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NEW INEQUALITIES IN TERMS OF OPERATOR m-CONVEX
FUNCTIONS IN HILBERT SPACE

ERDAL UNLUYOL, YETER ERDAS, AND SEREN SALAS

ABSTRACT. In this study, we obtained some new inequalities via operator m-
convex functions. Afterwards, we generalized and revised some theorems and
lemmas in operator m-convex functions.

1. INTRODUCTION

We know the below inequality in literature as Hermite-Hadamard,

1030 <t [ e < 1OEI0 (11)

2 "7 b—a
where f : R — R is any convex function, a,b € R. It satisfies approximates of
the mean value of f : [a,b] — R continuous convex function. Let A, B € B(H) be
selfadjoint operators, where H is a Hilbert space, B(H) is all bounded operators
from H to H. Then for every x € H

A<B means that (Az,z) < (Bz,x)

or
B<A means that (Bx,z) < (Az, x)

Let (H, (-,-)) be a complex Hilbert space and A be a selfadjoint operator on it. The
Gelfand transformation sets up a ® *-isometrical isomorphism C(Sp(A)) among
C*(A) the C*(A)-algebra C(Sp(A)) is C*(A)-algebra of all continuous complex-
valued functions on spectrum A. Let f,g € C(Sp(A)) and o, 8 € C

i @(af + Bg) — ad(f) + f(g)

i, (fg) = B(f)B(g) and B(f*) = B(f)"

i, || B(f) I=I| f = suprespoa | F(0) |

iv. ®(fp) =1and ®(f1) = A where fo(t) =1, f1(t) =t for t € Sp(A)
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OPERATOR m-CONVEX FUNCTIONS 825

which is the element of ®(f) of C*(A), is continuous functional calculus. In this
conditions, if for all ¢ € Sp(A4), f(t) > 0, then f(A) > 0, namely f(A) is positive
on H. Let f,g: Sp(A) — R be two functions. If for every t € Sp(A) f(t) < g(¢),
then f(A) < g(A) in the operator order B(H).

Definition 1. [I] Let f : I C R — R be continuous function and A € [0,1]. If for
all A, B € B(H) selfadjoint operator, where spectra in I,

F((1=NA+AB) < (1= N f(A) + Af(B)
inequality satisfies, then we say the f is an operator convex function.

Definition 2. [7] Let f : [a,b] — R be any function and m € [0,1]. If for all
x,y € [a,b] and t € [0,1], the following inequality holds. Then we say the function
M-Cconvex

[tz +m(1 —t)y) <tf(z) +m(l—1)f(y).

Now, we give an example of m-convex function [6]. The function

)= {

is m-convez for every m € (0,1/2].

x for 0<z<1
x—% for 1<x<2

[S][eC NI

Definition 3. [2] Assume that, f : I C R — R be a continuous function and
A € 1[0,1]. Then if for all A,B € B(H) selfadjoint operators, whose spectra in I
and m € [0,1],

F((1= M)A+ mAB) < (1 - A)f(4) + mAf(B)
inequality holds, we say the f function is an operator m-convex.

Theorem 1. [] Let f,g : I C R — R be operator s1 and sy convex functions,
respectively. Then for every positive A, B operator in Hilbert space whose spectra
in I, the following inequality holds for any x € H, with ||z||=1,

«
T S +s9+1
B(s1+ 1,82+ 1)N(A, B)(z)

/1<f(tA + (1 —=t)B)x,z){(g(tA+ (1 — t)B)x, z)dt M(A, B)(x) +
0

where
1
Blx,y) = / t" N1 =)t e >y (Beta function)
0

and
M = M(A, B)(z) = (f(A)z,z){9(A)z, z) + (f(B)z, z)(9(B)z, z)

N = N(A, B)(z) = (f(A)z, z)(9(B)z, x) + (f(B)z, z){9(A)z, z).
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Theorem 2. [4] Let f,g : I C R — R be operator s1 and sa convex functions,
respectively. Then for every positive A, B operator in Hilbert space whose spectra
in I, the following inequality holds for any x € H, ||z||=1,

) o))

1
< A<ﬂm+ﬂfﬂ3ﬁwmmA+ﬂfﬂm%@

1
1 1)M(A, B —N(A,B . 1.2
51+ Lsa + DM(AB)&) + ———— NAB)@). (12

where

1

Blz,y) = / t" N1 =) tdt e >y (Beta function)

0

and

M = M(A, B)(z) = (f(A)z, z){g(A)z, ) + (f(B)z, z)(9(B)x, x)

N = N(A, B)(z) = (f(A)x, z){g(B)z, z) + (f(B)z, ) {9(A)z, z)

Theorem 3. [4] Let A,B € K C B(H)", B(H)™" is set of all positive operators.
Then AB + BA is positive if only if

f(A+B) < f(A)+ f(B)
Where f is nonnegative operator function on [0,00).

