reasoning in their evaluations
and arguments, they stated that the number & was chosen correctly. These prospective teachers stated
that the number § was chosen correctly despite having adequate level of conceptual information about
the definition of limit. It was thought that the reason for this was the impact of the choice of intercept
point in the proof about sequences, which were in the previous interview. The best example to this was
the case of Aziz.

Aziz was also asked what should be included in an accurate proof while getting his views on the proof
before starting the activity-based interviews. As an answer to this, Aziz underlined that key statements in
proofs are important. As an illustration of key statements, Aziz gave the example of taking § at the
minimum in proofs related to limit of functions. He indicated that the proof will be inaccurate if § is not
taken at the minimum. While evaluating this proof, Aziz paid attention to how & was selected. Although
Aziz suggested appropriate justifications for taking the §, he insisted that the § was taken accurately.
According to this, it may be argued that even though the conceptual knowledge of Ahu, Aysun and Adem,
together with Aziz, on limits of functions and sequences was adequate, they did not have sufficient
knowledge on the difference between the limit of a real variable and real valued functions at a certain
point and the limit of real number sequences. Below are Aziz’s statements on the matter.

Aziz: Yes, this is correct. There are no problems with the operations. Definitions are used accurately;
also in order to eliminate conditions that do not verify, we take § = maks{8;, §,}. There are no calculation
errors.

Researcher: Why was 6 = maks{6,,6,} taken?

Aziz: The former is called x that is in the neighborhood of §,; the latter is called x that is in the
neighborhood of §,. Here, one of the radiuses will be smaller and the other will be larger; besides, the
small one will be covered when we take maximums different from each other. Let §; be larger than 6.
When we take the maximum at this point, 6; already covers the radius. This is the reason.

Researcher: What would happen if the minimum was taken?

Aziz: If the minimum was taken, there might have been xs that are in the neighborhood of the radius
of &,, but not in the neighborhood of the radius of §,. Hence, these will be eliminated when you take the
maximum.

Researcher: Which of the following steps of the proof would be problematic if the minimum was taken?
Aziz: We would not be able to demonstrate that |f (x) — L| is smaller than ¢.

Aziz indicated that the reason for taking § = maks{d,,8,} was to eliminate cases that were not
verified. What Aziz referred to as cases that were not verified were x values that did not verify the
disequilibrium |f (x) — L| < €. Here, even though it was not openly stated by Aziz, it was understood that
the x values that Aziz wanted verification for, were the values from the first definition, which mutually
verified the disequilibrium |g(x) — L| < € and |h(x) — L| < €. Aziz stated that when § was taken as
minimum, the disequilibrium |f(x) — L| < € could not be written since it would formed by using these
two disequilibria. Although the justifications provided by Aziz were correct, his claim was not accurate. In
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order to be able to mutually use these two disequilibria, which are valid for elements in two different
ranges, elements that verify both equilibriums should be chosen. This was only possible at the intersection
of the two ranges, namely by taking common elements. Thus, Aziz’s idea to choose x values that verified
the disequilibrium was accurate; however, his claim that this case was only possible if there was 6§ =
maks{8,, §,}, was not accurate.

The Proof Evaluation Strategies Used in Derivative

The fourth set of interviews which is the last interview of the study investigated how the prospective
teachers evaluated an accurate proof that was constructed with the method of proof by contrapositive
and an inductive argument in the subject of derivatives. The prospective teachers were first presented
with a proof of the theorem “There is A C R, a € Aand f: A = R. If f function is not continuous at the
point a, it is also not differentiable.”. It was observed that strategies used by the prospective teachers on
whether the theorem was proved accurately or not were clustered under two categories and five
subcategories. The strategies used and the decisions made by the participants are presented in Table 8.

Table 8.
The Strategies Used by Prospective Teachers in Evaluating of the Proof and Their Decisions
Categories Subcategories Ahu Adem Aziz Aysun Barig Bilge Buse Belma
Argumentation Operational 4 v v v v
examination mistake
Structural Proof method 4 v v v v
examination Derivative v v v v
definition
To reach the v v
conclusion
Using v
hypothesis
Decisions True True True True True True True False

When Table 8 is examined, it is found that all prospective teachers except for Belma stated that the
theorem was proved accurately. According to this, it may be argued that the ability of prospective
teachers to evaluate an accurately constructed proof was considerably high. When strategies used by
prospective teachers to evaluate the proof were examined, it was discovered that they paid attention
mostly to the method of proof, and whether there was an operational error in the steps of the proof. It
was determined that four prospective teachers were attentive to use of formal definition of derivatives
for the proof of the theorem. It was found that while two of the prospective teachers paid attention to
whether the theorem reached to its conclusion or not, one prospective teacher paid attention to whether
the hypothesis of the theorem was used in the proof or not.

Ahu, Adem, Aysun, Baris and Belma paid attention to the method of proof while evaluating the
accuracy of the proof. All prospective teachers except for Belma stated that the theorem was conducted
by the method of contrapositive and the method of proof was applied correctly. However, Belma stated
that the proof of the theorem was done by the direct proving method. When Aziz, Bilge and Buse, who
were considered to be not paying attention to the method of proof, were asked which method of proof
was used in the proof; Aziz stated that it was proof by contradiction, but failed to explain the method of
proof by contradiction. Bilge and Buse stated that it was the method of contrapositive, yet they failed to
explain it properly. According to this, it was discovered that although most of the prospective teachers
were able to identify method of proof accurately, only half of them were able to explain the method of
contrapositive. Below are the statements of Adem, Aziz and Belma.
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True. p: f function is not continuous at a. p’: f function is continuous at a. q: f function is also not

differentiable at a. q : f function is differentiable at a. the constructed proof is true sincep = q = q' =
’

P
Figure 7. Adem’s warrant.

Aziz: Is contrapositive also in the reverse order? We were directly doing... True, since this theorem is
proved by the method of contrapositive it is a method of contradiction. It attempts to demonstrate p = q
through q' = p'. This is why it is proof by contradiction.
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False. S'he said that if f is not continuous, than f is not differentiable. S/he proved if f is differentiable,
than f is continuous. That is why it is false.

Figure 8. Belma’s warrant

In order to examine the ability of the prospective teachers to evaluate a proof constructed by others,
the theorem “The derivative of every odd function is an even; and derivative of every even function is an
odd function.”, which is valid for all real variables and real valued functions, was verified by using an
inductive logic. The accuracy of this theorem is shown only via one pair of examples. Prospective teachers
are asked to evaluate and make a decision on the accuracy of the arguments. Strategies that are used by
prospective teachers to evaluate the proof, and decisions they made about the accuracy of the argument
are presented in Table 9.

Table 9.
The Strategies Used by Prospective Teachers in Evaluating of the Inductive Argument and Their Decisions
Categories Subcategories Ahu Adem Aziz Aysun Baris Bilge Buse Belma
Argumentation  Operational v v v v v v v v
examination mistake
Structural Structure of v v v v v
examination the argument
Decisions Partially  False True False True Partially  True True
true true

According to the data in Table 9, it was found that half of the prospective teachers (Aziz, Baris, Belma
and Buse) considered the argument that was produced with an inductive logic as an accurate proof.
Accordingly, it could be argued that half of the prospective teachers considered inductive arguments as
valid proofs. The other half of the prospective teachers stated that an inductive argument cannot be a
proof. They underlined that verification through only one example is not adequate enough to show that
a theorem is accurate. Two of the prospective teachers (Adem and Aysun) stated that a verification

639



Muhammet DORUK, Abdullah KAPLAN - Cukurova Universitesi Egitim Fakiiltesi Dergisi, 47(2), 2018, 623-666

demonstrated in such a method would definitely be an inaccurate verification; whereas two others (Ahu
and Bilge) emphasized that it would be a partly accurate proof. The prospective teachers who considered
the inductive argument as partly accurate did not refuse the argument completely since they thought the
operations done for the proof were correct, even though the method of proof was incorrect. Below are
the justifications by Ahu, Baris and Aysun.
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Partially true. Despite performed operations are true, it is not enough to make generalization. We can

not reach the truth of the theorem with such examples. It is not true since there is no generalization.
Partially true was selected as performed operations are true.

Figure 9. Ahu’s warrant
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By looking given examples, I think it is true as operations are consistent.

Figure 10. Barig’s warrant
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True. Confirmation done with only one example is not enough to show the truth of the statement. It must
be done by doing generality.

Figure 11. Aysun’s warrant
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Discussion & Conclusion

When abilities of prospective teachers to evaluate valid and invalid proofs were investigated, it was
found that they were mostly able to identify valid proofs constructed through direct proof, proof by
contradiction and proof by contrapositive. According to this, it was discovered that the prospective
teachers were able to identify valid proofs. It was seen that none of the prospective teachers were able
to identify invalid proofs. Only two of the prospective teachers (Adem and Aysun) were able to identify
that a deductive argument produced for a false statement was not an accurate proof. Accordingly, it was
found that the prospective teachers were not able to identify invalid proofs and they failed. This result
had similarities with studies which showed that the ability of university students to identify valid proofs
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was high whereas their ability to identify invalid proofs was low (Alcock and Weber, 2005; Doruk and
Kaplan, 2013; Goetting, 1995; Knuth, 2002; Martin and Harel, 1989; Segal, 2000; Uygan et al., 2014).

When evaluations of prospective teachers on proofs constructed with various methods of proof were
examined, it was found that some participants were not able to identify the methods of proofs that were
constructed by proof by contradiction and the method of contrapositive. When the knowledge of
prospective teachers regarding methods of proof was questioned, it was discovered that some were not
able to explain the two specified methods of proof. The prospective teachers confused the method of
contrapositive and proof by contradiction or were not be able to explain them. This result is in parallel
with studies which showed that university students had difficulties in choosing the appropriate method
of proof while demonstrating it (Doruk and Kaplan, 2015; Giler, 2013; Moore, 1994; Selden and Selden,
2003). Riley (2003) also found a result which supports this result. In his research, he demonstrated that
57% of the prospective teachers were able to demonstrate a valid proof which involves the direct proof
method. It was found that the ratio of demonstrating proofs with indirect proof methods was only 39%.
It is needed to conduct activities to eliminate these difficulties of prospective teachers about methods of
proof. Methods of proof should specifically be underlined in the Abstract Mathematics class, in which
proof and methods of proof are introduced in the curriculum of the primary school mathematics teaching
department.

In order to identify how prospective teachers approached invalid proofs, they were presented with an
invalid proof whose key statement was changed. The relevant statement formed a basis for operations to
reach the end result of the theorem by organizing the obtained data from the hypothesis of the theorem.
Being aware of the function of this statement requires the ability to evaluate and use the conceptual
information regarding the definitions that the proof is related to. Most prospective teachers did not pay
attention to this statement. They generally evaluated the proof in a result-oriented manner. Alcock and
Weber (2005) conducted a study, where students were presented with an invalid proof in which the final
line was correct but the other lines were not accurate. It was discovered that most of the students were
not able to identify that the proof was not valid. While students were evaluating the proofs, they stated
that it was necessary to check the relation of the previous line to the following line apart from controlling
whether each line was correct or not. Hence, they advised that justification for arguments verifying the
relation between lines of the proof is questioned. Doruk and Kaplan (2013) found that primary school
mathematics teaching students failed to evaluate proofs. They noted that the reasons for them to fail
evaluating the proofs was that they did not pay attention to the ideas in the proofs and just memorized
all proofs instead of having a thinking process to learn the proofs. Raman (2003) stated that there are key
ideas in proofs, while mathematicians cared about these key ideas in their own work, they do not put
necessary emphasis on these key ideas during teaching and not use them in evaluation either. This study
also found that prospective teachers did not pay attention to key ideas in proofs. It was suggested for the
instructors, who are responsible for teaching proof-weighted classes, to underline the key ideas in proofs.

While examining the evaluations of the prospective teachers regarding proofs constructed with a
counterexample, it was understood that most of the prospective teachers considered proof by
counterexample as a valid proof. Two stated that this proof was not a valid method of proof. These
prospective teachers noted that the counterexample in the proof was not enough to disprove the relevant
theorem or it was necessary to provide more examples to show that this theorem was not accurate. This
result agrees with studies where some students considered the accurate counterexample produced for a
theorem as the exception of the theorem and still thought that the theorem was accurate (Williams,
1979). Similarly, Galbraith (1981) stated that students did not know that having only one example was
enough to disprove an inaccurate theorem. It is needed to conduct activities to make prospective teachers
have sufficient information about the position and importance of counterexamples. This is because
counterexamples enable reorganization of assumptions and help improve the reasoning (Whiteley, 2009).
While a mathematical proof shows the validity of the theorem for all conditions (Stylianides and
Stylianides, 2009), a counterexample demonstrates that the proof in hand is invalid (Akkas et al., 1998;
Irmak, 2008). Zaslavsky and Ron (1998) stated that counterexamples have a stronger position than other
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examples and underlined that while having one counterexample is enough to ruin the overall results,
examples that are presented as supportive and affirmative are not sufficient enough. Half of the
prospective teachers stated that the inductive arguments presented for a theorem constituted a valid
proof. According to this, half of the prospective teachers perceived a proof to be accurate when it was
presented with justification of a special example. This result supports the results of studies that showed
that prospective teachers considered inductive arguments as accurate proof (Gholamazad, Liljedahl and
Zazkis, 2004; Goetting, 1995; Knuth, 2002).

