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ON THE LINEAR CODES OVER THE RING Z;+v1Zs+ ...+ v:Zy4
ABDULLAH DERTLI AND YASEMIN CENGELLENMIS

ABSTRACT. Some results on linear codes over the ring Z4 + uZs + vZ4,u? =
2

u, v = v,uv = vu = 0 in [6,7] are generalized to the ring Dy = Z4 + v1Z4 +
+th4,vi2 = v;,vv; = vjv; = 0 for 7 # 5,1 < 4,5 <t. A Gray map &
from D} to Zi“rl)n is defined. The Gray images of the cyclic, constacyclic
and quasi-cyclic codes over D; are determined. The cyclic DNA codes over Dy
are introduced. The binary images of them are determined. The nontrivial
automorphism on D; for ¢ = 2,3, ...,t is given. The skew cyclic, skew consta-
cyclic and skew quasi-cyclic codes over Dy are introduced. The Gray images
of them are determined. The skew cyclic DNA codes over D; are introduced.
Moreover, some properties of MDS codes over D; are discussed.

1. INTRODUCTION

The certain type of codes over many finite rings were studied [2,4,5,8,9,13,15,16,20,
21,22]. Many of good codes were obtained from them.

Some special error correcting codes over some finite fields and finite rings with
4" elements where n € N were used for DNA computing applications. The con-
struction of DNA codes were by several authors in [1,6,12,14,18].

Optimal codes attain maximum minimum distances. So their class is very impor-
tant class of codes. Optimal codes over finite rings were studied by several authors
in [3,10,11,17,19].

In [6], the finite ring D = Z4 + uZy + vZ4,u? = u,v?> = v,uv = vu = 0 was
introduced, firstly. Some results on linear codes over D were obtained. Moreover,
in [7], the MacWilliams identities and optimal codes over D were studied. In this
paper, we generalize some results to the linear codes over D;.

This paper is organized as follows. In section 2, a Gray map from D, to Zit'H)
is defined. The Gray images of cyclic, constacyclic, and quasi-cyclic codes over Dy
are determined. A linear code C over Dy is represented by means of (¢ + 1) codes
over Z4. In section 3, the constacyclic codes over D; are investigated. In section
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4, the cyclic codes of odd length over D, satisfy reverse and reverse complement
properties are studied. In section 5, the binary images of cyclic DNA codes over Dy
are determined. In section 6, the nontrivial automorphism on D; for i = 2,3, ..., ¢
is determined. By introducing the skew cyclic, skew constacyclic and skew quasi-
cyclic codes over Dy, the Gray images of them are found in section 7. In section 8,
we investigated skew cyclic DNA codes over D;. In section 9, some properties of
optimal codes over D; are determined.

2. PRELIMINARIES

Let Dy = Zy +v1Z4 + ... + v4 Zy,where viz =v;,v0; = v;v; =0 for ¢ # 7, 1 <4,
7 <t. The ring D; can be also viewed as the quotient ring
Zg[v1, 02, .y 0]/ <1)Z2 — v, VU = vjvi> .
Let d be any element of D;, which can be expressed uniquely as d = dy + v1d; +
o+ ’Utdt.
A code of length n over D, is a subset of Di'. C' is a linear iff C' is an D;-

submodule of D}.The elements of the code (linear code) are called codewords.
Let 0,0, ¢ be maps from D} to D} given by

U(O[(),...,Olnfl) = (an717a07"'7an72)
ox(Qy 1) = (Aap_1,00,...; n_2)
C(a07~-~7an—1) - (_a'rz—l;a[)"-aan—Q)