Theorem 4. [I] Let f be an operator convex function on the I. Under the cir-
cumstances, for all selfadjoint A, B operators, whose spectra in I, below inequality
holds,

fA28) < i) A3
< /1f((1—t)A+tB)dt
0
< At E  JALIB)y
S B)
- 2
2. RESULTS

Lemma 1. If f is operator m-convex on [0,00) and non-decreasing function for
operator in K, —(Azx,z) C I and m € (0,1] then f(A) is positive for every A € K.

1
m
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Proof. Since f is operator m-convex and A € K, we can write the following in-
equality,

i = f(tA—i—m(l — t)AT:—:nl((l -4 +tA)>
< fA+m(l—HA+m((1— t)% +tA))
< tf(A) +m(l—1)f(A)+ (1 —1)f(A) +mtf(A)
So, we have
fA) < fA)(m+1)
0 < f(4)
Consequently, f(A) is positive. O

Lemma 2. Let I C [0,00), and f : I — R be continuous function. Then for all
A,B € K C B(H)*, f is an operator m-convex on I if only if for every v € H
with ||z]| =1,

0r.a8t) = {f(L-t)A+mitB)z, )
defined ¢, 4 g :[0,1] — R function is m-convex.

Proof. We assume that f is operator m- convex, then we prove the ¢, 4 p(-) func-
tion is m-convex. For A, B € K whose spectra are in I,t1,t2 € [0,1] and A\, > 0
with A +m~y = 1, we can write the below equalities

gvaA,B()\tl +myte) = <f([1 — (M1 + mvtz)}A + m[/\tl + m’yb]B)x, a:>

_ <f(A — M1 A — mAyty A+ mAt, B + mz'ytzB)ﬂ% x>

<f(1.A + )\[ —t1A+ mtlB} + m'y[ — 1A+ mth])x,x>.
If we take A + my instead of 1, then we obtain the following equalities
Pu,a,5 (A1 + mt2)
= <f(()\+m'y)A+)\[—t1A+mtlB] —|—m7[—t2A—|—thB]>:c,£c>
= <f()\A—|—m'yA—|— /\[ - t1A+mtlB] +mv[ - t2A+mt2B])z,:z:>
= (f(A[A= A+ mts B + my[A ~ 24 + mizB] ),z )
= (F(AL = t) A+ mt B] + ma[(1 = t2)A + mizB] ), )

Due to f is operator m-convex

@x,A,B(Atl + mpth) < A%z,A,B(tl) + m’ys@z,A,B(tQ)
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inequality holds, so ¢, 4 p(-) function is m-convex. Now we assume vice versa,
namely if ¢, 4 p is m-convex then we will show that f is operator m-convex. Let
for all t1,t2 € [0,1], m € [0,1] and A,B € K

C .= (1 — tl)A+ mtlB

D= (1 — tQ)A + thB

In this case, we calculate

¢z.0,0(A) = (f(1 = A)C +mAD)z, z)

(F((L =N —t1)A +mt1B] + mA[(1 — t2) A + mt2B])z.z)
(f(A=ti A4+ mt B — AA+ M1 A — mAt, B + mAA — mAto A + m? My B)x, x)
(A1 —t1) — MA(1 — t1) + mAA(1 — t3) + mt, B + m? Xty B — mAt, B)z, x)

= (f(-=M1 —t1)A+mt;B) + A(1 — 1) + mty B+ mAA(1 — t2) + mtaB))z, x)
(f(
(

F(A =21 =t1)A+mt1B) + mA((1 — t2) A + miaB))z, )

< (1=XN{f(C)x,z) + mA{f(D)x,x)

So proof is completed. O

Theorem 5. Let I C [0,00), f: I — R be nondecreasing and operator m-convex
function. For A,B € K C B(H)", whose spectra in I, %(Ax,x), %(Bac,@ € R,
€ (0,1)

<f(A+TmB)x,l‘> < ;/01<f([tA+m(1t)B]+m[f((1t):L +tB) >
< 1{<f(A)$a$>+m<f(B)$,$> +m(<f(A)$ ) + {f(2)x, $>)}
=3 2 2

inequalities hold.
Proof. For t € [0,1] and = € H with ||z|| = 1.
(tA+m(1 — t)Blx,z) = t(Az,z) + m(1l — t)(Bz, x)

Afterwards since (Ax,z) € Sp(A) and (Bz,z) € Sp(B), continuity of f,

/1 F(tA+ (1 — ) B)dt
0

operator valued integral exist. Due to f is an operator m-convex, for A, B € K
and t € [0, 1], we can write the below inequality,

FEA+m(1 —t)B) <tf(A) +m(l —1t)f(B)
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Then,
<f(A+TmB)x’x> _ <f(tA +m(l1—1t)B +2m[(1 -2 4 tB])MC>
< SUeatma-0B) £ mei -0+ 1Ble.2)
bom( = (e )+ midf( e, )
e G G0 | By
So we proved the desire consequent. 0

Remark 1. If we take m =1 in Theorem, then we obtain Hermite-Hadamard
Type inequality.