Most prospective teachers stated that deductive arguments produced for a false statement
constituted an accurate method of proof. Only two prospective teachers were able to notice that the
argument produced for the theorem was inaccurate. It was thought that the prospective teachers
prioritized the deductive structure of the argument while making these decisions. It was found that most
of the prospective teachers had a tendency to be convinced by proofs demonstrated by using definitions,
theorems and axioms. These results coincide with the results of a study which claims that students tend
to be convinced by deductive arguments even though they are not valid (Martin and Harel, 1989; Morris,
2002; Segal, 2000; Uygan, Tanish and Kose, 2014). Segal (2000) most students stated that a proof is valid
even though the deductive argument is inaccurate. It was underlined that students have a tendency to
admit deductive arguments as valid regardless of their accuracy. Martin and Harel (1989) denoted that
38% and 52% of prospective teachers admitted deductive arguments, which were produced for familiar
and unfamiliar theorems in order, as mathematically accurate. Uygan et al. (2014) also emphasized that
most prospective primary school mathematics teachers considered an inaccurate deductive argument as
proof. Moreover, it was found that all prospective teachers, who considered inductive arguments as
accurate proofs, considered proofs with deductive arguments as equally convincing. This case was in
accordance with the results of the study by Morris (2002) who claimed that some prospective teachers
found both deductive and inductive arguments convincing.

When strategies used by prospective teachers to evaluate proofs were examined, it was found that
there were 15 different approaches under three categories in order to evaluate the accuracy of the proofs.
Throughout the study, 130 strategies of evaluating proof done by prospective teachers were identified.
While evaluating the proofs, prospective teachers generally followed argument examination, structural
examination and authoritative examination strategies. Structural examination strategy is divided into two
in itself as superficial examination and method of proof. It was found that 74 of the 130 approaches by
prospective teachers in overall research was structural. When structural examination was investigated in
two groups as superficial examination and method of proof, it was found that superficial examination was
preferred 48 times and method of proof was 26 times. In superficial examination, the prospective teachers
paid attention to what was used in the proof without examining the content of the proof. These
prospective teachers paid attention to the use of definitions, hypothesis of the theorem and reaching the
result of the theorem in proof. These results were in line with the results of studies where most of the
university students mad a superficial examination while evaluating the proofs (Alcock and Weber, 2005;
Doruk and Kaplan, 2013; Morris, 2002; Selden and Selden, 2003). Selden and Selden (2003) stated that
while evaluating the proofs, students focus on superficial mistakes such as algebraic statements and
symbolic manipulations instead of general mistakes like proving the opposite of the theorem and
fundamental mathematical gaps in the proof. Doruk and Kaplan (2013) found that most students have a
result oriented approach while evaluating the proofs. It was found that 26 of the strategies used by
prospective teachers were related to the method of proof. These prospective teachers paid attention to
the method of proof used to demonstrate the proof and the structure of arguments. This strategy of the
prospective teachers about the method of proof is a strategy identified in previous studies (Knuth, 2002;
Ko, 2010).

One of the mostly preferred strategy in this research by the prospective teachers was the examination
of local arguments. They used this strategy 47 times. The prospective teachers who made argument
examination tried to understand the justification for transition between the steps of the proof or paid
attention to whether there was an operational mistake in the steps of the proof or not. It was found that
the prospective teachers rarely focused on key statements in proofs, which provide logical relations in the
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proof. As in this study, in the study by Alcock and Weber (2005), it was stated that students failed to
control the justifications for arguments in the proof. It was found that students thought it was important
to control the relation between the previous and following lines along with checking the accuracy of each
line.

Nine of the proof evaluation strategies used by prospective teachers were related to authoritative
information. The prospective teachers who used this strategy tried to remember whether this proof was
constructed before or not or used another proof that was similar to the relevant proof to evaluate it. In
some studies, it was found that prospective teachers paid attention to the structure of the proof or tried
to remember their previous knowledge (Ko, 2010; Selden and Selden, 2003). Additionally, it was found
that the prospective teachers made line by line examination while evaluating the results. This result is in
accordance with the study by Ko (2010). On the other hand, this made us think that the prospective
teachers did not have a sufficient understanding as they had 15 different approaches to evaluate the
proofs. This result is in accordance with the results of the study which stated that university students did
not have the understanding required to evaluate proofs (Ko, 2010; Selden and Selden, 2003).

As a result of this study, it was found that some prospective teachers were not able to evaluate proofs
that were not accurate and they did not have sufficient knowledge on methods of proof and
counterexamples. It was thought that the prospective teachers faced such activities for the first time. The
prospective teachers who participated in this study also gave same feedback. Accordingly, it is necessary
to conduct such activities in proof-weighted courses, emphasize the differences between accurate and
inaccurate proofs. Additionally, information about the characteristics of proofs should be provided. By
presenting an inaccurate proof in class, activities may be conducted to show what kind of mistakes are
done in proofs. Such activities are important to improve the knowledge of students on proofs and
eliminating existing biases. In this study, proof evaluation strategies in the analysis area of prospective
teachers were examined. This study can be repeated with different research approaches, different
research groups. The ability to evaluate proofs for areas such as abstract mathematics and geometry can
be searched. It can also be revealed in depth the understanding of the methods of proof of the students.
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Tiirkge Siirimiui

Giris

Matematigin konusu; sayilar, sekiller, kiimeler, fonksiyonlar ve uzaylar gibi soyut kavramlar ve bunlarin
arasindaki islemlerdir. Matematikgi bu varliklarin yapilarini inceler ve bunlarla ilgili genellemeleri ortaya
¢ikarir (Altun, 2013). Genellemelerin Uretilmesinde izlenen yol matematige hastir ve ispatlama olarak
adlandirilir. Bir matematikgi geneli ilgilendiren dislinceyi kanitlamaya galisir ve bu diisiince tim 6rnekler
icin gecerli olur (Altun, 2014). ispat, bir yargi sav ya da sonucun dogrulugunu (ya da yanlishgini) yeterli
kanit gostererek kabul ettirme cabasidir (Yildirim, 2014). Kanitlar, matematikte her durumun dogrulugunu
veya yanlishgini saglamaktadir (iskenderoglu, Baki ve Palanci, 2011). Matematiksel ispat, ispati yapan
kisinin varsayimlar, aksiyomlar, tanimlar gibi 6nceki bilgiler ile sundugu ve arzu edilen sonuca ulasilincaya
kadar teoemlerin uygulanmasi ve dnceki elde edilen gergeklerin hatirlanmasi gibi ¢ikarim kurallarinin
uygulanmasinin istendigi matematiksel bir aktivitedir (Weber, 2005). Matematiksel ispat bir sonucu
dogrulamak, iletisim kurmak ve digerlerini bu sonuca ikna etmek, bir sonug¢ kesfetmek ve sonuglari
deduktif bir sistem icine yerlestirmek icin kullanilir (Almeida, 2003). Stylianou, Chea ve Blanton (2006)
ispatin bir kisinin iddiasini dogrulamasini, kendisini ve baskalarini ikna etmeyi saglayan mantiksal argiiman
olarak matematikte basrole sahip oldugunun kabul edildigini ifade etmislerdir. Benzer sekilde Mejia-
Ramos ve Inglis (2009) ispatin 6zel bir arglimantasyon aktivitesi oldugunu belirtmistir. Burada szl edilen
argliman terimi, bir 6neri ya da dislinceyi desteklemek veya karsi ¢ikmak igin Uretilen sebep ya da
sebepler ya da bu sebepleri agiklama slreci olarak tanimlanmistir (Cambridge advenced learner’s
dictionary, 2013). Argliimantasyon kavrami ise bir ya da daha fazla argiimanin mantikh bir sekilde
birlesmesiyle olusan bir slire¢ (Douek, 1998) ve bir teoriyi, eylemi, diisiinceyi desteklemek igin kullanilan
mantiksal argiimanlardir (Oxford advenced learner’s dictionary, 2010). Argiiman kavrami ayrica,
arglimantasyon siirecinin yapilandirilmis bir kaydi olarak da kullanilmaktadir (Rumsey, 2012). Argiiman
kavramini ilk ortaya atan informel mantigin kurucularindan olan Stephen Toulmin’dir. Toulmin bir
arglimanin sahip oldugu yapi icin tanimladigi alti bilesenli bir 6riintii zaman iginde Toulmin modeli adini
almistir. Toulmin modeli 6grencilerin argliman ve ispatlarinin yapilarini tespit etmek, analiz etmek ve
karsilastirmak igin verimli bir aragtir (Boero vd., 2010; Pedemonte, 2007, 2008; Rumsey, 2012). Toulmin’e
(2003) gore her iyi insa edilmis mantikl bir argimanda birbiri ile iliskili i¢ ana eleman bulunur. Bu
elemanlar veri, sonug ve gerekgedir. Arglimanlara niteleyen, destek ve ¢liriiten adinda li¢ yardimci bilesen
eklenebilir.

Ko (2010) matematikte ispatlarin ve ters 6rneklerin birincil amacinin bir 6nermenin dogrulugunu ya da
yanligshgini gdstermek oldugunu belirtmistir. Ko ve Knuth’a (2009) gore ispatlama ve ¢liritme, 6nermelerin
dogru ya da yanhs olup olmadigini ve nedeninin gosterilmesine yardimci oldugundan dolayi ileri
matematiksel disiincede 6nemli becerilerdir. Buradan da anlasilacagl gibi matematikte bir dnermenin
dogrulanmasi kadar curitilmesi de onemli bir etkinliktir. Matematigin gelismesinde 6énemli bir yere
sahiptir (Lakatos, 1976). Matematiksel onermelerin yanhsliginin gosterilmesi genellikle ters 6rnekler
yardimiyla olur (Altun, 2014; Lampert, 1990; Yasuhiro, 1991). Diger bilim dallarindan farkh olarak
matematikte ters ornekler, bir netlige ve statliye sahiptir (Whiteley, 2009). Ters orneklerle yapilan
¢cliritme ya da yanlislama birgok kaynakta ispatlama yontemleri arasinda gosterilmektedir (Akkas,
Hacisalihoglu, Ozel ve Sabuncuoglu, 1998; Altun, 2014; Irmak, 2008). Bir matematiksel ispat tim durumlar
icin 6onermenin dogrulugunu gosterirken (Stylianides ve Stylianides, 2009), bir ters 6rnek mevcut
6nermenin yanlis oldugunu gosterir (Akkas vd., 1998; Irmak, 2008). Benzer sekilde Zaslavsky ve Ron
(1998), ters orneklerin diger 6rneklerden daha glicli bir konuma sahip oldugunu belirtmis, tek bir ters
ornegin genel sonuglari bozmak icin yeterli iken destekleyici ve dogrulayici olarak sunulan birgok 6rnegin
veterli olmadigini ifade etmislerdir. Varlik bildiren teoremler ispatlanirken teoremin dogru oldugunu
gostermede bir tek 6rnek vermek yeterli degildir. Clinkii teorem bu 6rnek icin dogrulandigi halde baska
bir 6rnek i¢in dogrulanmis olmayabilir (Akkas vd., 1998).
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Arastirmacilar tarafindan ispatin matematik ve matematik egitimi i¢cin 6nemi vurgulanmasina ragmen
Universite 6grencileri ve matematik 6gretmenlerinin ispat yapmada (Cusi ve Malara, 2007; Doruk ve
Kaplan, 2015; Ko ve Knuth, 2009; Weber, 2001), ters 6rnek Gretmede (Riley, 2003; Zaslavsky ve Peled,
1996) ve baskalari tarafindan yapilan ispatlarin dogrulugunu degerlendirmede (Alcock ve Weber, 2005;
Doruk ve Kaplan, 2013; Guler ve Ekmekgi, 2016; Knuth, 2002; Martin ve Harel, 1989; Morris, 2002; Segal,
2000; Selden ve Selden, 2003; Uygan, Tanish ve Kése, 2014) basarisiz olduklari tespit edilmistir.
Ogrencilerin bu basarisiziklarini  tespit eden arastirmacilar, 6grencilerin ispatlama siirecine
odaklanmiglardir. Ogrencilerin ispatlama siirecine etki eden faktdrleri bulmaya calismiglardir. Bu
baglamda Weber (2001) 6grencilerin ispat yaparken yaptiklari hatalari anlayabilmek icin 6grencilerin
ispatlama sureglerinin incelenmesinin gerekli oldugunu ifade etmistir.

