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Integral operators on Riesz-Morrey spaces
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ABSTRACT. The main result of this paper is the boundedness of integral operators on Riesz-Morrey spaces. As
applications of the main result, we extend Hardy’s inequalities to Riesz-Morrey spaces and establish the boundedness
of the Hadamard fractional integrals on Riesz-Morrey spaces.
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1. INTRODUCTION

In this paper, we study the boundedness of some integral operators on Riesz-Morrey spaces
defined on (0, 00). We also extend Hardy’s inequalities and the boundedness of of the Hadamard
fractional integrals to Riesz-Morrey spaces.

The study of Riesz-Morrey spaces is initialed by a surprising result from Riesz in [15]. This
result states that for any cube the Lebesgue spaces on that cube can be characterized by so
called the Riesz norm, see [18]. The studies of the Riesz-Morrey had been revitalized by an-
other interesting result in [18] which shows that the family of Riesz-Morrey spaces is a bridge
connecting Lebesgue and Morrey spaces. The Morrey spaces are introduced by Morrey in [13]
to study the solutions of some quasilinear elliptic partial differential equations. For the history
and developments of the Morrey spaces, see [1, 17].

The Riesz-Morrey spaces had been further investigated in [19, 20] which show that the non-
triviality of the Riesz-Morrey spaces and the mapping properties of the Calderén-Zygmund
operators on the Riesz-Morrey spaces.

In this paper, we aim to study the integral operators for Riesz-Morrey spaces defined on
(0,00). Notice that the results in [18, 20] are mainly Riesz-Morrey spaces defined on R™ and
cubes on R™ while they are still valid for the Riesz-Morrey spaces defined on (0, ).

We obtain a general result assuring the boundedness of some integral operators on Riesz-
Morrey spaces. This general result is obtained by studying the boundedness of dilation op-
erators on Riesz-Morrey spaces. This idea had been used to obtain the boundedness of some
integral operators on function spaces, such as the amalgam spaces and grand Morrey spaces in
[7] and [10], respectively.

As applications of this general result, we obtain the Hardy inequalities on Riesz-Morrey
spaces. We also establish the boundedness of the Hadamard fractional integrals on Riesz-
Morrey spaces.
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This paper is organized as follows. We give the definition of Riesz-Morrey spaces and
the boundedness of dilation operators on Riesz-Morrey spaces in Section 2. The main result
of the boundedness of integral operators on Riesz-Morrey spaces is established in Section 3.
The Hardy’s inequalities and the boundedness of the Hadamard fractional integrals on Riesz-
Morrey spaces are also established in that section.

2. DEFINITIONS AND PRELIMINARIES

LetI = {(a,b) : a,b € (0,00), a < b} be the set of connected open intervals on (0, cc). For
any I €I, let |I| denote the Lebesgue measure of I. For any ¢ € (0,00) and I = (a,b) € I, write
I; = (ta,tb). We have || = t|I|.

We now give the definition of the Riesz-Morrey spaces defined on (0, c0).

Definition 2.1. Let o € R, p,q € [1, 0], the Riesz-Morrey space RM,, , . consists of all Lebesgue
measurable functions f satisfying

P

pa—P
2.1) [ fllray g0 = sup (ZU}cl PaTa ||f><1k|’£q> , DF# 00,
k
22) 1l RM e g0 = sup 1™ 4| fxtllzss P = o0,
€

where the supremum in (2.1) is taken over all families of pairwise disjoint intervals { I} } pen.

The above definition is adapted from the Riesz-Morrey spaces defined on R™ and cubes in
[18].

The results obtained in [18] are for Riesz-Morrey spaces defined on R™ and cubes. With
some obvious modifications, they are also valid for Riesz-Morrey spaces defined on (0, co).
For instance, we see that RM, ;0 = LP and RM,, ,1_1 = L7 [18, Theorem 1]. Notice that

the Riesz-Morrey spaces are non-trivial, that is, the fpan{ily of the Riesz-Morrey spaces is not
entirely consisting of Lebesgue spaces, see [20].
We now study the boundedness of dilation operators on the Riesz-Morrey space RM), 4 .
Let f be a Lebesgue measurable function and ¢ € (0, c0). Write D, f(y) = f(ty), y € (0, 0).
The following results give the mapping properties of the dilation operator D; on RM), 4 .

