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Abstract

The main purpose of this article is to discuss the existence of the common solution of
second-order nonlinear boundary value problems

() =k(,2(0),d'(2), ifg€[0,A], A>0,
r(n) =n, (0.1)
;(.72) = I2, J1,72 € [07‘/\]7

where k : [0,A] x &(8) x &(8) — &(8) is a continuous function and &(8) is a family of
fuzzy sets. In this regard we obtain common fixed point results for two pairs of fuzzy
mappings satisfying rational contractive condition in the setting of complex valued metric
spaces. Our results improve those reported in the existing literature.
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1. Introduction

Differential equations play a significant role in mathematical analysis and have numer-
ous applications in the real world problems. The problems arise in different fields of
sciences like physics, economics, engineering, and applied mathematics lead to differen-
tial equations which describe mathematical models. Somehow when the information arise
from the computational perception is vague, uncertain and partially true or without sharp
boundaries, researchers utilize the concept of fuzziness and describe mathematical models
by fuzzy differential equations or fuzzy linear systems. In [1], the authors have derived a
weak fuzzy solution for the system of fuzzy linear equations, while Salahshour et al. [30]
proposed a technique to find the approximate solution of fully fuzzy linear system. There
are various developed techniques to investigate the existence of the solution of differential
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equations. Fixed point technique is one of the most powerful tools for obtaining the re-
quired task. We refer the reader to [8,13,14,18,22-27,32,36,38| in which the researchers
have used fixed point results to investigate the existence of the solution of mathematical
models.

Banach contraction principle has been considered as the fundamental result of metric
fixed point theory [7]. Several generalizations of Banach contraction principle have been
demonstrated by many mathematicians in different frameworks like G’ metric spaces, rect-
angular cone metric spaces, probabilistic metric, quasi metric and cone metric spaces; see
[9,11,19,29,31] for details.

Heilpern [15] has highly contributed in fuzzy set theory by introducing fuzzy mappings.
He demonstrated the Banach contraction principle for fuzzy mapping in metric linear
spaces and derived fixed point results in the said framework. Several generalizations of
Heilpern’s fixed point results have been derived by researchers in different spaces; see
[3,4,6,12,37]. Recently, a variety of work has been done in solving various problems
of many applied fields of mathematics by fuzzy polynomial. Jafarian and his co-authors
designed a neural network to find the solution of fully fuzzy polynomial with degree n in
[16].

Dass and Gupta [10] generalized Banach contraction principle for rational type contrac-
tive inequality in metric space and addressed some fixed point results which are further
generalized in various spaces by extending the contraction condition. In the meanwhile it
was shown to be invalid approach to find fixed point results in vector spaces. They real-
ized that rational type contractive condition fails where division of vectors occurs. Due to
this defect the application of rational contractive condition does not work in cone metric
spaces.

In this regard Azam et al. [5] introduced a notion of complex valued metric space
which is a special case of cone metric spaces and obtained common fixed point results
with rational contraction. Afterwards several researchers extended the aforesaid work
using different types of rational contraction with self mappings and multivalued mappings
in the context of complex valued metric spaces; see, for instance, [2,17,20,21,34] and the
references cited therein. The researchers continued the process of more generalizations and
improved the contractive conditions by replacing control function to the Lipschitz constant
in contraction. In addition Sintunavarat et al. [33,35], have applied some common fixed
point results to investigate common solution to Urysohn integral equations in the context
of complex valued metric spaces .

In this paper, we prove some common fixed point results for two pairs of fuzzy mappings
satisfying a contractive condition of rational type in the setting of complex valued metric
spaces. The derived results generalize some results in the context of complex valued metric
space with fuzzy mappings.

As an application, we prove the existence of common solution of second-order nonlinear
boundary value problems (0.1).

2. Preliminaries

Definition 2.1 ([5]). Let the set of complex numbers be denoted by C. For ¢,y € C we
define a partial order < on C such that:

(Ci) rZp <= Re(r) < Re(y) and Im(x) < Im(y);
(Cii) r<1p<= Re(r) < Re(y) and Im(x) < Im(y);
(Ciii) r 29 <= Re(r) = Re(y) and Im(xr) < Im(y);
(Civ) r =9 <= Re(r) = Re(y) and Im(x) = Im(y).