Lisans 6grencilerinin ispat ve ters orneklerde giiclik yasamasinin sebeplerinden biri ispat ve ters
ornekler hakkindaki yanlis algilari ve eksik bilgileridir. Weber’e (2001) gére 6grencilerin ileri matematik
konularindaki ispatlarda yasadiklari gtigliklerden biri, 6grencilerin matematiksel ispatin nelerden olustugu
ve 6zellikleri hakkinda dogru bir fikre sahip olmamalaridir. Bazi 6grencilerin genel bir teoremin ispatini, bir
ya da birkag 6zel 6rnek ile dogrulaninca (Barkai, Tsamir, Tirosh ve Dreyfus, 2002; Knuth, 2002; Martin ve
Harel, 1989; Morris, 2002; Weber, 2001) ve geleneksel, ritlel bir formatta (Harel ve Sowder, 1998) olunca
kabul ettikleri tespit edilmistir. Bazi 6grencilerinin ise kendilerine sunulan bir 6nermenin dogru olup
olmadigini belirlemede bile gli¢lik yasadiklari ortaya cikarilmistir (Gibson, 1998; Goetting, 1995; Ko ve
Knuth, 2009; Riley, 2003). Ogrencilerin bir kisminin, bir Snerme igin iiretilen dogru ters drnegi, dnermenin
istisnasi olarak gordiikleri ve 6nermenin hala dogru oldugunu dusindikleri belirlenmistir (Williams, 1979).
Benzer sekilde Galbraith (1981), 6grencilerin tek bir ters 6rnegin, yanlis olan 6énermeyi ¢lritmek igin
yeterli oldugunu bilmediklerini ifade etmistir. Ogrencilerin ispat degerlendirme siireclerine yénelik yapilan
arastirmalarda da ilging sonuglara ulasiimistir. Bu g¢alismalardaki 6grencilerin bir kismi, bir 6nerme igin
Uretilen hem induktif (timevarimsal) hem de dediktif argiimani gegerli ispatlar olarak degerlendirmistir
(Martin ve Harel, 1989). Bazi 6grenciler de bir nerme igin Uretilen hem dogru ters érnegin hem de yanlis
ispatin gecerli oldugunu belirtmislerdir (Goetting, 1995). Ogrencilerin ¢ogu dediiktif bir tarzda Uretilen
yanls ispatlarin gegerli oldugunu kabul etmislerdir (Segal, 2000). Ogrencilerin baskasi tarafindan yapilan
ispatlari degerlendirirken yizeysel bir inceleme yaptiklari, genel mantiksal bosluklara dikkat etmek yerine
gereksiz ayrintilara odaklandiklari ve sonug odakh bir yaklasim sergiledikleri tespit edilmistir (Doruk ve
Kaplan, 2013; Selden ve Selden, 2003).

Lisans 6grencilerinin ispat degerlendirme siireglerini inceleyen galismalarda ¢cogunlukla cebir (Guler ve
Ekmekgi, 2016; Knuth, 2002; Morris, 2002; Selden ve Selden, 2003; Weber, 2008) alaninin tercih edildigi
gorulmistir. Analiz alaninda yapilan calismalarin ise sinirli sayida oldugu tespit edilmistir. Yapilan
calismalarin da daha cok limit konusuna yogunlasildigi gorilmustir (Alcock ve Weber, 2005; Doruk ve
Kaplan, 2013). Ogrencilerin ispatlari degerlendirme siirecinde nelere dikkat ettikleri ne tiir stratejiler
uyguladiklari konusunda calisma sayisinin oldukc¢a az oldugu tespit edilmistir. Bu ¢alismalardan biri olan
Ko (2010) tarafindan yapilan c¢alismada o6grencilerin ispatlari ve ters ornekleri degerlendirirken

kullandiklari stratejilerin; “ispat/ters ornek yontemine dikkat etme”, “satir satir inceleme” ve “6rnek
temelli olarak satir satir inceleme” oldugu ortaya ¢cikmistir.

Gecerli arglimanlar ya da ispatlar (iretme ve arglimanlarin kritik edilmesi matematik yapmanin
ayrilmaz pargalaridir. Eger muhakeme becerileri 6grencilere kazandirilmazsa o zaman matematik, bir
islem dizisini takip etmek ve anlamini disinmeden 6rnekleri taklit etmek olur (Ross, 1998). Bu anlamda
gelecekte matematik Ogretiminden sorumlu olacak olan 6gretmen adaylarinin kendilerine sunulan
arglimanlarin dogrulugunu nasil degerlendirilecegi konusunda bilgili olmalari gerekmektedir. Ogretmen
adaylarinin bu beceriye sahip olabilmesi icin 6ncelikle argliman degerlendirme siirecinde ne tir stratejiler
kullandiklarinin ortaya cikarilmasi énemlidir. Bu tarz ¢alismalardan elde edilecek bilgilerle 6grencilerin
dogru stratejiler gelistirilmesi adina gerekli ¢calismalar yapilabilir. Bu ¢alismada da ilk6gretim matematik
6gretmeni adaylarinin analiz alanindaki ispatlari degerlendirme siirecleri incelenerek 6grencilerin ne tiir
stratejiler uyguladiklari ortaya ¢ikarilmak istenmistir.
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Yontem

Calismada nitel aragtirma yaklagimi benimsenmis olup bir durum g¢alismasi 6rnegidir. Durum galismasi,
sinirli bir sistem igerisinde bir konunun bir ya da bir ka¢ durum Uzerinden incelenmesini iceren
arastirmalardir (Creswell, 2007). Diger bir deyisle, sinirh bir sistemin derinlemesine betimlenmesi ve
incelenmesidir (Merriam, 2013). Bu calismada da 6gretmen adaylarinin analiz alanindaki ispatlar
degerlendirme siregleri ortaya gikariimak istenmistir.

Katilimcilar

Bu g¢alismanin katihmcilarini 2013-2014 egitim &gretim yilinin bahar yariyilinda, Tirkiye’nin Dogu
Anadolu Bolgesi’nde yer alan bir devlet tniversitesinin ilk6gretim matematik 6gretmenligi bolumi liglincl
sinifinda 6grenim goren toplam sekiz matematik 6gretmeni adayi olusturmaktadir. Ayrica ¢calismanin pilot
uygulamasi 2013-2014 egitim 6gretim yilinin gz yariyilinda, yine ayni Gniversitenin ilkogretim matematik
ogretmenligi bélimaniln son sinifinda 6grenim goren toplam 10 6gretmen adayi ile yaritialmustir.

Pilot calismada taslak olarak hazirlanan veri toplama araglari kullanilmistir. Ogretmen adaylar ile
yapilan gértismeler asil uygulamada planlanan kosullarda gergeklesmistir. Pilot ¢alisma sayesinde veri
toplama araglarinin islevselligi, calisma yoénteminin gegerligi, ¢alismada karsilasilabilecek muhtemel
zorluklar ve galismadan elde edilecek sonuglar hakkinda bilgiler elde edilmistir. Pilot ¢alismadan elde
edilen sonuglar alti uzman akademisyen ile tartisilmistir. Uzmanlar veri toplama araglarinin ve yontemin
calisma icin uygun oldugunu belirtmislerdir. Ayrica uzmanlar katilimci sayisinin fazla oldugunu ve bu nitel
arastirmada derinlemesine bilgi elde edilebilmesi icin katilimci sayisinin disirilmesini dnermislerdir. Pilot
calisma sonucunda c¢alismanin veri toplama araglari ve yontemi degerlendirilmis ve katilimci sayisi
azaltimstir.

Arastirma grubunun seg¢iminde amagli 6rnekleme yontemlerinden olgit 6rnekleme yontemi dikkate
alinmistir. Olgiit drnekleme yénteminde temel anlayis 6nceden belirlenmis bir dizi 6l¢iiti karsilayan
durumlarin ¢alisilmasidir. Burada szl edilen 6lglt veya Olgitler arastirmaci tarafindan olusturulabilir ya
da daha 6nceden hazirlanmis bir 8lgiit listesi kullanilabilir (Yildirim ve Simsek, 2011). Olciit 6rneklemenin
mantigl da, daha 6nceden belirlenmis bazi 6nem 6l¢itlerini karsilayan tiim durumlari ¢alisma ve gdzden
gecirmedir (Patton, 2014). Calismada 6gretmen adaylarinin analiz alaninda ispatlari degerlendirirken ne
tur stratejiler kullandiklari ve neleri dikkate aldiklari arastirilmak istenmistir. Bu bakimdan arastirma grubu
seciminde, 0gretmen adaylarinin matematiksel ispatin ne oldugu, nasil yapildigi, bir argimanin nasil
savunulmasi gerektigi ya da matematikte “gliriten” yani ters érneklerin varligi ve kullanimi hakkinda bilgi
sahibi olduklari Soyut Matematik dersi ile analiz konularinin 6gretiminin yapildigi Genel Matematik,
Analiz-l, Analiz-1l ve Analiz-lll derslerini almis ve basari ile gegmis olmalari dikkate alinmistir. Analizin temel
konulari olarak fonksiyonlar, diziler, limit, stireklilik ve tirev kavramlar dikkate alinmistir. Arastirma
grubunun secilmesinde daha ayrintili bilgi elde edebilmek icin 6grencilerin hazirlanan etkinliklerin ilgili
oldugu derslerdeki basarilari (Analiz-l, Analiz-1ll, Soyut Matematik) ve agirlikli genel not ortalamalar
(AGNO) incelenmistir.

Yapilan degerlendirmeler sonucunda ogrenciler ilgili derslerdeki basarilari ve AGNO’larina gore iki
gruba ayrilmistir. ilk grup ortalama basari diizeyindeki &grencilerdir. Ortalama basari diizeyindeki
6grencilerin arasindan gonlliliik esasina ve kolay ulasilabilme olanagi olan dort 6grenci secilmistir. Bu
6grencilerin AGNO'lar1 2.5/4 ile 3.0/4 arasindadir. Ortalama basari dizeyindeki 6grencilerin bir kismi
arastirma etkinliklerinin ilgili oldugu dersleri (Soyut Matematik, Analiz-1, Analiz-IIl) ilk seferinde, bir kismi
da bu dersleri tekrara diiserek ortalama bir basari ile ge¢mislerdir. Calismanin yiritildigu diger grup
basari dlzeyi yiiksek 6grencilerden olusmustur. Bu gruptaki 6grencilerin AGNO’lari 3.0/4 ile 4.0/4 arasinda
ve ilgili dersleri ilk seferinde yliksek bir basari ile gegmislerdir. Bu grup arasindan da gonilli olmalari ve
kolay ulasilabilmeleri gz 6niinde tutularak dort 6grenci arastirma grubuna dahil edilmistir. Bu gruptaki
ogrenciler dgrenim gordiikleri bolimlerin en basarili 6grencileridir. Ornegin, bu gruptaki dgrenciler
arasinda ilgili derslerin hepsini alabilecegi en yiiksek harf notu (AA) ile gecen ve 6grenim gordiugi doért
yillik bélim G¢ senede basarili bir sekilde bitiren 6grenciler bulunmaktadir.
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Calismaya katilan &gretmen adaylarinin gergek isimlerinin yerine takma isimler kullaniimistir. ilk grup
olan ortalama diizeyde akademik basariya sahip 6gretmen adaylarinin takma isimleri basari sirasina gére
Barig, Belma, Bilge ve Buse’dir. Basari diizeyi yliksek 6gretmen adaylarinin takma isimleri basari sirasina
gore Adem, Ahu, Aysun ve Aziz'dir

Calismada basari dizeyi farkh iki grubun incelenmesinin sebebi farkli gorislerin elde edilmesini
saglamaktir. Bu sayede 6gretmen adaylarindan arastirilan konuya yonelik ¢esitli ve derinlemesine bilgi
alinabilecegi distintImistir. Amagh 6rneklem segiminde de mantik, arastirmanin daha derinlemesine
yapilabilmesi icin bilgi agisindan zengin durumlari segmektir. Bilgi agisindan zengin durumlar,
arastirmacinin arastirmanin amaci agisindan miumkiin oldugunca fazla bilgi elde edebilecegi durumlardir.
Bilgi agisindan zengin durumlari ¢alisma, ampirik genellemelerden ziyade derinlemesine anlama imkani
saglar (Patton, 2014). Ayrica amagl 6rnekleme yontemiyle katilimci segmek, ayrintili betimlemeyle
beraber nitel calismalarin aktarilabilirligini (dis gecerlik) 6nemli 6lgtiide artirmaktadir (Yildirm ve Simsek,
2011). Belirli 6lgutlere gore farkh basari diizeylerinden 6grenci gruplari ile calisma, ilgili literattirde sikhkla
karsilasilan bir durumdur (Sari vd., 2007; Weber, 2001, 2008, 2009). Calismada basari dizeyi disik
ogrencilerin arastirmaya dahil edilmemesinin sebeplerinden biri de pilot uygulamada bu tarz 6grencilerin
analizi kolay olmayan ifadeler kullanma egiliminde olmalaridir.