Lemma 2.1. Let a € R, p,q € [1,0].
(1) If p # oo, then for any t € (0, 00),

_14,
IDef I Ratye =t 2 Nl R, -
(2) If p = oo, then for any t € (0, 00), we have

IDefllrM s g0 = ¥ fI RMoe 4.0 -

Proof. We first consider the case p # oc. For any families of pairwise disjoint intervals {/} } ven,
by using the substitution z = ty, we obtain

/ IDuf )7y = / ),
Iy (I)+
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_1
We have [[(Dyf)xr|[Le = t7 9| fX (1), lLe when g # oo and [[(Def)xkllz= = [|fx(1,), || Con-
sequently,

1—pa—2 l—pa—2 ,— P
(el P [(Def)xn e = el P79t | Xy 70

— P _ P _P
= [(Ie)el PO o | X 2
b

=t (L) TP | X, -

By taking summation over & € N on both sides of the above equalities, we obtain

P

—pa—P2 — Io% —pa— -
S PN D)l e = PN @) TP . [
k k

As {I}} ken are pairwise disjoint, {(Ix);} are also pairwise disjoint, Definition 2.1 yields

P

(Z [l 5 (Do, ||Lq> <5 fllrag .o

k

By taking the supremum over all families of pairwise disjoint intervals {I;}ren on both sides
of the above inequality, we obtain

_ 14
(2.3) IDefllangy yo <t 7 N fllRM, 0

Notice that D% (D.f) = f. Therefore, (2.3) gives

1 —14+pa
It = 123D < (3) 10
That is,
1.4
(24) N fllrty g0 < IDefllRM, , o

Thus, (2.3) and (2.4) yield

_ 1
IDeflragy o =t 7 N f RO, -

We consider p = co. For any I € I, we have

1

a1 Cay—1 1
I [(Def)xrlla = 79t || fxr,l L
1,1 1
=73 a | LT fx, | Lo
SN IRM o g -

By taking the supremum over I € I, we obtain

IDefll rM e g0 S N FlIRMc g0
As D1(Dyf) = f, we have

Dt fllRM e g0 =t N FI RMo g -

]

In the next section, we apply the above result to obtain the boundedness of some integral
operators on Riesz-Morrey spaces.
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3. MAIN RESULTS

The boundedness of integral operators on the Riesz-Morrey space RM, , . is established
in this section. By using this result, we extend Hardy’s inequities to the Riesz-Morrey space
RM, 4.« We also obtain the boundedness of the Hadamard fractional integrals on Riesz-
Morrey space RM), 4 -

The following is the main result of this paper. It gives criteria for the boundedness of integral
operators on Riesz-Morrey spaces.

Theorem 3.1. Let a € R, p,q € [1,00] and K : (0,00) x (0,00) — R be a Lebesque measurable
function. If for any s > 0, K satisfies

(3.5) K(sz,sy) = s 'K(z,y), Va,y € (0,00)
and
(3.6) / K (¢, 1)t~ 7 Tdt < oo,

0

then the integral operator

Tf) = | K@iz, e 0.)
0
is bounded on RM,, 4 .-
Proof. Let f € RM,, 4 . By using the substitution « = yt, t > 0, we find that

/ K (@) f (2) e = / K () £ (1) .
0 0

Thus, (3.5) guarantees that
| 1K Gws@de = [ 1K) fold
0 0
- [ e D

- / K (4, 1)Dof(y) dt.

For any family of pairwise disjoint intervals {Ij }xen, we have

) [ K (@) f () = / K (61D ) e (9)de.

Minkowski’s inequality for integrals [4, (6.19) (a)] assures that

(/0"“ (XI’“ v /ooo K (xvy)f(x)dx)q dy) |
i </°Oo (/0“’ (K (&) Def () xa, (y)dt>qdy) E

</ N ( / TR DD (), <y>dy) "

/ooo (D) ( / D), (Z/)dy) i
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Consequently, by using Minkowski’s inequality in [4, (6.19) (a)] with du being the counting
measure, we have

(Z et (7 (ot [ it y)f(x)lda:)q ) g) %

k

< (; et ( [ e[ 1) % dt) )
</OOC <|K(t, 1)\1’%: | I 7P (/OOO [ Def ()| xr, (y)dy) Z) ’ dt.

Definition 2.1 yields

(Z et (7 (ot [ |K<x,y>f<x>|dx)q dy)z

k

g/ (K (& DD f | R, g o dE-
0
As f € RMp 4., Lemma 2.1 guarantees that D, f € RM, 4. and

(Z et (7 (ot [ |K<x,y>f<x>|dx)qdy)g

(37) < [ K@D s, .
0
Thus, (3.6) asserts that for any y € (0, c0)
| 1K) @)
0

is well defined and [;° |K (x, ) f(z)|dz belongs to RM,, 4 . Consequently, T f(-) is well defined
and belongs to RM,, , . Moreover, (3.7) assures that T : RM,, ; o — RM, 4. is bounded.