where A is a unit in D;. Let C be a linear code of length n over D;. Then C is said
to be cyclic if o (C') = C, A-constacyclic if o) (C') = C, negacyclic, if ((C) = C.
Let a € Zitﬂ)n with a = (ao,al,...,a(tﬂ)n,l) = (a(o)|a(1)|...|a(t))7 a e 77
for i = 0,1,...,t. Let ¢ be a map from Zitﬂ)" to Zitﬂ)n given by ¢(a) =
(o (a(O)) ‘O’ (a(l))| oo (a(t))), where o is a cyclic shift from Z§ to Z} given by
o (a?) = ((a®=D), (a®9), .., (a®"=2)) for every al) = (a9, ..., alt"~1)), where
a9 € Zy,§=0,1,....,n—1. A code of length (t+1)n over Zy is said to be a quasi-
cyclic code of index ¢t + 1 if ¢ (C) = C.
We define the Gray map as follows
® : Dy — Zi
d0+’01d1+...+’l}tdt [ (do,do+d1,...,d0+dt)
This map is extended componentwise to
&, : Dp — z{"
(s ey n) = (dd,d3,...dl,....ds+d}, ... d7 +d7Y)
where a; = df) + v1d} + ... + vpd} with i =1,2,...,n.
®, is a Z4-module isomorphism.
The Lee weights of 0,1,2,3 € Z; are defined by wy, (0) = 0,wy, (1) = wy, (3) =
1wy, (2) = 2.
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Let d = dy+v1dy+...+vid; be an element of Dy, then Lee weight of d is defined as
wy, (d) = wy, (do,do + di, ...,do + d;) , where dy, d1, ...,d; € Z4. The Lee weight of a
vector ¢ = (¢, ..., ¢p—1) € D} to be the sum of Lee weights its components. For any
elements ¢y, co € D, the Lee distance between c¢; and ¢y is given by dp(c1,¢2) =
wr, (¢ — ¢2). The minimum Lee distance of C' is defined as dr,(C) = mindy, (¢, é),
where for any ¢ € C, ¢ # é.

For any « = (zo, ..., Zn—1),¥ = (Yo, -, Yn—1) the inner product is defined as

n—1
Y = Z TiYi
i=0
If zy = 0, then = and y are said to be orthogonal. Let C' be a linear code of
length n over Dy, the dual of C
Ct={z:VyeC,ay=0}

which is also a linear code over D; of length. A code C is self orthogonal, if C ¢ C+
and self dual, if C = C+.

Theorem 1. The Gray map ®, is distance preserving map from (D} ,Lee distance)
to (Zitﬂ)n,[/ee distance).

Proof. Let z1 = (21,0 s 21,n—1)s 22 = (22,0, ---, Z2,n—1) be the elements of D}, where
21 =d ;+vidi ;4 .. Fodi;and 295 = d3 ; +vidy; + . Fodh =010 —

1. Then Z1 — R = (21,0 — Z270,...721,n_1 — Zg,n_l) and (I)t(Zj — 22) = @t(zl) —
Dy(22). So, dr(z1,22) = wr, (21 — 22) = wr, (Pe(z1 — 22)) = wp, (Pe(21) — Dy(22)) =
dr(P4(21), Pe(22))- O

Theorem 2. If C is self orthogonal, so is &, (C).

Proof. Let 1 = d} +v1d} +...+vd}, 29 = d3 +v1d3 + ... +vd? € Dy. From x139 =
d§d3 + v (dyd? + did3 + did3) + ... + vy (did? + d}d% + d}d?). If C is self orthogonal,
so we have djd2 = 0,d}d? + did3 + did? = 0,...,dyd? + d}d% + did? = 0. From
this, we have ®; (1) ®; (z2) = (db, dy + d}, ..., dy + di ) (d3, d3 + d3, ..., d3 + d?) = 0.
Therefore ®; (C) is self orthogonal. O

Proposition 3. Let ®; be Gray map from D} to Zit+1)n7 let o be the cyclic shift
and let ¢ be a map as above. Then ®io0 = pd;.

Proof. Let a = (ag,...,an—1) € D" Let a; = d?+v1d} +...+v,d! where dY, d}

0.l .. dle
Zy, for i = 0,1,...,n — 1. From definition ®;, we have ®;(a) = (d3,d?,...,d%_,,dS +
dg, o dd+dl ., d) _+dL . dY +dE ). By applying p,we have ¢(®;(a)) =
(dO_ 1, d, oy dd o dS +dl gy dd 4 dl oy dO A+ d g, dO o+ dE ).

n—1»

On the other hand, o(a) = (an—1, ag, -.., an—2). If we apply ®;, we have ®;(c(a)) =
(d’lOL—l? d8’ o d?z—?a dg + dfz—lv ey d8 + d;—% ey d?L—l + d;—lv (A d?z—2 + dzL—Q)
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Theorem 4. Let o and ¢ be as in section 2. A code C of length n over Dy is
a cyclic code iff @4 (C) is a quasi-cyclic code of index t + 1 over Zy with length
(t+ 1)n.

Proof. Let C be a cyclic code. Then o (C) = C. If we apply ®;, we have &, (¢ (C)) =
®, (C) . By using Proposition 3, ®; (¢ (C)) = ¢ (P (C)) = &, (C). Hence, ®; (C)
is a quasi- cyclic code of index ¢ + 1.