Veri Toplama Araglar

Ogretmen adaylarinin analiz alanindaki ispat degerlendirme becerilerinin ortaya cikarilmasinda dort
adet yari vyapilandirlmis klinik gériismelerden vyararlanilmistir. Ogretmen adaylar ile dort kez
gorustlmustir. Gortsme belirli bir arastirma konusu veya bir soru hakkinda derinlemesine bilgi saglayan,
en az iki kisi arasinda sozli olarak siirdirilen bir iletisim strecidir (Blylkoztirk, Kihg Cakmak, Akgin,
Karadeniz ve Demirel, 2012). Gorusme tlrlerinden biri olan etkinlik temelli gériismeler, hem
arastirmalarda veri toplama araci oldugu hem de 6lgme ve degerlendirme igin arastirmaya dayali bir arag
olma potansiyeli tasidigi icin 6nem tasimaktadir. Dogrudan sinif hedeflerine dayanan 6grencilerden bilgi
edinme imkani sunarlar ve egitim reform sirecinin merkezindeki arastirma sorularini cevaplamaya
yardimci olabilirler (Goldin, 1997). Bu ¢alismada da kullanilan etkinlik temelli klinik bir gériisme, acik ve
gizli normlar, degerler ve kurallar sistemi tarafindan dizenlenen, bir etkinlik izerinde katilimci ve
gorismeci arasinda etkilesimin oldugu bir durum olarak goérilebilir (Koichu ve Harel, 2007). Gortismeler
siraslyla fonksiyonlar, diziler, limit ve tiirev konularindaki ispat degerlendirme siireglerini ortaya ¢ikarma
icin yapilmistir. Calismada dogrudan, celiski bulma, olmayana ergi ve ters drnek gosterme ispatlama
yontemleriyle yapilmis gegerli ispatlarin yaninda, dogrudan ispatlama yontemiyle yapilmis gegersiz ispat,
tiimevarimsal argliman ve yanlis bir nerme igin Uretilen dediiktif argiman olmak lizere toplam yedi adet
ispat degerlendirme aktivitesi yer almaktadir. Calismada kullanilan 6nermeler 6gretmen adaylarinin ilgili
derslerden asina olduklari 6nermelerdir. Bu etkinliklerle 6gretmen adaylarinin ispatlama sirecinin 6nemli
bir pargasi olan baskasi tarafindan yapilan ispatlarin dogrulugunu ya da yanlshgini nasil degerlendirdikleri
ortaya cikarilmaya calisiimistir. Timevarimsal ispat yontemi ile yapilmis ispatlara yer verilmemesinin
sebebi, timevarimsal ispat yonteminin kendine has adimlari sebebiyle fark edilmesinin kolay olmasidir.
Bu ylizden tlimevarimsal ispat yontemiyle yapilan ispatlarda detayli inceleme yapmadan, sadece ispatin
goriintiisiine bakarak kullanilan ispatlama ydnteminin belirlenme ihtimali yiiksektir. Ogretmen adaylarinin
ispatlari degerlendirmelerinin ardindan arglimanlari “dogru”, “kismen dogru” ve “yanlis” seceneklerinden
biri ile belirtmeleri ve verdikleri kararlarin gerekgelerini yazmalari istenmistir.

Veri toplama araglarinin gelistiriimesinde gecerlik calismalari kapsaminda alti uzman akademisyenin
goriisiine basvurulmus ve pilot uygulama yapilmistir. Bu uzmanlar bir devlet Universitesinin ilkogretim
matematik ve ortadgretim fen ve matematik alanlari egitimi alaninda dogent ve yardimci dogent olarak
gorev yapmaktadirlar. Uzmanlardan alinan gorisler dogrultusunda formda bulunan yazim hatalari ve
matematiksel hatalar dizeltilmistir. Tablo 1’de ¢alismada kullanilan 6nermelere ait argiimanlar hakkinda
bilgiler sunulmustur.

647



Muhammet DORUK, Abdullah KAPLAN - Cukurova Universitesi Egitim Fakiiltesi Dergisi, 47(2), 2018, 623-666

Tablo 1.
Calismada Kullanilan Gnermelerin Dogrulugunu veya Yanhshgini Géstermek icin Uretilen Argiimanlarin
Ozellikleri
Goriisme Onermeler Onermeler igin iiretilen
konulan argiimanlarin ozellikleri
Fonksiyonlar f:A - Bve g:B — C birer fonksiyon olsunlar. EGer f  Teoremin dogrulugu  gosteren
ve g fonksiyonlari birebir ise gof fonksiyonu da dogrudan ispat yontemiyle yapilmis
birebirdir.” gegerli ispat.

f:A — B bir fonksiyon ve D c A olsun. O halde
f~Y(f(D)) c Ddir.

S6z konusu yanlis bir onermenin
dogrulugunu gostermek igin Uretilen
gegersiz dediiktif bir argliman.

Diziler Dizilerin limiti varsa tektir Celiski bulma yontemiyle yapilmig
gecerli bir ispat.
(sn) herhangi bir reel sayi dizisi olsun. (s,) dizisinin S6z  konusu Onermenin yanls
herhangi bir yigilma noktasi var ise yakinsaktir. oldugunu gostermek igin ters bir
ornek yardimiyla yapilan ispat.
Limit f(x), h(x), g(x) fonksiyonlari x = a noktasi haric bu Teoremin ispatinda bulunan énemli
noktayi ihtiva eden uygun bir agiklikta tanimli olsun.  bir kilit ifade degistirilmek suretiyle
Bu aralkta g(x) < f(x) < h(x) olmak iizere gecersiz hale getirilen ispat.
limg(x) =limh(x) =L=>limf(x) =1
x—a x—a x—a
Tiirev ACR, a€A ve f:A- R fonksiyon olsun. f Teoremin dogrulugunu gosteren,

fonksiyonu a noktasinda siirekli degil ise tiirevli de
degildir.

Her tek fonksiyonun tiirevi ¢ift, ¢ift bir fonksiyonun da
tiirevi tek bir fonksiyondur.

olmayana ergi ispatlama yontemiyle
yapilan gegerli ispat.

Teoremin dogrulugunu gostermek
icin tek bir ornek cifti lzerinden

yapilmis tiimevarimsal argliman.

Veri Toplama Siireci

Calismanin verileri yar yapilandiriimis klinik gorismeler yardimiyla dort haftada toplanmistir.
Ogretmen adaylarina goriismelere baslamadan 6nce calisma hakkinda gerekli bilgiler verilmistir.
Calismanin gonullulik esasina gore yiritilecegi ve istedikleri zaman galismadan ayrilabilecekleri ifade
edilmistir. Ogretmen adaylarinin isimlerinin gizli tutulacagi ve takma isimlerin kullanilacagi belirtilmistir.
GCalismanin video kaydi altina alinmasi planlanmis fakat pilot uygulamadan elde edilen bilgiler
dogrultusunda, Ogretmen adaylarinin bu durumdan tedirgin olacaklari ve dikkatlerini calismaya
veremeyecekleri diislincesiyle ¢alisma ses kaydi altina alinmistir.

Gorusmeler arastirmaci ile 6gretmen adaylarinin dissal faktorlerden etkilenmeyecegine inanilan bir
ortamda gergeklesmistir. Ogretmen adaylarindan gériismeler sirasinda sesli diisinmeleri rica edilmistir.
Ogretmen adaylari da genellikle diisiincelerini sesli olarak ifade etmislerdir. Goriismeler sirasinda
arastirmaci, 8gretmen adaylarini ydnlendirici davranislardan kaginmaya ¢alismistir. Ogretmen adaylarinin
distncelerini anlamak igin siklikla sorular sorulmustur. Gorlismelere baslamadan Once arastirmaci
tarafindan sorulacak olan sorularin onlarin ne disiindiiklerini anlamak icin oldugu, kesinlikle yonlendirici
bir nitelik tasimadigi belirtilmistir. Ogretmen adaylarina da arastirmacidan bir onay beklememeleri ve
buna yoénelik soru sormamalari istenmistir.

Veri Analizi

Ogretmen adaylarindan baskasi tarafindan yapilan ispatlari degerlendirmeleri istenmistir. Ogretmen
adaylarindan degerlendirme yaparken sesli disinmeleri rica edilmistir. Arastirmaci gerekli yerlerde
dgretmen adaylarina sorular sorarak diisiincelerini agiga ¢ikarmaya calismistir. Ogretmen adaylarinin
ispatlari degerlendirmelerinin ardindan dogru, kismen dogru ve yanhs seceneklerinden biri ile belirtmeleri
ve verdikleri kararlarin gerekcelerini yazmalari istenmistir. Ogretmen adaylarinin ispatlari
degerlendirirken sesli diislinceleri, arastirmacinin sorularina verdikleri yanitlar ve yazdiklari gerekgeler
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ortak olarak degerlendirilmistir. Ogretmen adaylarindan elde edilen verilerin ¢éziimlenmesinde icerik
analizinden faydalanilmistir. Ogretmen adaylarinin ispatlari degerlendirirken ne tiir stratejiler kullandiklar
Uzerine odaklaniimistir.

Bulgular

Calismada 6gretmen adaylarinin ispatlari degerlendirirken ¢ogunlukla birden gok strateji kullandiklari
tespit edilmistir. Calismada yapilan igerik analizi sonucunda, kullanilan stratejilerin genel olarak argiman
incelemesi, yapisal inceleme ve otoriter inceleme olmak Uzere ¢ kategori altinda toplandigi belirlenmistir.
Ayrica bu kategorilerin altinda birgok alt kategori tespit edilmistir. Tablo 2’de 6gretmen adaylarinin baskasi
tarafindan yapilan ispatlari degerlendirirken kullandiklari stratejiler sunulmugtur.

Tablo 2.
Ogretmen Adaylarinin Baskasi Tarafindan Yapilan ispatlari Degerlendirirken Kullandiklari Stratejiler
Stratejiler  f Gostergeler

Argiiman 47 Odgretmen adaylari ispatlari satir satir incelerler. ispatlarin icerisindeki lokal argiimanlara

incelemesi odaklanirlar. Ispatlarin satirlari icerisinde islemsel bir hatanin mevcut olup olmadigini, bir
ifadeden digerine gecilirken kullanilan gerekcelerin dogrulugunu kontrol ederler. Ispatlarda
énemli bir yere sahip olan ve teoremin hipotezlerinden elde edilen verileri bir sonraki asamaya
tasimayi saglayan kilit ifadelere dikkat ederler. Kilit ifadeler sayesinde teoremin hipotezinden
elde edilen bilgiler, kavramsal anlayislar ise kosularak teoremin hiikmiine ulasmada
kullanilabilmesi icin hazir hale getirilir.

Yapisal 74 Ogretmen adaylari ispatlari, ispatin icerigine girmeden, ispatin basamaklarinin dogrulugunu ya
inceleme da basamaklar arasindaki iliskiyi sorgulamadan incelerler. ispatin dogruluguna disaridan
bakarak yapisal 6zelliklerine gére karar verirler. Yapisal inceleme stratejisini ylizeysel inceleme
ve ispatlama yéntemi olarak iki gruba ayirmak miimkiindiir. Yiizeysel inceleme yapan 6gretmen
adaylari tanimlarin ve teoremin hipotezlerinin kullanilip kullanilmamasina dikkat ederler. Ayrica
ispata nasil baslandidi ve teoremin hiikmiine ulasilip ulasilamamasina odaklanarak baslangi¢
ve sonu¢ odakl bir yaklasim sergilerler. Bazi durumlarda, 6gretmen adaylari ispatlari incelerken
kullanilan ispatlama ydnteminin uygunluguna ya da argiimanlarin yapilarina dikkat ederler.
Ornegin bazi 6Gretmen adaylari tiimevarimsal argiimanlari ispat olarak kabul ederken bazilari
da 6grendigi ispatlama yénteminden farkli bir ispatlama yéntemi ile yapilmis ispatlari kabul
etmezler.

Otoriter 9  Odgretmen adaylari ispatlari incelerken ispatlardaki argiimanlari sorgulamaz ya da ispatlari

inceleme yapisal olarak incelemeye ¢alismazlar. Sorulan ispat daha 6nce ezberledikleri ya da kendilerine
tanidik gelen bir ispat ise ispati hatirlamaya ¢alisirlar. Ogrendigi ispata benzer semboller ya da
ifadeler ararlar. Bazi égretmen adaylari da ispatlari degerlendirirken bildikleri farkli ispatlari
diisiinerek incelemekte oldugu ispata uyarlamaya calisirlar. Odretmen adaylarinin ispatin
dogrulugu igin verdikleri kararlar, daha 6nce hocalarinin yaptigi ya da kendilerinin ezberledikleri
ispatlari hatirlama durumlari ile yakindan alakalidir.

Ogretmen adaylarinin ispatlari degerlendirirken kullandiklari stratejiler incelendiginde, ispatlarin
dogrulugunu degerlendirmek igin lg kategori altinda 15 farkli yaklasim tarzinin sergilendigi belirlenmistir.
Calisma boyunca 6gretmen adaylarinin 130 ispat degerlendirme stratejisi kullandiklari tespit edilmistir.
Ogretmen adaylari ispatlari degerlendirirken genel olarak argiiman incelemesi, yapisal inceleme ve
otoriter inceleme stratejilerini takip etmislerdir. Yapisal inceleme stratejisi kendi igerisinde ylizeysel
inceleme ve ispatlama y&ntemi olarak iki gruba ayrilmistir. Ogretmen adaylarinin ¢alismanin biitiiniinde
sergiledikleri 130 yaklasimin 74’tinlin yapisal oldugu ortaya cikmistir. Ogretmen adaylarinin calismada en
cok tercih ettikleri stratejilerden biri ispatlarin icerisindeki lokal argimanlari inceleme olmustur. Bu strateji
47 kez kullaniimistir. Ogretmen adaylarinin kullandiklari dokuz ispat degerlendirme stratejisi ise otoriter
bilgilere yoneliktir. Bu stratejiler hakkinda detayl bilgiler asagida bélimler halinde sunulmustur.
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Fonksiyonlar Konusunda Kullanilan ispat Degerlendirme Stratejileri

Ogretmen adaylarina fonksiyonlar konusunda ilk olarak “f:A — B ve g:B — C birer fonksiyon
olsunlar. Eger f ve g fonksiyonlari birebir ise gof fonksiyonu da birebirdir.” teoreminin dogrudan ispat
ydntemiyle yapilmis gegerli ispati sunulmustur. Ogretmen adaylarinin ispati degerlendirirken kullandiklari
stratejilerin li¢ kategori ve alti alt kategori altinda toplandig tespit edilmistir. Tablo 3’de 6gretmen
adaylarinin ispati degerlendirirken kullandiklari stratejiler ve argimanin dogrulugu igin verdikleri kararlar
sunulmustur.