Theorem 6. Let f,g : I C [0,00) — R are nondecreasing operator my and ma-
convex function, respectively, my,ms € (0,1]. Then for any A,B € K C B(H)*
operators, whose spectra in I, and x € H with||z|| = 1,

/01[<f(tA+m1(1t)B):c,:c)(g(tA+m2(1t)B)x,szt < (K+m1m2S>+(m2L+m1R>

3 6

inequality holds, where

K = K(A)(z) = (f(A)z,z){9(A)z, z)
L = L(A B)(z) = (f(A)z,z)(g(B)z, )
R = R(A B)(z) = (f(B)z,z){g(A)z, z)
S = S(B)(z) = (f(B)z,z)(g(B)z,z)

Proof. For t € [0,1] and A,B € K,
(tA+m(1 —t)B)x,z) = t{Ax,x) + m(1l — t)(Bz,x)
then ¢(Az, z), m(1 — t)(Bx,x) € I and continuity f,g

1 1

FLA +my(1 — ) B)dt, /1g(tA+m2(1—t)B)dt,/ (Fg)(tA + m(1 — ) B)dt
0 0

0
integrals exist. Since f,g operator m; and mo convex functions, respectively, we
can write the following inequalities,

(f@A+m(1 =) B)z,z) <t(f(A)z, ) +mi(l — ) (f(B)z,z)
(9(tA+mo(1 —t)B)z,x) < t(g(A)z,z) + ma(l —t)(g(B)z, z).
If we multiply side by side, we have the following inequality

(F(tA + (L~ 0)B)r, 2} (g(tA + mo(1 — 1)B)a z)
< t2<f(A)$,$><g(A).’E, $> + th(l - t)(f(A)x, :E><g(B)$7.'L‘>
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+tmi(1 = )(f(B)z, z){g(A)z, x) +mima(1 — t)*(f(B)z,z)(g(B)z, z).

If we integrate the inequality over [0, 1], with respect to t,

/0 (ftA+m1(1 —t)B)x,x){g(tA +mo(1 — t)B)z, x)dt S(g) + (mgL)
mlR m1m2S
(D) 4 (22
then we obtain the proof of theorem. Here,
K K(A)(z) = (f(A)z,z)(g(A)z, z)
L = L(A,B)(Qj) = (f(A)x,x)(g(B)x,x}
R = R(A B)(z) = (f(B)z,z)(g(A)z,z)
S = S8(B)(x)=(f(B)z,z)(g(B)z,x)

O

Remark 2. If we take mi,mo =1 in Theorem@, then for s1,s2 =1 in (1.2) we
obtain the same inequality.

Theorem 7. f,g:1 C [0,00) — R are nondecreasing, operator my and ms-convex
functions, respectively. If for all A, B € B(H)™ operators, which Sp(A), Sp(B) C I.
L(Az,z), = (Bz,x) C I and my,ms € (0,1] then we obtain the following inequality.

(f(24528)z, 2)(g(AH52F )z, x)

1

< %/ (ftA+mi(1 —t)B)x,x)(g(tA + ma(l — t)B)z, x)dt
0

K meL miR mimsS

< =
- 12 6 6 12

where © € H, ||z|| = 1.

Proof. Since f, g are nondecreasing, operator m; and my-convex functions, respec-
tively, for ¢t € [0,1], x € H and |z|| = 1 we can easily calculate the following
inequality:

tA+mi(1—t)B +mi((1—1t)-2 +tB)

mi
2

(tA+ ma(l —t)B +ma((1 —t)2 +1tB)

mao
2

)z, )

x(g T, x)
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< Bf(tA—kml(l ~ OB +mu((1 —t)mil +tB)>} Bg(tAvng(l — 4B

+ma((1 — t)mi2 + tB))}

— i [(f(tA +my(1 —t)B)z, z)(g(tA + my(1 — t)B)z, :@} (2.1)
J& -<f(tA +mi(1 —t)B)z, z)(g(ma((1 — t)% + tB)):r,x)} (2.2)
[ Um( =02+ B a) a1~ 02 4 1B))a)| (23)
+i :<f (ma((1 = t)mi1 +tB))z,z)(g(tA + ma(l — t)B)z, @} . (24)

If we keep constant (2.1),(2.2) and for (2,3),(2,4) we use the operator my,ms-
convex function of f, g respectively, then we have below inequality

(tA—i—ml(l —t)B+mi((1—t)2 +tB)
2

tA+mo(l—t)B+ma((1—1t)2L +B)
x(g( 5 : T, T)

T, )

(ftA+my(1 —t)B)x,x){g(tA + ma(1 — t)B)z, x}]

A
| =
—

(1= )2+ tB))a ) glma(1 - D)2 + tB))x,:cﬁ

+

+
N N e

(14 ()2.) 4 ma(1 = 0Bl ) (0= DloA)s.a) + matlg(Bre. o)) |

+

(0 00722} + matt(2)0,2) ) (1o, + malt = (Bl )|

Finally, if we integrate above inequality over [0, 1] with respect to t and

/Olf(tA+m1(1_t)B)dt:/0

we use the equality, then we complete the proof of the theorem. ([l

1 f((l A+ m1tB> dt

Remark 3. If we choose mi,ms =1 in Theorem, then for s1,s2 = 1 in (1.3)
we obtain the same inequalities.
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