For the other part, if ®; (C) is a quasi-cyclic code of index ¢t 4 1, then we have
o(®, (C)) = &, (C). By using Proposition 3, we have ¢ (9 (C)) = @, (¢ (C)) =
®, (C). Since P, is injective, we have o (C) = C. O

Let Ay, Ao, ..., A;11 be linear codes.

AlRAR...Q® At+1 = {(al,ag, ey at+1) ta; € Al,Z =1,2,...,t + 1}
and

A @AQ@...@A{;J,_l = {a1 +as+ ...+ a1 10 € AI,Z = 1,2,,t+1}
Definition 5. Let CY) be a linear code of length n over Dy. Define

CY) = {do:3di,.,ds € Z7,do +vidy + ... +vidy € CDY

Cét) = {do+dy:3dy,....dy € Z}, do 4 vidy + ... + vdy € CD}

C?()t) = {d0+d2 = dl,dg,...,dt GZZ,d0+U1d1+...+Utdt GC(t)}
O = {do+dy:3dido,diy € ZPdo + vrdy + .+ vidy € COY

where Cft), C’ét),,..,Ct(i)l are linear codes over Z4 of length n.

Theorem 6. Let C) be a linear code of length n over D;. Then ®;(C®) =
Ve @0 cl amd|c®|=|cf| |- o).

Corollary 7. If&,(C*) = CPaC .- ~®C’t(i)1, thenC® = (1 —v; — - —v) CPa
’Ulcét) H---P vtCt(i)l.
Theorem 8. Let C®) = (1 — vy — -+ — 1) C{t) @vlC’Q(t) &P vtCt(i)l be a linear

code of any length n over Dy. Then C®) is a cyclic code over Dy if and only if
C’{t), C’ét),...,Ct(i)l are all cyclic codes over Zy.

Proof. It is proved that as in proof of Proposition 15, in [8]. O

Lemma 9. (17) Let n be an odd positive integer and z™ — 1 = [['_, fi(x) be the
unique factorization of x™—1, where f1(x), ..., fr(x) are basic irreducible polynomials
over Zy
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Theorem 10. (17) Let C be a cyclic code of odd length n over Zy, then

C = (fo(x),2/1(x)) = (fo(x) + 2f1(2))

where fo(x) and fi1(x) are monic factors of x™ — 1 and f1(x)|fo(x).

If C is a linear code of any length n over Zy, then there exist monic polynomials
f(x),9(x),p(x) € Z4 such that

C = (f(=) +2p(x),29())

where g(z)|f(z)la" — 1, g(x)lp(2)[z™ — 1/ f(2)] and |C] = 22n~des J(x)=deso(),
Theorem 11. Let O = (1 —v; — -+ — 1) Cft) @ vlCQ(t) - D vtCt(i)l be a
cyclic code of any length n over Dy. If there exist f}(x), f2(z), f3(x) € Zy[z]
fori=1,--- t+1 such that Ci(t) = (fHz) +2f2(2), 2f3(x)), then

CO = (== u) @) 4l @) £ 20— v == 0) f@)
Fob oS @) 2000 = m ) @) 4o @)]).
Ifn is odd, then C®) = (1 — vy — - -+ —v;) (fi (z) +2f2(x)) + - +oe(fl (z) +
2f2(2))).
Proof. It is proved that as in proof of Theorem 10, in [17]. O

Definition 12. A subset C of D} is called a quasi-cyclic code of length n = sl if
C 1is satisfies the following conditions

i) C is a submodule of D}

’LZ) ife = (60,0, ceey 60’171, 61’()7 ceey 61’171, veny 6571’0, ceey 65,1’171) S C, then TSJ (6) =
(€5-1,0,....85—1,1-1, €0,0, -+ €011 -+, €5—2,05 -+, €s—21—-1) € C.
Definition 13. Leta € Zfﬂ)n with a = (ao, ai, ... a(t+1)n_1) = (a(o) |a(1)| ...|a(t)) ,
a® ¢ Z}, fori=0,1,...,t. Let I' be a map from Z£t+1)n to Zit—’_l)n given by

P(@) = (1 () [ (a®)] ol (o))

where w is the map from Z} to Z} given by

" (a(i)) — (@), (@), ..., (a-+2))

for every a'? = (a(i’o), ...,a(i’s_l)) where a("7) € 7z, §j=0,1,...,s — 1 and n = sl.
A code of length (t + 1)n over Zy is said to be l-quasi cyclic code of index t + 1 if
r)==c.

Proposition 14. Let T,; be the quasi-cyclic shift on D;. Then ®,T,; = I'®y,
where I is as above.