Tablo 3.
Ogretmen Adaylarinin Fonksiyonlar Konusundaki ispati Dederlendirirken Kullandiklari Stratejiler
Kategoriler Alt Kategoriler Ahu Adem Aziz Aysun Barig Bilge Buse Belma
Argiiman islemsel hata v v v v v v v
incelemesi
Yapisal Birebir fonksiyon v v v v
inceleme tanimi
Teoremin v v v
hipotezi kullanilp
hikmindn
bulunmasi
ispatin baslangici 4 v
Teoremin 4 v
hipotezlerinin
kullaniimasi
Otoriter Ogrenilen ispatla v
inceleme uyum
Verilen Karar Dogru  Dogru Dogru Dogru  Dogru Dogru Dogru Dogru

Ogretmen adaylarinin timi teoremin dogru bir sekilde ispatlandigini belirtmislerdir. Ogretmen
adaylarinin ¢ogunun (Belma harig) ispatin iceriginde islemsel bir hatanin olup olmadigini sorguladiklari
tespit edilmistir. Bu 6gretmen adaylari ispatin basamaklari arasindaki gegislerin gerekcelerine ve
basamaklarda islemsel bir hatanin olmamasina dikkat etmislerdir. Ogretmen adaylarinin yarisi (Ahu, Bilge,
Buse, Belma) ispatta birebir fonksiyon taniminin kullanilip kullanilimadigini incelemistir. Ogretmen
adaylarinin Ggl (Aysun, Baris, Buse) teoremin hipotezinin ispatta kullanilarak hikmin bulunmasini goz
oniine almislardir. iki gretmen adayi (Adem, Belma) 6zellikle teoremin hipotezinin ispatta kullanilmasina
dikkat etmislerdir. iki 6gretmen adayi da (Adem, Bilge) ispata nasil baslandigina odaklanmuislardir. Belma
ise ispati degerlendirirken ispatin 6nceden 6grendigi ispatlarla uyumlu olup olmadigini dislinmustiir.

Ogretmen adaylarina fonksiyonlar konusunda yanlis bir nermeye ait dediiktif argliman sunulmustur.
Ogretmen adaylarindan argiimani incelemeleri ve dogrulugu hakkinda karar vermeleri istenmistir.
Ogretmen adaylarinca “f: A - B bir fonksiyon ve D C A olsun. O halde f~1(f(D)) < D’dir.” yanhs
6nermesinin dogrulamasi yapilmistir. Bu argimantasyonda yer alan “f(x) € f(D) = x € D” argiimani
her durumda dogru olmayan bir argiimandir. Ogretmen adaylarinin argiimani incelerken kullandiklari
stratejiler incelenmistir. Kullanilan stratejilerin iki kategori ve (¢ alt kategori altinda toplandigi
belirlenmistir. Tablo 4’de 06gretmen adaylarinin kendilerine sunulan arglimani degerlendirirken
kullandiklari stratejiler sunulmustur.
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Tablo 4.
Ogretmen Adaylarinin Yanhs Onerme icin Uretilen Dediiktif Argiimani Degerlendirirken Kullandiklari
Stratejiler

Kategoriler  Alt Kategoriler Ahu Adem Aziz Aysun Baris Bilge Buse Belma
Argiiman Gerekge v v v v v
incelemesi kontroli
Yapisal Hipotezden v v 4 v 4 v 4
inceleme hikme ulagsma
Tanimlarin v v v v
kullaniimasi
Verilen karar Dogru Kismen Dogru Kismen Dogru Dogru Dogru Dogru
dogru dogru

Tablo 4 incelendiginde, argiimanin dogru olmadigini Aysun ve Adem’in fark ettigi ortaya ¢ikmistir.
Argiimanin kismen dogru oldugunu belirtmislerdir. Diger 6gretmen adaylari ise s6z konusu argiimanin
dogru ve ikna edici oldugunu ifade etmislerdir. Argimani degerlendirirken kullanilan stratejiler
incelendiginde, 6gretmen adaylarinin ¢ogunun verdikleri kararlarda arglimanin baslangicinin ve elde
edilen sonucun etkili oldugu tespit edilmistir. Ogretmen adaylarinin ¢ogu ispata nereden baslandigi,
elemanlarin hangi kiimeden segildigi ve sonucun ne oldugu ile ilgilenmislerdir. Ogretmen adaylarinin yarisi
da yapilan islemlerin alt kiime ve ters fonksiyon tanimlari ile uyumlu olup olmamasina dikkat ettikleri
belirlenmistir. Ogretmen adaylarinin gogunlugu da argiimantasyonda bulunan argiimanlarin dogrulugunu
kontrol etmislerdir. Argimanlarda bulunan verilerden sonuca nasil gidildigini, yani arglimanlarin
gerekgelerini bulmaya calismiglardir. Bu 68retmen adaylari 6zellikle yanlig ifade olan “f(x) € f(D) =
x € D” argimaninin gerekgesini, anlamaya calismislardir. Bu 6gretmen adaylarindan Adem, argiimanin
dogru bir ispat olmadigini belirterek agiklama yapmistir. Kendisine yoneltilen arglimanin da kismen dogru
oldugunu belirtmistir. Adem kullanilan yéntemin gegerli bir yontem oldugunu disiind(igi igin arglimanin
dogruluk yoninin oldugunu ifade etmistir. Asagida 6rnek olarak Adem’in gerekgesi sunulmustur.

ODogru @Klsmen dogru \ OYﬁﬂhS g eJlé\k

' Al adimint ™
g, paflavogn dogra Sadeam( li ‘
fuyeftd o red Mhdast b B "’6"‘ doe 3 Gowh

x é b » 7-5 A\f.:..l.l.: Runwmalasin Ankwishinkin hallinda hiv basara vararal vardidinia Lararm dadmindunn oficteriniz
Sekil 1. Adem’in gerekgesi

Diziler Konusunda Kullanilan ispat Degerlendirme Stratejileri

ikinci goriismelerde 6gretmen adaylarinin diziler konusunda kendilerine yoneltilen geliski bulma ispat
yontemi ve ters drnek kullanilarak yapilmis ispatlari nasil degerlendirdikleri incelenmistir. Ogretmen
adaylarinailk olarak “Dizilerin limiti varsa tektir.” teoreminin dogru bir sekilde yapilmis ispati sunulmustur.
Kullanilan stratejiler ve verilen kararlar Tablo 5’te sunulmustur.
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Tablo 5.
Ogretmen Adaylarinin Ispati Dederlendirirken Kullandiklan Stratejiler ve Verdikleri Kararlar
Kategoriler Alt Kategoriler Ahu Adem Aziz Aysun Baris Bilge Buse Belma
Argiiman ispat v v v v v v
incelemesi basamaklari ve
islemsel hata
Ny In segimi v 4
Yapisal ispatlama v v v v v v v v
inceleme yontemi
Yakinsak dizi 4 v 4 4 4 4 4 v
tanimi
Otoriter Ogrenilen v v v
inceleme ispatla uyum
Verilen karar Dogru Dogru  Dogru Dogru Dogru Dogru Dogru Dogru

Tablo 5’e gore, 6gretmen adaylarinin kendilerine sunulan ispatin dogru bir ispat oldugunu
belirleyebildikleri gorilmistir. Buna gore 6gretmen adaylarinin dogru ispati segme becerilerinin yliksek
oldugu sdylenebilir. Ogretmen adaylarinin ispati degerlendirirken nelere dikkat ettikleri incelendiginde,
hepsinin dncelikle ispatlama yéntemine ve yakinsak dizi taniminin kullaniimasina dikkat ettikleri ortaya
cikmistir. Ogretmen adaylarinin yarisindan fazlasi (Ahu, Adem, Aziz, Baris ve Bilge) ispat basamaklarindaki
gecislere ve bu gecislerde islemsel hata olup olmamasina odaklanmislardir. Ug &gretmen adayi (Baris,
Bilge ve Belma) ispati degerlendirirken, otoriter bir bakis acisi ile daha 6nce 6grendikleri ispatla uyumlu
olmasina dikkat etmiglerdir. iki 6gretmen adayi (Adem ve Aziz) ise ispatta bulunan n, teriminin nasil
secildigini gbz 6niinde bulundurmuslardir.

Ogretmen adaylarinin verdikleri kararlarda ispatlama yéntemini degerlendirmeleri énemli bir yer
tutmustur. Ogretmen adaylari ispatlama yéntemini dogru bir sekilde belirlemede sikinti gekmislerdir.
Ogretmen adaylarindan Ahu, Adem ve Aysun ispatin celiski bulma yéntemiyle yapildigini belirtip
aciklayabilirken, digerleri ise ispatin olmayana ergi ispatlama yontemiyle yapildigini ifade etmislerdir. Bu
o6gretmen adaylarina, ispatin neden olmayana ergi yontemi ile yapildigini diisiindiikleri soruldugunda
uygun bir aciklama yapamamislardir. Bu durumun sebebi incelendiginde ise, 6gretmen adaylarinin geliski
bulma yontemi ile olmayana ergi ispatlama yontemini birbirinden ayirt edemedikleri tespit edilmistir.
Asagida ispatlama yontemini dogru bir sekilde tespit eden 6gretmen adaylarindan Ahu ile arastirmaci
arasinda gecen konusmaya yer verilmistir.

Ahu: Hocam tersini kabul etmis. Sonra aslinda aldigimiz iki tane limitin bir tane oldugunu
gdstermis. Yani tersini kabul edip 6yle olmadigini géstermis.

Arastirmaci: Hangi ispatlama yéntemi ile yapilmis?

Ahu: Olmayana ergi q' = p' idi. Burada q' yani. Olmayana ergi mi, celiski bulma mi? Celiski bulma
sanki.

Arastirmaci: Neden ¢eliski bulma?
Ahu: Tersini varsayalim diye basliyoruz?
Arastirmaci: Olmayana ergi yéntemi ile geliski bulma yéntemi arasindaki fark nedir?

Ahu: Celiski bulmada tersini varsayiyorduk, daha sonra onun dogru olmadigini gésteriyorduk.
Olmayana ergide de yine 6nermenin tersini aliyorsun yine tersini buluyorsun. Sembolik olarak p = q
énermesi icin q' = p' idi.

Ahu, Adem ve Aysun’un disindaki 6gretmen adaylari ispatin olmayana ergi ispatlama yontemi ile

vapildigini belirtmislerdir. Asagida bu 6gretmen adaylarindan Baris’in gerekcesine ve arastirmaci ile
arasinda gecen konusmaya yer verilmistir.
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Sekil 2. Barig’in gerekgesi
Arastirmaci: Neden olmayana ergi yéntemi?

Barnis: Bu gibi seylerde onu kullaniyoruz. Diyelim ki A noktasindan B noktasina iki farkl yoldan
gidiliyor. Sen bunu ispatlamaya gectigin zaman A ve B noktalarina bir yoldan gidilsin diyor. Kabul ediyor
bunu. Bu sekilde yapilan ispatlara olmayana ergi metodu diyoruz.

Arastirmaci: Peki, ¢eliski bulma yéntemiyle arasindaki fark nedir?

Baris: Celiski bulmayi biraz andirtyor ama tam karsiligini vermez. Celiski var ama olmayana ergi
de, kabul ettigi bir seye geliski var. Hani iki tane limiti olsun diyor sonra ayni oldugunu buluyor bu bir
celiskidir. Clinki bir tane limiti olmus diyor. Yani kabul ettigi seyle gelismis oluyor. Aradaki fark bu.

Ogretmen adaylarina degerlendirmeleri icin bir dizinin yigilma noktasi ile limiti arasindaki iliski ile ilgili
olan “(s,,) herhangi bir reel sayi dizisi olsun. (s,,) dizisinin herhangi bir yigilma noktasi var ise yakinsaktir.”
yanls 6nermesinin, ters bir 6rnek yardimiyla yanhshg gésterilmistir. Ogretmen adaylarindan ters érnek
ile yapilan ispati degerlendirmeleri ve bu ispatin dogrulugu hakkinda karar vermeleri istenmistir.
Ogretmen adaylarinin ters 6rnekle yapilan ispati degerlendirirken ne tiir stratejiler uyguladiklar
incelenmistir. Tablo 6’da 6gretmen adaylarinin kullandiklari stratejiler ve verdikleri kararlar sunulmustur.

Tablo 6.
Ogretmen Adaylarinin Ters Ornek Kullanilarak Yapilan ispati Dederlendirirken Kullandiklari Stratejiler ve
Verdikleri Kararlar

Kategoriler Alt Ahu Adem Aziz Aysun Baris Bilge Buse Belma
Kategoriler
Argliman Gerekgceleri v v v v v
incelemesi inceleme
Yapisal ispatlama 4 v 4 4 4 v v v
inceleme yontemi
Otoriter Gegmis v
inceleme bilgiler
Otoriter v
bilgiler
Verilen karar Dogru Dogru  Dogru  Dogru  Dogru Dogru Yanlig Kismen
dogru

Tablo 6 incelendiginde 6gretmen adaylarindan sadece iki 6gretmen adayinin (Buse ve Belma) ters
drnek ile yapilan ispatin dogru olmadigini ifade ettikleri gériilmistiir. Ogretmen adaylarinin timi ispati
degerlendirirken ispatin yapilis ydntemini dikkate almislardir. Ogretmen adaylarindan yarisindan fazlasi
(Ahu, Adem ve Aziz) ispatta kullanilan gerekgeleri incelemistir. Bilge ispati sorgulamadan gecmis
bilgilerinden yardim alarak degerlendirirken, Buse ders hocasinin onun ifade ettigi sekilde bir bilgi verdigini
iddia ederek otoriteden gelen bilgilerini kullanmistir.