N————— N—————
= D=

O

The following sections give the applications of Theorem 3.1 on Hardy’s inequalities and the
boundedness of the Hadamard fractional integrals on Riesz-Morrey spaces.

3.1. Hardy inequality. The Hardy’s inequality is one of the most important inequalities in
analysis. For the history, development and applications in analysis of Hardy’s inequalities, see
[3, 6, 12, 14]. The Hardy’s inequality is presented in terms of the boundedness of the Hardy
operator. We recall the definition of the well known Hardy operator.

For any locally integrable function f on (0, co), the Hardy operator is defined as

/f dz, y € (0,00).

We now extend Hardy’s inequalities to Riesz-Morrey spaces.

Theorem 3.2. Let o« € Rand p,q € [1,00]. If 1 + o > 1%, then there is a constant C' > 0 such that for
any f € RMp 4.
I H fllra, g0 < ClflIRM, -
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Proof. We see that
Hit@) = [ Koo )i,
where
Ko(z,y) = éX{(aj,y):0<ac<y}'

Obviously, for any s € (0, 00)
1 _
KO(va Sy) = @X{(z,y):0<sm<sy} =S 1K0(x,y).

Thus, it satisfies (3.5). Since 1 + a > 1%, we find that

1 1
tptatl 1

[e%s} 1
/ |K0(t,1)|t7+“dt:/ tr Tt =
0 0

Therefore, (3.6) is also fulfilled. Theorem 3.1 yields the boundedness of H : RM, ,, —
RM, 4.a- O

1 =1 :
—p tat+lly —pHa+tl

3.2. Hadamard fractional integrals. The Hadamard fractional integrals were introduced by
Hadamard in [5]. It provides several applications in applied analysis and inspires the studies
of some new fractional integrals, see [2, 8,9, 11, 16].

We recall the definitions of the Hadamard fractional integrals [2]. Let 8 € (0,00) and p € R.
For any locally integrable function f, define

Hend =5 [ () (o) 5@ u0

When i = 0, we see that

y B—1 d
Torot ) = 5355 | (022) r@ . v>o0

and joi.,o is the Hadamard fractional integral introduced and studied by Hadamard in [5].

Thus, jOﬁJﬁ L is a generalization of the Hadamard fractional integral. The reader is referred to
[2, 16] for the studies of the Hadamard fractional integrals.

We now use Theorem 3.1 to establish the boundedness of the Hadamard fractional integrals
on Riesz-Morrey spaces.

Theorem 3.3. Let « € R, p,q € [1,00|, B € (0,00) and p € R. If 3 > 0 and p — % +a >0, then
there is a constant C' > 0 such that for any f € RMp, q.

1T o f R0ty < CllFllRA, -

Proof. Write

1 z\" y\A 11
Ki(z,y) = X{(z,y):0<m<y}m <y) (log 5) 7

Thus,
joi,#f(y) :/0 Ki(z,y)f(z)dz.
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For any s > 0, we have

1 sz \ " B-1 1
Ki(sz,sy) = X{(m,y):0<sw<sy}m (sy) (1og ;) =

1 1 x\" y\f-11 4
= gX{(z,y):O<x<y}W (y) (10g 7) — =S Kl(fvy)~

Thus, K satisfies (3.5).
Moreover, by using t = e, we find that

/ K (¢, 1)t 7 Tdt
0

1 /1 ( 1)‘“ C1iadt
=—— [ t"|log~ AN —
L'B) Jo t t

1 . )
:—/ e~y te)uyf-1qy,
0

L'(3)
(3.8) 1 /1 —(u=Sta)uy -1 g, 4 L /Oo ~(p=tteu,B-1g
. —F(ﬁ) . e u U F(ﬁ) : e u u.
As 8 > 0, we have
1t . 1 uB !
(3.9) —/ e~ WmpFuyf—lgy < 0/ WwWl=0—| <C
L'(B) Jo 0 B lo

for some C > 0.
Since pu — % + a > 0, there exist e € (0, u — % + a) and constant C' > 0 such that uP~1 < Cet.
We get

(3 10) 1 /OO —(p—L+a)u ﬁ_ld < C/OO 7(‘uil+a7€)ud <C
. — e v u u < e v U
LB L 1
for some C' > 0 because p — 1% +a—¢€ > 0. Therefore, (3.8), (3.9) and (3.10) assure that K fulfills
(3.6). Theorem 3.1 yields the boundedness of JOBJﬁM :RMp g0 — RM, 4. O

In particular, if 8 > 0 and —% + a > 0, the Hadamard fractional integral \70/1)0 is bounded
on the Riesz-Morrey space RM), g -
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