Theorem 15. The Gray image of a quasi-cyclic code over Dy of length n with
index 1 is a l-quasi-cyclic code of index t + 1 over Zy with length (t + 1)n.
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3. CONSTACYCLIC CODES OVER Dy

We investigate A\;-constacyclic codes over Dy, where ); is unit.

For any element \; = dy + v1dy + ... + v;d; € D} for i =1,2,...,t, )\; is a unit if
and only if dy #0,dy +dy #0,...,dg+d; #0 fori =1,2,....¢.

In [13], it was shown that the units are 1,3,1 + 2v1,3 + 20y, for Dy = Z; +
v1Z4,v3 = v1. In [6], it was shown that the units are 1,3,1 + 2v1,1 + 2v9,3 +
201, 3 4 2vg, 1 4+ 201 + 2v9, 3 + 2uy + 2vg for Dy = Z4 + 11724 + 02Z4,vf = vl,vg =
V2,V1V2 = V2V1 = 0.

Moreover, one can verify that if A; is a unit of D; for i = 1,2, ..., ¢, then )\? =1,
fori=1,2,...,t.

Theorem 16. Let C) = (1 —v; —--- — ;) C’{t) @vlC'ét) - -GthCt(j_)l be a linear
code of length n over D;. Then C'Y) is \;-constacyclic code over Dy if and only if
Cft) is a dg-constacyclic, C’ét) 18 d0+d1—constacyclic,...,Ct(j_)l s a do—+dy-constacyclic
codes of length n over Zy.

4. THE REVERSE AND REVERSE COMPLEMENT CODES OVER Dy

In this section, we study cyclic codes of odd length over D; satisfy reverse and
reverse complement properties.

The elements 0, 1, 2,3 of Z4 are in one to one correspondence with the nucleotide
DNA bases A,T,C,G such that 0 — A, 1 — T,2 — C and 3 — G. The
Watson Crick Complement is given by A =T,T = A,G = C,C =G.

Since the ring D; is cardinality 4'*!, then we give a one to one correspondence
between the elements of D; and the 4°*! codons over the alphabet {A, T, G, C'}1*1
by using the Gray map. For example

Elements Gray image  Codons

0 (0,0,..,0)  AA..A
t+1 times t+1 times
1 1,1,..,1)  TIT..T
t+1 times t+1 times
2 (2,2,..,2) CC..C
t+1 times t+1 times
3 (3,3,..,3) GG..G
t-+1 times t+1 times
v1 (0,1,0,...,0) ATA..A
t+1 times t+1 times

1+v  (1,2,1,..,1) TCT..T
—_— T

t41 times t+1 times

The codons satisfy the Watson Crick Complement.
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Definition 17. For x = (zg, 21, ...,Tn—1) € D}, the vector (xn_1,Tn_2,...,21,T0)
is called the reverse of = and is denoted by x”. A linear code C™®) of length n over
Dy, is said to be reversible if x” € C) for every x € C'1).

For © = (zg,1,...,Tn—1) € D}, the vector (To,T1,...,Tn—1) is called the com-
plement of = and is denoted by xz¢. A linear code CY) of length n over Dy, is said
to be complement if z¢ € C® for every xz € C®.

For x = (z9,%1, ..., Tn—1) € DY, the vector (Tp_1,Tn—2,...,T1,T0) is called the
reversible complement of & and is denoted by z"¢. A linear code CY) of length n
over Dy, is said to be reversible complement if z7¢ € C® for every z € C®,

Definition 18. Let f(z) = ag + a1z + ... + a,a” with a, # 0 be polynomial. The
reciprocal of f(x) is defined as f*(z) = fo(%) It is easy to see that deg f*(x) <
deg f(x) and if ag # 0, then deg f*(z) = deg f(x). f(x) is called a self reciprocal
polynomial if there is a constant m such that f*(x) = mf(x).

Lemma 19. Let f(x),g(x) be polynomials in D;[z],1 < i < t. Suppose deg f(x) —
deg g(x) = m then,

i) (f(2)o(2))" = [*(2)g"(2)

i) (f(z) +g(x))" = f*(x) +2mg"(x)
Theorem 20. Let C) = (1 — vy — -+ — ;) C’{t) EBvlCz(t) ®-- -@vtCt(i)l be a cyclic
code of odd length over D;. Then C®) is reversible code over Dy if and only if
C’{t), Cét),“,,Ct(i)l are reversible codes over Zy.