Ogretmen adaylarinin hepsi ispata yonelik degerlendirme yaparken ispatin yéntemine dikkat
etmislerdir. Verdikleri kararlarda biiyiik oranda ispatin nasil yapildigi etkili olmustur. Ogretmen adaylarinin
cogu, ters ornek Uretilerek yapilan ispatin dogru bir ispat oldugunu ifade etmislerdir. S6z konusu ters
ornegin dnermeyi ¢lritmek icin yeterli oldugunu vurgulamislardir. Asagida bu 6gretmen adaylarindan
Aysun’un sundugu gerekgeye yer verilmistir.
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Sekil 3. Aysun’un gerekgesi

Buse ise ispatta yer alan ters 6rnegin uygun bir ters 6érnek olmadigini ifade etmistir. Buse ifadelerinde
s6z konusu ters ornegin yigilma noktalarinin mutlak degerce birbirine esit oldugunu ifade ederek bu
ornegin uygun olmadigini belirtmistir. Buse’nin ifadelerinden ne demek istedigi tam olarak
anlasilamamaktadir. Buse bu distincesine dayanak olarak ilgili dersin hocasini géstermistir. Ders hocasinin
onun ifade ettigi sekilde soyledigini iddia etmistir. Asagida Buse’nin gerekcesine ve konu ile ilgili
ifadelerine yer verilmistir.

O Dogfu\ /OKlsmer; dogru | ®Yanhs
Clinkd... j@l"“@ noktos By dnarmitnin jmllé' Oldiguny, (‘6(5"4#55"” Iqm,mu,/a}(_
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Sekil 4. Buse’nin gerekgesi
Arastirmaci: Bu yapilan sana neden ikna edici gelmedi?

Buse: Burada sectidi yigilma noktalari iki tane olsa bile -% ve % mutlak dedgerce birbirine esit. O
yiizden bana yanlis geldi sanki.

Arastirmaci: Neden mutlak dederini aliyorsun?

Buse: Bu sekilde oldugu zaman mutlak degeri olamiyor muydu? Ben éyle hatirliyorum.
Bilmiyorum ama hocanin séylediklerini 6yle géziimde canlandirmis olabilirim. Hocanin séylediklerinden
ben 6yle anladim.

Belma ters bir 6rnegin bu 6nermeyi yanhslamak igin yeterli olmadigini, daha genel bir sekilde
ispatlanmasinin gerekli oldugunu belirtmistir. Bu yiizden yapilan ispatin da kismen dogru olacagini ifade
etmistir. Buna gore Belma’nin ters 6rneklerle yapilan ispatlara yonelik bilgisinde eksikliklerin oldugu
soylenebilir. Asagida Belma’nin gerekgesine yer verilmistir.

O Dogru \él(lsmen dogru OYanhs
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Sekil 5. Belma’nin gerekgesi
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Ogretmen adaylarinin yanisindan fazlasi ispatta bulunan argiimanlarin gerekgelerini
incelemislerdir. Ogretmen adaylari bu argiimanlarda ya islem hatasi olup olmamasini ya da elde edilen
sonuglarin mantiksal olarak dogru olup olmamasina dikkat etmislerdir. Bu 6gretmen adaylarinin gogu,
ispatta yer alan ifadelerin sebeplerini dogru bir sekilde sorgularken bazilari ise matematiksel olarak yanls
gerekgeler sunmuslardir. Ahu, Adem ve Aziz ispatta yer alan ters 6rnek olarak verilen dizinin yigilma
noktalarini sorgularken matematiksel olarak dogru gerekgeler kullanmislardir. Aziz, dizinin yigilma
noktalarinin alt dizilerinin limitinden geldigini ifade etmistir. Asagida Aziz'in ifadeleri yer almaktadir.

Arastirmaci: ¥ ve -% nereden geliyor?

Aziz: Sonsuza giderken dizinin limitine baktigimiz zaman bir pozitif, bir negatif oluyor. Ciftler igin
pozitif oluyor %, tekler i¢in -% oluyor.

Arastirmaci: Cift ve tek dedigin sey nedir?

Aziz: Tekler ve ciftler bu dizinin iki alt dizisi. Alt dizilerin limitleri farkli oldugu icin iraksaktir.

Ogretmen adaylarindan Bilge ise yigilma noktalari olan % ve -% nin nereden geldigini ifade
ederken dizilerdeki limit kavramini fonksiyonlarin bir noktadaki limiti kavrami ile karistirmistir. Bu
durumun sebebinin Bilge’nin yakinsak dizi tanimina yoénelik kavramsal bilgi eksikligi oldugu ortaya
¢ikmistir. Dizi kavramina yonelik etkinliklere baglamadan 6nce yakinsak dizi tanimini agiklarken de
sureklilik kavrami ile ilgili ifadeler kullanmistir. Burada da yakinsak dizi kavrami ile fonksiyonlarin bir
noktadaki limiti kavrami arasindaki ayirimi yapamadigi ortaya ¢cikmistir. Yigilma noktalarinin sag limit ve
sol limitten geldigini ifade etmistir. Asagida Bilge’nin ifadeleri yer almistir.

Bilge: Buradaki (—1)™ de n yerine 2n olsaydi, sag limiti 1 olacakti. O zaman da limiti var diyecektik
ve yakinsak olacakti. Burada -1 isin igine girdigi icin, limiti olmadigi icin ikna oldum.

Ayrica Bilge ispati degerlendirirken daha dnceki bilgilerinin etkisi ile karar vermistir. Bilge bir
dizinin iki tane yigilma noktasi varsa dizinin iraksak olacagi bilgisini kullanarak karar vermistir. Asagida
Bilge’nin kararinin gerekgesine yer verilmistir.
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Sekil 6. Bilge’nin gerekgesi

Baris ise ters 6rnekte verilen dizinin neden iraksak oldugunu sorgularken siklikla dizileri reel sayi
serileri ile karistirmistir. Serilerin yakinsaklik karakterini belirlemede gecerli olan 6zellikleri dizinin
karakterini belirlemek igin kullanmistir. Asagida Baris’in ifadelerinden béliimlere yer verilmistir.

Baris: Genel teriminin limiti sifirdan farkli ise iraksak diyorduk... Alterne seri, dizileri de serilerin
ayni seyinden yapiyoruz. Yani terimleri ¢ift icin arti, tek igin eksi... Tamam hocam birka¢ deger verelim.
Artan, azalan dizi oldugunu gériiriiz. Hocam mesela a, 1 ile a, ioranlariz, farkini aliriz.

Limit Konusunda Kullanilan ispat Degerlendirme Stratejileri

Ucilincli gorismede o6gretmen adaylarinin limit konusundaki yanhs yapilmis bir ispati nasil
degerlendirdikleri arastirlmistir. Ogretmen adaylarina “f (x), h(x), g (x) fonksiyonlari x = a noktasi haric
bu noktayi ihtiva eden uygun bir agiklikta tanimli olsun. Bu aralikta g(x) < f(x) < h(x) olmak (lizere
chiiﬁg(x) = chl_TJg h(x)=L> ,lciiﬁf(x) = L” teoreminin yanlis bir sekilde yapilmis ispati sunulmustur. Bu
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ispatin orijinalinde yer alan “§ = min{5,, 5,}" ifadesi “§ = maks{8;,8,}” olarak degistirilmistir. Ispatta
yapilan boyle bir degisiklik ispatin genellenebilirligine zarar vermekte ve ters bir 6&rnekle
yanlislanabilmektedir. Ogretmen adaylarinin ispati degerlendirirken kullandiklan stratejilerin (¢ kategori
ve yedi alt kategori altinda toplandig ortaya ¢ikmistir. Tablo 7’de kullanilan stratejiler ve verilen kararlar
sunulmustur.

Tablo 7.
Ogretmen Adaylarinin Limit Konusundaki ispati Degerlendirirken Kullandiklari Stratejiler ve Verdikleri
Kararlar

Stratejiler Ahu Adem Aziz Aysun Baris Bilge Buse Belma
Argiiman islemsel hata ve v v v v v
incelemesi basamak
kontroli
& nin seg¢imi v v v v
Yapisal Hipotezin 4 4 v
inceleme kullaniimasi
Limit taniminin 4 4 4 v v 4
kullaniimasi
Hikme 4 v
ulasiimasi
Otoriter Ogrenilen v v
inceleme ispatla uyum
Uyarlama v
Verilen Karar Dogru  Dogru Dogru Dogru  Dogru Dogru Dogru  Dogru

Tablo 7'ye gbre 6gretmen adaylarinin hepsinin, yanlis olan bu ispatin dogru oldugunu belirttikleri
gorulmistir. Buna gore 6gretmen adaylarinin limit konusunda yapilan yanlis ispati belirleme becerilerinin
oldukca diisiik oldugu séylenebilir. Ogretmen adaylari ispati degerlendirirken ¢ogunlukla limit taniminin
ispatta kullanilmasina ve ispat basamaklarinda islemsel ve mantiksal olarak bir hata bulunup
bulunmamasina dikkat etmislerdir. Ogretmen adaylarinin yarisi da (Ahu, Adem, Aziz, Aysun) ispatta &
sayisinin secimini gdz énine almiglardir. Ogretmen adaylarinin ¢ogu ispatin yapisina dikkat ederek
teoremin hipotezinin ispatta kullanilmasi ve hitkme ulasilmast ile ilgilenmislerdir. iki gretmen aday: (Bilge
ve Belma), ispatin daha 6nceden bildikleri ispatla uyumlu olmasina dikkat etmislerdir. Baris farkh bir
konudaki ispati s6z konusu ispata uyarlayarak degerlendirmistir.

Ahu, Aziz, Adem ve Aysun’un ispati degerlendirirken ispatta yer alan & sayisinin secimine dikkat
ettikleri tespit edilmistir. Ogretmen adaylari yaptiklari degerlendirmelerde ve {rettikleri argiimanlarda
dogru gerekgeler sunmalarina ragmen 6 sayisinin dogru segildigini ifade etmislerdir. Bu 6gretmen adaylari
limit tanimina yo6nelik kavramsal bilgilerin yeterli diizeyde olmasina ragmen & nin dogru bir sekilde
secildigini ifade etmislerdir. Bu durumun sebebinin, bir 6nceki gériisme olan diziler ile ilgili yapilan ispatta
kesme noktasinin seciminin etkili oldugu disinilmustir. Buna en iyi 6rnek Aziz'in durumudur.

Etkinlik temelli gérlismelere baslamadan 6nce ispatla ilgili Aziz’'in gorisleri alinirken dogru bir ispatta
neler olmasi gerektigi de sorulmustu. Buna cevap olarak Aziz, ispatlarda bulunan kilit ifadelerin 6nemli
oldugunu ifade etmisti. Kilit ifadelere 6rnek olarak fonksiyonlarin limiti ile ilgili ispatlarda 6 nin minimum
secilmesini vermisti. Eger 6 minimum segilmezse ispatin yanlis olacagini belirtmisti. Aziz, bu ispati
degerlendirirken & nin nasil secildigine dikkat etmistir. Aziz 6 nin segimi igin uygun gerekgeler 6ne
sirmesine ragmen israrla 6 nin dogru bir sekilde secildigini iddia etmistir. Buna gére Aziz ile beraber Ahu,
Aysun ve Adem’in fonksiyonlar ve dizilerin limiti tanimlarina yonelik kavramsal bilgileri yeterli seviyede
olmasina ragmen reel degiskenli ve reel degerli fonksiyonlarin bir noktadaki limiti ile reel sayi dizilerin
limiti arasindaki fark hakkinda yeterli bilgiye sahip olmadiklari séylenebilir. Asagida Aziz'in konu ile ilgili
ifadelerine yer verilmistir.
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Aziz: Evet dogru yapmus. Islemlerde bir sikinti yok. Tanimlari dogru kullanmus, yine saglamadigi
durumlari ortadan kaldirmak icin § = maks{d,, 6.} se¢mis. Esitsizligi dogru kullanmis. Herhangi bir islem
hatasi yok.

Arastirmaci: Neden § = maks{6,,8,} segilmis?

Aziz: ilkine a nin 6; komsulugundaki x ler, digerine a nin &, komsulu§undaki x ler diyoruz. iste
bu yarigaplardan birisi ufak digeri biiyiik olacak, zaten birbirinden farkli maksimum aldigimiz zaman ufak
olani da kapsar. 6,, §,den daha bliyiik olsun. Simdi maksimum aldigimiz zaman &, yarigapi zaten kapsiyor.
&, yarigapi da &, den daha kiick oldugu icin yine kapsiyor. Bu yiizden yani.

Arastirmaci: Minimum segilseydi ne olurdu?

Aziz: Minimum segilseydi &, yarigapli komsulukta olup, &, yaricapl komsulukta olmayan x ler
olabilirdi. O yiizden maksimum segtigimiz zaman bu ortadan kalkiyor.

Arastirmaci: Eger minimum secilseydi ispatin bundan sonraki adimlarinin hangisinin yaziminda
sikinti olurdu?

Aziz: |f(x) — L| nin € dan kiigiik oldugunu séyleyemezdik.