Clearly if ¢ < d,= ¢y 3 dv, for all ¢,d € R. Note that, if r # y and one of (Ci), (Cii),
and (Ciii) is satisfied, then r ¥ v and we write r = p if only (Civ) satisfies. Note that

)0Zrzn=tf <y, Vr,nel;
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ii) r Tyand y < n3 =1 < y3, forall r,n,n3 €C.
Definition 2.2 ([5]). Let § be a nonempty set and o : § x § — [ be a mapping satisfies
the conditions given below:

1) 0 2 o(z,y), for all r,9 € 8§ and o(x,n) = 0 if and only if ¢ = v;

2) o(r,9) = o(y,x), for all r,y € §;
3) o(r,9) S o(r,r1) +o(r1,), for all r,z1,p € 8.

Then (8, 0) is called a complex valued metric space.

Definition 2.3 ([5]). A point ¢ € § is known as an interior point of a set Z C 8, if we
find 0 < € € C with

Br.e)={ped:o(,n) <€ CZ
A point ¢ € Z is known as the limit point of Z, if there exists an open ball B(r, €) with

B(r,e) N (Z\{t}) # ¢,

where 0 < € € 0. A subset Z of § is said to be open if every point of Z is an interior point
of Z. Furthermore, Z is said to be closed if it contains all its limit points. The family

V={B(,e):re8,0<¢€}
is a sub-basis for a Hausdorff topology & on 8.

Definition 2.4. Let (8,0) be a complex valued metric space. Throughout this paper, we
have denoted the family of all nonempty closed bounded subsets of complex valued metric
space 8 by CB(8). For v € [, we represent

sw)={rel:v=q}
and for y € § and U; € CB(S),

S(U7C) = Uecew, S(O’(lj, C)) = Ucew, {; el: U(U’C) = x}‘
For Uy, U1 € CB(8), we denote

5(62761) = (ﬂp€U2 S(p, Ul)) N (ﬂq€U1 S(Q7UQ))'
Let U : 8§ — CB(S) be a multivalued mapping. For ¢t € § and Q € CB(8) we define

We(Q) = {o(r,9) : ¢ € Q}.
Thus, for r,p € 8,
Wi (Uy) = {o(x,v) : v € Up}.

Definition 2.5 ([2]). Assume that (8,0) is a complex valued metric space, and the fuzzy
mapping K; : 8§ — &(8) observes the greatest lower bound property (glb property) on
(8,0). Then for any w € 8§ and o€ (0,1], the greatest lower bound of W,,([K1y]«) exists
in C for all w,y € 8. Here, we denote o(w, [K1y]c) by the glb of W, ([K1y]o), i-e.,

o(w, [K1yle) = inf{o(w,u) : u € [K1y]o}-

Definition 2.6 ([5]). Assume that {1,} is a sequence in complex valued metric space and
y € 8. Then we say that v is a limit point of {1, } if for each 0 < € € [ there exists an
ro € N with o(y,,9) < € for all r = ro; mathematically, we write lim, o v, = 1.

Definition 2.7 ([35]). Let 1, be a sequence in complex valued metric space (8, o).

i) A sequence t,, is called a C-Cauchy sequence in § if for any e € C with 0 < ¢, there
exists an ng € N such that for all m,n > ng, o(tn, tm) < €.

ii) (8,0) is said to be a C-complete complex valued metric space if every C-Cauchy
sequence is convergent in 3.
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Definition 2.8. Let (V, o) be a metric linear space. If L5, : V' — [0, 1], then Ly, is called
membership function and the function value L5, (u) is called the grade of membership of
u in U1 for w € V. The set containing u and its grade of membership is called fuzzy set.
For simplicity we mentioned L5, by Uy, then the oc-level set of Uy is denoted by [U1]«
and is defined as follows:

[O1]oc = {u : U1(u) >}, if o € (0,1],
[Ul]o = {u : Ul(u) > 0}.

Definition 2.9. Assume that &(8) is the family of all fuzzy sets in a metric space 8. For
01,02 € 6(8),01 C Ug means U (r) < Uay(x) for each ¢ € 8.

Lemma 2.10 ([31]). Assume that (8,d) is a complex valued metric space.
i) Letu,v €C. If u <, then s(u) C s(v).
ii) Supposer € 8 and Uy € N(8). If § € s(x,U2), then ¢ € Us.
iii) Let v € 0,052,051 € CB(8) and h € Uy. If v € 5(U2,U1), then v € s(h, V1) for all
h € Uy orv e s(Ug,¢) for all ¢ € Uy.