Proof. Let Cl-(t) be reversible codes, where i = 1,2,...,t + 1. For any b € C® b =

(1—vy —--—v) by + v1ba + ... + vibsy1, where b; € C’i(t), for 1 <i < t+ 1.

Since Ci(t) are reversible codes for all 4, b € Cft),where i =1,2,...,t + 1. So,

b= (1= vy — - —vy) b +vabh + ... +vyb,, € OV Hence C is reversible code.
On the other hand, let CY) be a reversible code over D;. So for any

(1 — vV — - 7’Ut) b1 +’U1l)2 =+ ... +’Utbt+1,

where b; € C’i(t), for1<i<t+1, wegetd =(1—v;— - —v)b] +vb5 + ... +
vbl € CW. Let " = (1 — vy — -+ — vg) B +vobb+.tubl g = (1 — v — -+ —v) 81+
V182 + ... + v¢Sey1, where s; € Ci(t), for 1 <4 <t+ 1. Therefore Ci(t) are reversible
codes over Z4 for i =1,2,...,t + 1. O
Lemma 21. For any c € D;,where i =1,2,...,t, we have c+¢ = 1.

Lemma 22. For any a € D;,where i = 1,2, ...,t, we have a + 30 = 3a.

Theorem 23. Let C) = (1 — vy — -+ — ;) C’{t) @vlc'ét) & ~69’UtC’t(t+)1 be a cyclic
code of odd length n over Dy. Then CY) is reversible complement over Dy iff C*)
is reversible over Dy and (0,0,...,0) € C).
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Proof. Since C® is reversible complement, for any ¢ = (cg, c1, ..., cn_1) € C1) "¢ =
(Cn1,Cn_2,..,Cp) € CH. Since C® is a linear code, so (0,0,...,0) € C®. Since
C® is reversible complement, so (0,0, ...,0) € CY). By using Lemma 22, we get
g g
3c" = 3(cn717cn727 EE) CO) = (En7176n725 "'760) + 3(6a 67 ,6) € C(t)

Hence for any ¢ € C®), we have ¢" € C®.
On the other hand, let C'*) be reversible code over D;. So, for any ¢ = (cg, ¢1, ..., ¢n_1) €
C®, then ¢" = (¢p_1,Cn_2,...,c0) € CH. For any ¢ € C®),
" = (Cn—1,Cn—2, .-, C0) = 3(Cn—1,Cn—2,...,C0) + (6’67 76) ec®

So, C® is reversible complement code over D;. O

Theorem 24. Let S1 and Sy be two reversible complement cyclic codes of length n
over D;, where i = 1,2, ...,t. Then S1 + Sz and S1 N Sz are reversible complement
cyclic codes.

Proof. It is shown that as in proof of Theorem 23, in [6]. O

5. BINARY IMAGES OF CYCLIC DNA CODES OVER D;

In this section, we will determine binary images of cyclic DNA codes over D;,
where i = 1,2, ..., t.

The 2-adic expansion of ¢ € Z4 is ¢ = a(c)+28(c) such that a(c)+5(c)+~(c) =0
forall ce Z,

W~ OO

The Gray map is given by

v Z,— 72

¢ — Y(c) = (B(c),7(c))
for all ¢ € Z, in [18]. We define

O, : D, — 720D
do+vidy + ... +vidy  —  Oy(do +v1dy + ... +vedy) = U (By (do + v1dy + ... + vedy))
= U(dy,dy+du,...,do + di)

(B(do),v(do), B(do + d1),v(do + d1), ..., B(do + dy),y(do + dy))

where @, is a Gray map from D, to Zﬁ“.
Let dy + v1dy + ... + v;d; be any element of the ring D;. The Lee weight wy, of
the ring D; is defined as follows

’LUL(do +vidy + ...+ ’Utdt) = U}L(do, do+dq,...,dy + dt)
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where wy,(dg, do + d1, ..., do + di) described the usual Lee weight on Z}i“. For any
c1, ¢ € Dy the Lee distance dy, is given by dp(c1,¢2) = wr(c1 — ¢2).

The Hamming distance dg(c1, ca2) between two codewords ¢; and ¢s is the Ham-
ming weight of the codewords ¢; — co.

AA.A —  (0,0,...,0)
S~—— ——
t+1 times

2(t+1) times
TT.T — (0,1,0,1,..,0,1)
N—— —_———

t+1 times 2(t+1) times

GG..G — (1,0,1,0,...,1,0)
——

. N
t+1 times 2(t+1) times
cC.C — (1,1,..,1)
N—_—— N———

t+1 times 2(¢t+1) times

Lemma 25. The Gray map O, is a distance preserving map from (D}, Lee dis-

tance) to (Z22(t+1)", Hamming distance). It is also Zy-linear.