Aziz ifadelerinde § = maks{d;, §,} secilmesinin sebebinin saglanmadigi durumlari ortadan kaldirmak
oldugunu belirtmistir. Aziz, saglamayan durumile |f(x) — L| < € esitsizligini saglamayan x degerlerinden
bahsetmektedir. Burada Aziz tarafindan acikca belirtiimese de, Aziz’'in saglamasini istedigi x lerin, birinci
tanimdayer alan |g(x) — L| < e ve |h(x) — L| < ¢ esitsizliklerini ortak olarak saglayan x degerleri oldugu
anlasilmistir. Aziz § nin minimum secilmesi durumunda, bu iki esitsizligin kullanilarak olusturulan
|f(x) — L| < € esitsizligin yazilamayacagini ifade etmistir. Aziz'in sundugu gerekgeler dogru olmasina
ragmen iddiasi yanhstir. iki farkli araliktaki elemanlar icin gecerli olan iki esitsizligin ortak olarak
kullanilabilmesi igin, her iki esitsizligi de saglayan elemanlar segilmelidir. Bu durum ise iki araligin
kesisiminin, yani ortak olan elemanlarin alinmasi ile miimkiindir. Bu ylizden Aziz'in esitsizligi saglayacak x
lerin segilmesi distincesi dogru fakat bu durumun 8§ = maks{8;, 6,} segilmesi ile mimkin olacagi iddiasi
yanhstir.

Tiirev Konusunda Kullanilan ispat Degerlendirme Stratejileri

Son goriismede 6gretmen adaylarinin tlirev konusundaki olmayana ergi ispatlama yontemi ile yapilmis
dogru bir ispati ve tiimevarimsal argiimani nasil degerlendirdikleri arastiriimistir. Ogretmen adaylarina ilk
olarak, olmayana ergi ispatlama yontemi ile ispatlanmis olan “A € R, a € A ve f: A = R fonksiyon olsun.
f fonksiyonu a noktasinda siirekli dedil ise tiirevli de degildir.” teoreminin ispati sunulmustur. Ogretmen
adaylarindan teoremin dogru bir sekilde ispatlanip ispatlanmadigl konusunda kullanilan stratejilerin iki
kategori ve bes alt kategori altinda toplandigi tespit edilmistir. Tablo 8’de kullanilan stratejiler ve verilen
kararlar sunulmustur.

Tablo 8.
Ogretmen Adaylarinin ispati Degerlendirirken Kullandiklari Stratejiler ve Verdikleri Kararlar
Kategoriler Alt Kategoriler Ahu Adem Aziz Aysun Baris Bilge Buse Belma
Argliman islemsel hata v v v v v
incelemesi
Yapisal ispatlama v v 4 4 v
inceleme yéntemi
Tiirev tanimi 4 4 v v
Sonucu bulma v v
Hipotezi v
kullanma
Verilen karar Dogru  Dogru Dogru Dogru Dogru Dogru Dogru Yanlig
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Tablo 8 incelendiginde Belma digindaki 6gretmen adaylarinin teoremin dogru bir sekilde ispatlandigini
belirttikleri anlagiimaktadir. Buna gore 6gretmen adaylarinin dogru yapilmig bu ispati degerlendirme
becerilerinin oldukca yiiksek oldugu soylenebilir. Ogretmen adaylarinin ispati degerlendirirken
kullandiklar stratejiler incelendiginde, ¢ogunlukla ispatta kullanilan ispatlama ydntemine ve ispatin
basamaklarinda islemsel hatanin olup olmamasina dikkat ettikleri belirlenmistir. Ogretmen adaylarinin
yarisinin teoremin ispatinda tirevin formel taniminin kullanilmasina dikkat ettikleri tespit edilmistir.
Ogretmen adaylarinin ikisi teoremin hiikmiine ulasihp ulagilmadigina dikkat ederken bir &gretmen
adayinin ise teoremin hipotezinin ispatta kullanilip kullaniimadigina dikkat ettigi ortaya ¢ikmistir.

Ogretmen adaylarindan Ahu, Adem, Aysun, Baris ve Belma ispatin dogrulugunu degerlendirirken
ispatlama yontemine dikkat etmiglerdir. Belma digindaki 6gretmen adaylari teoremin olmayana ergi
yontemi ile yapildigini belirtmis ve olmayana ergi yontemini dogru bir sekilde ifade etmislerdir. Belma ise
teoremin ispatinin dogrudan ispat yéntemi ile yapildigini belirtmistir. ispati degerlendirirken ispatlama
yontemine dikkat etmedigi disliniilen Aziz, Bilge ve Buse’ye ispatin hangi ispatlama yontemi ile yapildig
soruldugunda, Aziz celiski bulma ispatlama yontemi ile yapildigini ifade etmis fakat geliski bulma ispatlama
yontemini agiklayamamistir. Bilge ve Buse ise ispatlama yénteminin olmayana ergi oldugunu belirtmisler
fakat uygun bir sekilde ifade edememislerdir. Buna gore, 6gretmen adaylarinin gogunun ispatin ydontemini
dogru bir sekilde belirleyebilmis olmalarina ragmen sadece yarisinin olmayana ergi ispatlama yontemini
aciklayabildikleri ortaya ¢ikmistir. Asagida Adem, Aziz ve Belma’nin ifadelerine yer verilmistir.

® Dogru | O Kismen dogru O Yans

|
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Sekil 7. Adem’in gerekgesi

Aziz: Olmayana ergi de tersinden miydi? Direk sey yapiyorduk... Dogru, bu teorem karsit tersi ile
ispatlandidi icin bu geliski bulma yéntemi. p = q yu q' = p' ile géstermeye ¢alisiyor. Bu yiizden bu ¢eliski
bulma.
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Sekil 8. Belma’'nin gerekgesi

Ogretmen adaylarinin baskasi tarafindan yapilan ispati degerlendirme becerilerini incelemek amaciyla
reel degiskenli ve reel degerli fonksiyonlar icin gecerli olan “Her tek fonksiyonun tiirevi ¢ift, cift bir
fonksiyonun da tiirevi tek bir fonksiyondur.” teoremi, timevarimsal bir gerekce kullanilarak
dogrulanmistir. Bu teoremin dogrulugu tek bir drnek gifti izerinden gésterilmistir. Ogretmen adaylarindan
argiimanin dogrulugunu degerlendirmeleri ve bir karara varmalari istenmistir. Ogretmen adaylarinin
argiimani degerlendirirken kullandiklari stratejiler incelenmis ve Tablo 9’da kullandiklari stratejiler ve
verdikleri kararlar sunulmustur.
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Tablo 9.

Ogretmen Adaylarinin Tiimevarimsal Argiimani Dederlendirirken Kullandiklari Stratejiler ve Verdikleri
Kararlar

Kategoriler Alt Ahu Adem Aziz Aysun Baris Bilge Buse Belma
Kategoriler

Argiiman islemsel hata v v v v v v 4 4
incelemesi

Yapisal Argliman v v 4 v 4
inceleme yapisi

Verilen karar Kismen Yanls Dogru Yanhs Dogru Kismen Dogru Dogru
dogru dogru

Tablo 9’daki verilere gore 6gretmen adaylarinin yarisinin (Aziz, Baris, Belma ve Buse) timevarimsal
gerekge kullanilarak iretilen arglimani dogru bir ispat olarak degerlendirdikleri belirlenmistir. Buna gore
6gretmen adaylarinin yarisinin timevarimsal argiimanlari gecerli bir ispat olarak degerlendirdikleri
sdylenebilir. Ogretmen adaylarinin diger yarisi ise tiimevarimsal argiimanin bir ispat olamayacagini ifade
etmislerdir. Tek bir 6rnek ile yapilan dogrulamanin bir dnermenin dogru oldugunu gostermek icin yeterli
olamayacagini dile getirmislerdir. Ogretmen adaylarindan ikisi (Adem ve Aysun), bu sekilde yapilan bir
dogrulamanin kesinlikle yanhs bir dogrulama olacagini belirtirken ikisi (Ahu ve Bilge) ise kismen dogru bir
ispat olacagini belirtmislerdir. Timevarimsal argiimani kismen dogru olarak degerlendiren 6gretmen
adaylari, 6nermenin dogrulama seklinin yanlis olmasina ragmen yapilan islemlerin dogru oldugunu
distindikleri icin yapilan argiimani tamamen ret etmemislerdir. Bu 6gretmen adaylarina 6rnek olarak
Ahu, Baris ve Aysun’un gerekgelerine yer verilmistir.
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Sekil 10. Baris’in gerekgesi
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Sekil 11. Aysun’un gerekgesi
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Tartisma ve Sonug

Ogretmen adaylarinin gecerli ispatlari ve gecersiz ispati degerlendirme becerileri incelendiginde,
o6gretmen adaylarinin dogrudan, geliski bulma ve olmayana ergi ispatlama yontemleri ile yapilmis gegerli
ispatlari ¢ogunlukla belirleyebildikleri tespit edilmistir. Buna gore 6gretmen adaylarinin gegerli ispatlari
belirleyebildikleri ortaya ¢ikmistir. Hicbir 6gretmen adayinin gegersiz ispati belirleyemedigi géralmustar.
Ogretmen adaylarindan sadece ikisi (Adem ve Aysun) yanlis bir nerme igin iretilen dediiktif argiimanin
dogru bir ispat olmadigini belirleyebilmislerdir. Buna gore, 6gretmen adaylarinin gegersiz ispatlari
belirleyemedikleri ve basarisiz olduklar tespit edilmistir. Bu durumda 6gretmen adaylarinin gegerli
ispatlari belirlemede basarili iken gecersiz ispatlari belirlemede basarisiz olduklari sdylenebilir. Calismadan
elde edilen bu sonug, lniversite 6grencilerinin gegerli ispatlari belirleme becerileri yiksek iken gecersiz
ispatlari belirleme becerilerinin disik oldugu calismalarla benzerlik géstermektedir (Alcock ve Weber,
2005; Doruk ve Kaplan, 2013; Goetting, 1995; Knuth, 2002; Martin ve Harel, 1989; Segal, 2000; Uygan vd.,
2014).

Ogretmen adaylarinin ¢esitli ispatlama ydntemleriyle yapilmis ispatlari degerlendirmeleri
incelendiginde, bazi katilimcilarin 6zellikle geliski bulma ve olmayana ergi ispatlama yontemi ile yapilmis
ispatlarin ydntemlerini belirleyemedikleri tespit edilmistir. Ogretmen adaylarinin ispatlama ydntemleri ile
ilgili bilgileri sorgulandiginda, bazilarinin bu iki ispatlama yontemini agiklayamadiklari ortaya ¢ikmustir.
Ogretmen adaylari olmayana ergi ve celiski bulma yodntemlerini birbiri ile karistirmis ya da
actklayamamislardir. Calismadan elde edilen bu sonug, Universite 6grencilerinin ispat yaparken uygun
ispatlama yontemini segmede gliclik yasadiklari arastirmalarla paralellik gostermektedir (Doruk ve
Kaplan, 2015; Giiler, 2013; Moore, 1994; Selden ve Selden, 2003). Riley (2003) de bu sonucu destekler
nitelikte bir sonuca ulagsmistir. Calismasinda 6gretmen adaylarinin %57’sinin dogrudan ispatlama yontemi
barindiran gecerli bir ispat yapabildiklerini ortaya koymustur. Dolayl ispatlama yontemi ile yapilan
ispatlari yapma oraninin ise sadece %39 oldugu tespit edilmistir. Ogretmen adaylarinin ispatlama
yontemlerine yonelik tespit edilen bu glgliiklerin giderilmesi adina gerekli ¢alismalar yapilmalidir.
ilkégretim matematik dgretmenligi bolimi programinda ispatin ve ispatlama yéntemlerinin tanitildig
Soyut Matematik dersinde ispatlama ydntemleri lzerinde énemle durulmalidir. Ozellikle 6gretmen
adaylarinin olmayana ergi ve celiski bulma yéntemlerini ayirt etmede sikinti gektikleri dikkate alinarak bu
iki ydbntem arasindaki temel farklliklar vurgulanmalidir.

Ogretmen adaylarinin gecersiz ispatlara nasil yaklastiklarini belirlemek igin 6gretmen adaylarina kilit
ifadesi degistirilerek yapilmis gegersiz bir ispat sunulmustur. S6z konusu ifade teoremin hipotezinden elde
edilen verileri diizenleyerek teoremin hikmiine ulasmak icin yapilacak islemlere zemin hazirlamaktadir.
Bu ifadenin islevinin farkinda olmak, ispatin ilgili oldugu tanimlara yonelik kavramsal bilgiyi yorumlama ve
kullanabilmeyi gerektirmektedir. Ogretmen adaylarinin ¢ogu bu ifadeye dikkat etmemistir. ispati
genellikle sonug¢ odakh olarak degerlendirmislerdir. Alcock ve Weber (2005) benzer bir galisma
ylratmuslerdir. Calismalarinda o6grencilere sonug satiri dogru fakat diger satirlari uygun bir sekilde
ilerlemeyen gecersiz bir ispat sunulmustur. Ogrencilerin ¢ogunun ispatin gegersiz oldugunu
belirleyemediklerini ortaya koymuslardir. Ogrencilerin ispatlari degerlendirirken her satirin dogru olup
olmadigini kontrol etmenin yaninda bir satirin bir dnceki ve sonraki satirla ile olan baglantisini kontrol
etmenin gerekli oldugunu ifade etmislerdir. Yani ispatin satirlari arasindaki baglantiyl saglayan
argimanlarin gerekgcelerinin sorgulanmasini tavsiye etmislerdir. Doruk ve Kaplan (2013) yaptiklari
calismada, ilk6gretim matematik 6gretmenligi bolimi 6grencilerinin ispat degerlendirmede basarisiz
olduklarini tespit etmislerdir. ispat degerlendirmede basarisiz olmalarinin sebebinin &grencilerin
ispatlardaki anahtar diisiincelere dikkat etmemeleri ve ispatlar 6grenmek i¢in diisiince slirecine girmek
yerine sadece ispatlari ezberlemeleri oldugunu belirtmislerdir. Raman (2003) ispatlarin igerisinde anahtar
dislincelerin oldugunu, matematikgilerin kendi ¢alismalarinda bu anahtar dislincelere 6nem verirken
O6gretim sirasinda anahtar fikirlere gerekli vurguyu vyapmadiklarini ve degerlendirmede de
kullanmadiklarini ifade etmistir. Bu calismada da 6gretmen adaylarinin ispatlardaki anahtar diisiincelere
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dikkat etmedikleri tespit edilmistir. ispat agirlikli derslerin 6gretiminden sorumlu égretim elemanlarinin
ispatlardaki bu anahtar diistincelere vurgu yapmalari 6nerilmektedir.