Proof. For c1,co € DY, we have (jt(cl —¢9) = Ot(cl) - Ot(cg). So, dr(c1,c2) =
wr(cp —c2) = uV)H(Ot(cl —¢2)) = wy(O(e1) — Or(ez)) = dp(O(er), Oi(c2)). So,
the Gray map Oy is distance preserving map. For Zs-linear, it is easily seen that
Ot(klcl + k‘QCQ) = klOt(Cl) + k20t<c2), where c1,co € D?,]{Zl,k‘g € Zs. O

Proposition 26. Let o be the cyclic shift of DY and n be the 2(t + 1)-quasi-cyclic
shift of Z22(t+1)n. Let O, be the Gray map from D to Z22(t+1)n. Then O0 = nét.

Theorem 27. If C is a cyclic DNA code of length n over Dy then ét(C) s a
binary quasi-cyclic DNA code of length 2(t 4+ 1)n with index 2(t + 1).

6. SKEW CODES OVER Dy

We are interested in studying skew codes over D; for ¢ = 2, ..., ¢, in this section.
Firstly, we define a nontrivial automorphism 6; on the ring D; for t > 2, by 6;(v;) =
Vit1(modt), Where i =1,2,... 1.

For example, for ¢ = 2, a nontrivial automorphism 5 on the ring D5 as follows

92 : .D2 I .D2
d() + ’Uldl + ’UQdQ [— do + Uldg + ’Ugdl
where do, dl, do € Zy.

The ring Dy[,0;] = {ap +a1x+ ...+ an_12" 1 1a; € Dy,i =0,...,n—1,n € N}
is called skew polynomial ring. The ring is a non-commutative ring. The addition

in the ring D;[z, 6;] is the usual polynomial additional and multiplication is defined
using the rule, (az®)(bz?) = af}(b)z*+7. The order of the automorphism 6, is t.
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Definition 28. A subset C®) of D7} is called a skew cyclic code of length n if c®
satisfies the following conditions,

i) O is a submodule of D},

(ti)i) If ¢ = (co,C1yemyn1) € CO | then o, (c) = (01(cn_1),0:(c0), ..., O(cn_2)) €
C

Let fi(z) + (z™ — 1) be an element in the set S, = D[z, 0]/ (™ — 1) and let
ri(x) € Dilx,0;]. Define multiplication from left as follows,

ri(@)(fe(x) + (2" = 1)) = ri(2) fr(2) + (2" — 1)
for any r¢(x) € D[z, 6y].

Theorem 29. S, is a left Di[z,0:]-module where multiplication defined as in
above.

Theorem 30. A code CY) in Stn of length n is a skew cyclic code if and only if
C® is a left Di[x,0;]-submodule of the left Dy[x,0;]-module Sin-

Theorem 31. Let C® be a skew cyclic code over Dy of length n and let f;(x)
be a polynomial in C®) of minimal degree. If fi(x) is monic polynomial, then
C® = (f,(x)), where f;(x) is a right divisor of ™ — 1.
Definition 32. A subset C) of D} is called o skew quasi-cyclic code of length n
if C) satisfies the following conditions,

i) C) is a submodule of D},

Zl) Ife= (60’0, cy€0,1—1,€1,05 43 €1,1—15 -4y E5—1,05 ++» 63717171) S C(t), then TOy,s,l (6) =
(gt(6571’0)7 ceny 9,5(6571’1,1), Gt(eo’o)7 ceey 9,5(60,171)7 ceey et(6572’0)7 ceey 9,5(6572’1,1)) S C(t)
We note that z° — 1 is a two sided ideal in Dy[z, 0] if t|s where t is the order of
0:. So Di[x,0:]/(x® — 1) is well defined.

The ring R, = (Dy[z, 0;]/(z*—1)) is aleft Ry = Dy[z,0;]/(z°—1) module by the
following multiplication on the left f(z)(g1(z), ..., gi(z)) = (f(x)g1(x),...f(x)gi(z)).
If the map A; is defined by

Ay: D — R
(6070, <y €0,1—-1,€1,05 -3 €1,1—1y -++3 €5—1,05 -+ 65_171_1) — (Co(ﬂf), ceey cl_l(m)) such that
cj(z) = Ef;é ei;jx" € Ry where j = 0,1,...,1 — 1 then the map A; gives a one to
one correspondence D} and the ring R..