Ogretmen adaylarinin ters érnek ile yapilan ispata yénelik yaptiklari degerlendirmeler incelendiginde,
o6gretmen adaylarinin gogunun ters ornekle yapilan ispati gegerli bir ispat olarak degerlendirdikleri
anlagilmaktadir. iki 6gretmen adayi ise bu ispatin dogru bir ispat sekli olmadigini ifade etmislerdir. Bu
o6gretmen adaylari ispatta 6ne siirlilen ters 6rnegin s6z konusu énermeyi ¢liritmek icin yeterli olmadigini
ya da bu 6nermenin yanlis oldugunu gostermek icin daha fazla ters 6rnek verilmesi gerektigini dile
getirmislerdir. Calismadan elde edilen bu sonug 6grencilerin bir kisminin, bir 6nerme igin Uretilen dogru
ters ornegi 6nermenin istisnasi olarak gordiikleri ve 6nermenin hala dogru oldugunu disiindikleri
¢alismalari desteklemektedir (Williams, 1979). Benzer sekilde Galbraith (1981), 6grencilerin tek bir ters
drnegin, yanhs olan énermeyi ciiritmek icin yeterli oldugunu bilmediklerini ifade etmistir. Ogretmen
adaylarinin ters érneklerin yeri ve 6nemi hakkinda yeterli bilgiye sahip olmalari adina gerekli ¢calismalar
yapilmaldir. Cinkl ters ornekler varsayimlarin yeniden dizenlenmesini saglar ve muhakemenin
gelismesine yardimci olurlar (Whiteley, 2009). Bir matematiksel ispat tim durumlar icin énermenin
dogrulugunu gosterirken (Stylianides ve Stylianides, 2009), bir ters 6rnek mevcut 6nermenin yanlis
oldugunu gosterir (Akkas vd., 1998; Irmak, 2008; Peled ve Zaslavsky, 1997). Zaslavsky ve Ron (1998) ters
orneklerin diger 6rneklerden daha giiglii bir konuma sahip oldugunu belirtmis, tek bir ters érnegin genel
sonuglar bozmak igin yeterli iken destekleyici ve dogrulayici olarak sunulan bircok 6rnegin yeterli
olmadigini ifade etmislerdir. Ogretmen adaylarinin yarisi bir teorem icin sunulan tiimevarimsal argiimanin
gecerli bir ispat oldugunu belirtmislerdir. Buna gore 6gretmen adaylarinin yarisinin bir 6zel 6rnegin
gerekge olarak kullanildigi argiimani dogru bir ispat olarak algiladiklari sdylenebilir. Calismadan elde edilen
bu sonug, 6gretmen adaylarinin tiimevarimsal argiimanlari dogru bir ispat olarak degerlendirdikleri
¢alisma sonuglarini desteklemektedir (Gholamazad, Liljedahl ve Zazkis, 2004; Goetting, 1995; Knuth,
2002).

Ogretmen adaylarinin ¢ogu yanlis bir nerme igin tretilen dediiktif argiimanin dogru bir ispat oldugunu
belirtmislerdir. Sadece iki 6gretmen adayl 6nerme icgin Uretilen argimanin yanlis bir ispat oldugunu
belirleyebilmislerdir. Ogretmen adaylarinin bu kararlari vermelerinde argiimanin yapisinin dediiktif tarzda
olmasinin daha c¢ok &n planda tutuldugu diisiinilmistir. Ogretmen adaylarinin cogunun yanlis da olsa
tanim, teorem ve aksiyomlarin kullanilarak yapilan ispatlara ikna olma egiliminde olduklari ortaya
¢ikmistir. Calismadan elde edilen bu sonug, 6grencilerin yanlis olsa bile dediiktif argiimanlara ikna
olduklari yonindeki ¢calisma sonuglari ile 6rtiismektedir (Martin ve Harel, 1989; Morris, 2002; Segal, 2000;
Uygan, Tanish ve Kose, 2014). Segal (2000) galismasinin sonucunda, 6grencilerin ¢ogunun deduktif
argiimani yanls olsa bile gegerli ispat oldugunu belirttiklerini ifade etmistir. Ogrencilerin dediiktif
arglimanlari dogru olup olmamasina bakmaksizin gecerli kabul etme egiliminde olduklarini ifade etmistir.
Martin ve Harel (1989) 6gretmen adaylarinin %38 ve %52’sinin sirasiyla tanidik ve tanidik olmayan
onermeler icin Uretilen yanhs deduktif arglimanlari matematiksel olarak dogru kabul ettiklerini
belirtmistir. Uygan ve digerleri (2014) de calismalarinda ilkbgretim matematik 6gretmeni adaylarinin
¢ogunun yanhs deduktif arglimani ispat olarak degerlendirdiklerini belirtmislerdir. Ayrica timevarimsal
arglimanlarin dogru bir ispat oldugunu iddia eden 6gretmen adaylarinin hepsinin dediiktif argimanlar
kullanilarak yapilan ispatlari da ayni anda ikna edici bulduklari tespit edilmistir. Bu durum Morris’in (2002)
6gretmen adaylarinin bazilarinin hem dediktif hem de tiimevarimsal argiimanlari ikna edici buldugu
yonlindeki ¢calisma sonucuyla da uyumludur.

Ogretmen adaylarinin ispatlari degerlendirirken kullandiklari stratejiler incelendiginde, ispatlarin
dogrulugunu degerlendirmek igin lg kategori altinda 15 farkh yaklasim tarzinin sergilendigi belirlenmistir.
Ogretmen adaylari ispatlari degerlendirirken genel olarak argiiman incelemesi, yapisal inceleme ve
otoriter inceleme stratejilerini takip etmislerdir. Yapisal inceleme stratejisi kendi igerisinde ylizeysel
inceleme ve ispatlama y&ntemi olarak iki gruba ayrilmistir. Ogretmen adaylarinin ¢alismanin biitiiniinde
sergiledikleri yaklasimlarin 74’tiniin yapisal oldugu ortaya ¢ikmistir. Yapisal inceleme ylizeysel ve ispatlama
yontemi olarak iki grupta incelendiginde, ylizeysel incelemenin 48 defa, ispatlama yonteminin 26 defa
tercih edildigi belirlenmistir. Ylzeysel incelemede 6gretmen adaylari, ispatin icerigini incelemeden ispatta
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kullanilanlari dikkate almislardir. Bu &gretmen adaylari ispatta tanimlarin, teoremin hipotezinin
kullanilmasina ve teoremin hilkmiine ulagiimasina dikkat etmislerdir. Calismadan elde edilen bu sonuglar,
Universite 6grencilerinin ¢ogunun ispatlari degerlendirirken yiizeysel bir inceleme yaptiklarini ortaya
koyan calismalarla uyumludur (Alcock ve Weber, 2005; Doruk ve Kaplan, 2013b; Morris, 2002; Selden ve
Selden, 2005). Selden ve Selden (2003) 6grencilerin ispatlari degerlendirirken énermenin karsitinin
ispatlanmasi ve ispatin icindeki temel matematiksel bosluklar gibi genel hatalarin yerine cebirsel ifadeler
ve sembolik manipiilasyonlar gibi ylizeysel hatalara odaklandiklarini ifade etmislerdir. Doruk ve Kaplan
(2013b) calismalarinda o6grencilerin ¢ogunu ispatlari degerlendirirken sonug¢ odakli bir yaklasim
sergilediklerini tespit etmislerdir. Ogretmen adaylarinin kullandiklari stratejilerin 26 tanesinin ispatlama
yontemine iliskin oldugu tespit edilmistir. Bu 6gretmen adaylari ispatta kullanilan ispatlama yontemine ve
argiimanlarin yapisina dikkat etmislerdir. Ogretmen adaylarinin ispatlama ydéntemine iliskin bu stratejisi
daha 6nce yapilan ¢alismalarda da tespit edilen stratejilerden biridir (Knuth, 2002; Ko, 2010).

Ogretmen adaylarinin ¢alismada en ¢ok tercih ettikleri stratejilerden biri ispatlarin igerisindeki lokal
arglimanlari inceleme olmustur. Bu strateji 47 kez kullanilmistir. Argliman incelemesi yapan 6gretmen
adaylari, ispatin basamaklari arasindaki gegislerin gerekgelerini anlamaya calismiglar ya da ispat
basamaklarinda islemsel hatanin olup olmadigini gdz éniine almislardir. Ogretmen adaylarinin nadiren,
ispatlarda bulunan ve ispatin mantiksal baglantilarini saglayan kilit ifadelere odaklandiklari ortaya
cikmistir. Alcock ve Weber (2005) yaptiklari ¢alismada, bu ¢alismada oldugu gibi, 6grencilerin ispatta
bulunan argiimanlardaki gerekgeleri kontrol etmede basarisiz olduklarini belirtmislerdir. Ogrencilerin her
satirin dogru olup olmadigini kontrol etmenin yaninda, 6nceki satir ile sonraki satirin birbiri ile baglantisini
kontrol etmenin de gerekli oldugunu disindikleri anlasiimistir.

Ogretmen adaylarinin kullandiklari ispat degerlendirme stratejilerinin 9 tanesi otoriter bilgilere
yoneliktir. Bu stratejiyi kullanan 6gretmen adaylari daha dnce bu ispatin yapilip yapiimadigini hatirlamaya
¢alismig ya da soz konusu ispat ile benzer olan baska bir ispati degerlendirme yapmak igin kullanmislardir.
Bazi calismalarda da 6gretmen adaylarinin ispatin yapisina dikkat ettikleri ve ge¢cmis bilgilerini hatirlamaya
cahistiklari yéniinde sonug bildirilmistir (Ko, 2010; Selden ve Selden, 2003). Ayrica, 6gretmen adaylarinin
ispatlari degerlendirirken satir satir inceleme yaptiklari ortaya ¢ikmistir. Calismadan elde edilen bu sonug
Ko’nun (2010) ¢alismasiyla uyumludur. Diger yandan 6gretmen adaylarinin ispatlari degerlendirmek igin
15 farkli yaklagim sergilemeleri bu tarz etkinliklere yabanci oldugu igin yeterli anlayisa sahip olmadiklarini
diisindirmustir. Calismadan elde edilen bu sonug, liniversite 6grencilerinin ispatlari degerlendirmek igin
gerekli anlayistan uzak olduklari yoniindeki ¢alisma sonuglari ile uyumludur (Ko, 2010; Selden ve Selden,
2003).

Calisma sonucunda, bazi 6gretmen adaylarinin yanlis olan ispatlari degerlendiremedikleri, ispatlama
yontemleri ve ters ornekler hakkinda yeterli bilgiye sahip olmadiklari tespit edilmistir. Ogretmen
adaylarinin bu tarz etkinlikler ile ilk defa karsilastiklari distnilmustir. Calismaya katilan 6gretmen
adaylari da bu sekilde goris bildirmislerdir. Buna gore ispat agirlikli derslerde bu tarz etkinliklerin
yapilmasi, dogru ispat ile yanlis ispat arasindaki farklarin vurgulanmasi ve 6gretmen adaylarina bunlarin
hissettirilmesi gerekmektedir. Ek olarak ispatlarda bulunmasi gereken ozelliklere yonelik bilgiler de
verilmelidir. Derslerde yanhs bir ispat sunarak ispatta nasil bir yanlishgin oldugu ile ilgili etkinlikler
yapilabilir. Bu tarz etkinlikler 6grencilerin ispatlara yonelik bilgilerinin artmasina ve mevcut 6n yargilarin
kirilmasina yardimci olabilmesi agisindan 6nemlidir. Bu ¢alismada ilkégretim matematik 6gretmeni
adaylarinin analiz alaninda kullandiklari ispat degerlendirme stratejileri arastirilmistir. Calisma farkh
arastirma yaklasimlari ve farkli arastirma gruplari ile tekrarlanabilir. Ogretmen adaylarinin matematigin
soyut matematik veya geometri gibi farkli alanlarindaki ispat degerlendirme becerileri sinanabilir. Ayrica
ogrencilerin ispatlama yontemlerini anlayislari Gizerine ¢alismalar yapilabilir.
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