Theorem 33. A subset CY) of D is a skew quasi-cyclic code of length n = sl and
index 1 if and only if A;(C™®)) is a left Ry-submodule of RL.

Definition 34. Let 0, be an automorphism of Dy, \; be a unit in D;, C) be a
linear code Dy. A linear code C®) is said to be a skew constacyclic code if C*) is
closed under the 8; — A¢-constacyclic shift 1o, x, : Dif — D} defined by

TOt,At(C()v sy Cn—l) = (et()\tcnfl)aet(c())a ) 9t(0n72))
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7. THE GRAY IMAGES OF SKEW CYCLIC, QUASI-CYCLIC AND CONSTACYCLIC
CODES OVER D,

Proposition 35. Let oy, be the skew cyclic shift on D}, Let ®; be the Gray map
from D} to Zfﬂ)n and ¢ be as in the preliminaries. Then

Di09, = vp®y

where v is map such that v(T1, T, ..., Te41) = (T1, Tey1, Tty ..., T2) for x; € Z,i =
Lot + 1.

Proof. 1t is proved that as in the proof the Proposition 3. O

Theorem 36. The Gray image of a skew cyclic code over Dy of length n is per-
mutation equivalent to a quasi-cyclic code of index t + 1 with length (t + 1)n.

Proof. Tt is proved that as in the proof the Theorem 4. O
Proposition 37. Let 79, 5; be the skew quasi-cyclic shift, I be as in the prelimi-
naries, ®; be the Gray map from D} to Zitﬂ)n. Then

(I)tTGt,s,l = vl'®;

where v is map such that v(x1,xa, ..., T141) = (T1, Ter1, Tty ..., T2) for x; € ZP i =
1ot +1.

Theorem 38. The Gray image of a skew quasi-cyclic code over Dy of length n is
permutation equivalent to a l-quasi-cyclic code of index t + 1 with length (t + 1)n.

Proposition 39. Let 74, » be the 0:-\i-cyclic shift, let @, be the Gray map from
D} to Zitﬂ)n and oy, be constacyclic shift. Then
(I)tTGt,)\t = U(I)t(f)\t
where v 15 a map such as above.
Theorem 40. The Gray image of a skew constacyclic code over Dy of length n is

permutation equivalent to the Gray image of a constacyclic code over Dy of length
n.

8. SKEW cycLIC DNA CODES OVER D,

In this section, we introduce a family of DNA skew cyclic codes over D;. We
study its property of being reverse complement.
For all z € D;, we have

0¢(2) + 0:(z) = 1

Theorem 41. Let CY) = (fi(x)) be a skew cyclic code over Dy of length n, where
fi(z) is a monic polynomial in C® of minimal degree. If CY) is reversible comple-
ment, the polynomial f,(x) is self reciprocal and (1,1,...,1) € C®).
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Proof. Let C) = (f,(x)) be a skew cyclic code over D,, where f,(z) is a monic
polynomial in C®. Since (0,0, ...,0) € C®) and C® is reversible complement, we
have (0,0,...,0) = (1,1,...,1) € C.

Let fi(z) = 1+alx+..+al_ 2" ' +2a". Since C*) is reversible complement,
we have f7¢(z) € C®. That is

Ty =14z +. . 2" 240" al, 2" L abi a2 4 02t

Since C® is a linear code, we have f/°(z) — 2= € C(®). This implies that

—a" " (@t — D2V 4 (af — Dz 2 -t e o)

By multiplying on the right by z"+!—"
—1+ (afr_y — )0 (Vz 4 ... + (af1 — )0, 1)z — 07 (1)2z" € CV

By using a +a =1, for a € D;, we have

, we have

—1—at_jx—al _ya*— . —ala"t—a" =3f(x) e CW

Since C*) = (f,(x)), there exist q;(x) € Dy [z, 0;] such that 3f7(x) = q:(z) f: (z).
Since deg fi(z) = deg fi(x), we have g:(z) = 1. Since 3f;(x) = fi(x), we have
fi(x) = 3f:(x). So, fi(x) is self reciprocal. O

Theorem 42. Let CY) = (fi(x)) be a skew cyclic code over Dy of length n, where
fi(z) is a monic polynomial in C) of minimal degree. If (1,1,...,1) € C® and
fi(x) is self reciprocal, then CW s reversible complement.

Proof. Let fi(z) = 1+ alw + ...+ al_;2"~! + 2" be a monic polynomial of the
minimal degree.

Let ¢,(z) € CW. So, ¢;(z) = q(z)fi(z), where g (x) € Dy[z,6,]. By using
Lemma 19, we have ¢ (x) = (q:(z) fe(z))* = ¢f (x) ff(x). Since fi(x) is self recipro-
cal, so ¢ (z) = ¢ (z)es fi(x), where e; € Z4\{0}. Therefore ci(z) € C") = (f,(z)).
Let ci(x) = ¢+ cia + ... + cta™ € C®. Since O is a cyclic code, we get

ci(x)z Tt =chan T a4 L e € c®
The vector correspond to this polynomial is
(0,0,...,0,cb, ¢, ...,ct) e ¢
Since (1,1, ...,1) € C® and C® linear, we have
(1,1,...,1) = (0,0,...,0,¢b, ¢, o) = (1, .., 1,1 = b, .., 1 — k) e B
By using a +a@ =1, for a € D;, we get
(1,1,..,1,¢, ...ty e c®

which is equal to (¢ (x)*)". This shows that ((c.(x)*)")" = ¢i(x)™¢ € CW). O
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9. MDS CODES OVER Dy

In this section, we investigate some properties of MDS codes over D;.
It is well known that C¥) is a linear code of length n over D;, where i = 1,2, ...t
and dy, is the minimum distance, then

€O <Dyttt

where ¢ = 1,2,....,1. So dy; < n —logp, |C’(i)| + 1, where ¢ = 1,2,...,¢t. This
inequality is called Singleton bound. If C¥), where i = 1,2, ...,t meet the Singleton
bound, then CY), where i = 1,2, ..., ¢ are called MDS codes.

Lemma 43. Let C be a linear code of length n over Zy, the C is a MDS code if and
only if C is either Z} with parameters (n,4™,1) or (1) with parameters (n,4,n) or
(1)* with parameters (n,4"~1,2), where 1 denotes the all 1 vectors, [17].

We know that if C() is a linear code of length n over D;, where i = 1,2, ...,t,
then

CO=(1-v,——v)CP@v,0 & & Ul,ci(jr)l

where C’](-i) is a linear code of length n over Z,, where j =1,...;7+ 1.
Let dy, be the Hamming distance of C?). Then dy, = min {dp,,} for1 <i<t,

1 <j <i+1, where dy, ; is Hamming distance of CJ(-i). So the Singleton bound
can be written as
i+1

! (i)

Lemma 44. Let C% be a MDS codes over D;, where i = 1,2, ..., 1.

i. If dg, = 1, then all of C’j@, j=1,...,i4+1, are MDS codes with parameters
(n,4™,1).

9. If dg, = 2, then all of Cj(-z), j=1,...,i+1, are MDS codes with parameters
(n,4"n=1 2).

Proof. (i) If dg, = 1, then Z;ill log, ’CJ@’ = (i 4 1)n. Since C') is a MDS code
over D;, wherei =1,2,....¢t, but \C](-i)| < 4™, then the identity is true iff |C](-i)| =4",
where 1 <4 < t, 1 <j < i+ 1. Therefore C is a (n,40+1" 1) MDS code iff all
of Cj(i) are (n,4™,1) MDS codes, where 1 <¢<t,1<j<i+1.

(i) If d, = 2, then Z;J:l log, ‘Cj(i)‘ = (i+1)(n—1). Since dy, = min {dpg, , },
then dy, ; > 2,for 1 <i <t, j=1,...,i+1. By using Singleton bound of code over
Zy, we get |CJ(1)\ < qndmi ;L For all i, since dp, ; > 2, we have gn—dm; j+1 < gn—1
Then we have all of C’j(-i) are (n,4""1 2),where 1 <i <t, 1<j<i+ 1. O
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Theorem 45. If C is a MDS code over D;, where i = 1,2, ...,t, then there is at
least one Cj@, 1<i<t, j=1,...,i+1, be MDS code.

Proof. It is proved that as in the proof the Theorem 4.3 in [7]. O

Theorem 46. If C) is q MDS code over D;, where 1 = 1,2,...,1 and there exist
1 numbers MDS codes of C'](.l),l <i<t,1<j5<i+1, then the other C'J(»Z) must be
MDS code and all C](i) with same parameters.

Proof. It is proved that as in the proof the Theorem 4.4 in [7]. O

Corollary 47. CV) is a MDS code over D; iff all ofC’]@ for1<i<t j=1,..,i+1
are MDS codes over Z, with same parameters.

10. CONCLUSION

In this paper, we generalize some results which are given in the papers [6] and
[7], to the linear codes over D;, where ¢ = 1,2, ...,¢.
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