Definition 2.11 ([15]). Assume that Y is a metric space and 8 is an arbitrary set. If
F :8 — &(8), then F is called a fuzzy mapping. A fuzzy mapping F' is a fuzzy subset on
8 xY with membership function F'(¢)(y). The function F(r)(y) is the grade of membership
of y in F(x).

Definition 2.12 ([12]). If (8, 0) is a complex valued metric space and K1, K2 : § — &(8)
are fuzzy mappings, then the point ) € 8 is said to be a fuzzy fixed point of Kj if y €
[K19]o, where oc€ [0, 1] and a common fuzzy fixed point of K1, Ko if ty € [K19]o N [K29)c.

3. Main results

In this paper, we have used the notation, introduced in [33] as given below:
Ci ={rel:r=0}
and
F={£:0L—10,1):{x,} €04 with £(zn) = 1 =1, — 0}.
Theorem 3.1. Let (8,0) be a C-complete complex valued metric space, and K1, Ko, K3, Ky :
8§ — &(8) are fuzzy mappings satisfying the glb property. Let 81, 02,63 : C1 — [0,1) be given
mappings such that, for each r € § and oce (0, 1], there exist [K1t|oc, [Kat]ac, [K3t]oc, [Kak]o
(nonempty closed bounded subsets of 8). Suppose that the following conditions hold:

i) 01(x) + 62(x) + 63(x) < 1 and the mapping £ : 0y — [0,1) is defined by
Bl =15 ilgz)(x)
forallx eCy, £€T;
ii) for everyy,r € 8, we have
01 (0 ([Kst]ec, [Ka9]e)) o ([ K38 o, [Ka9]e)
o ([K1¥]oc, [K38] o) 0 ([K29)]oc, [Kah]o)

+02 (0 ([K38]ocs [K49]))

1+0(xy)
+63 (0 ([ K 38)or, [Kab]or)) o ([K1tlo, [Kinia()j(zp([gzn]a, [Kst]e)
€ s([K1t]a, [K29]o)- 3.1)

If [K1(8)]oc, [K2(8)]oc, [K3(8)]aes [Ka(8)]oc are closed sets and [K1(8)|e € [K4(8)]o and
[K2(8)]o C [K3(8)], then K1, Ko, K3, K4 have a common fuzzy fixed point in 8.
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Proof. Let ro be an arbitrary point in 8. Since [K1(8)]oc C [K4(8)]o and [K2(8)]o C
[K3(8)]o, we can define sequences {r,} and {9, } in 8 by 9o, € [Kiron—1]o € [K4lon|o and
Yon+1 € [Katon]oe C [K3t2n+1]a for all n € N. To prove that {y,} is a C-Cauchy sequence
in 8, consider assumption (3.1) of Theorem 3.1 such that ¢ = r2,—1 and y = r2,. Then

o1 (o ([Kar2n—1]oc, [Karzn)e)) o ([Ksran—1]ec, [Karan)e)

o ([K1x2n—1]oc, [K382n—1]o) o ([K2x2n]oc, [Kaon]oc)
1+ o(r2n—1,2n)

o ([K1r2n—1]oc, [Karon)o) o ([Koran) o, [K3ton—1]o)
1+ o(ra2n—1,2n)

+52 (U([K3x2n—1]ou [K4?2n]oc))

+03 (0 ([K3r2n—1]oc, [Kakon]a))

€ s([K1x2n—1]a, [Katon]o)-

It follows from 92, € [Kiron—1]o and Lemma 2.10 (iii) that

81 (0 ([Ksr2n—1]oc, [Karon)a)) o ([Ksron—1]o, [Karon)o)

o ([K1xon—1]o, [K3r2n—1]o) o ([K2x2n] oo, [Kakon]oc)
1+ o(r2n—1,2n)

o ([K1r2n—1]a, [Karon)a) o ([Koron] o [K3t2n-1]c)
1+ o(xon—1,x2n)

+62 (U([K3?2n—l]oc7 [K4I2n]o<))

+03 (O—([K3x2nfl]oc> [K432n]o<))

S 3(02717 [KQ;Qn]oJ .

Since [Karan o is a nonempty bounded closed set, there exists some 92,41 € [Karon]o with

01 (o ([Kar2n—1]oc, [Karzn)e)) o ([Ksran—1]ec, [Karan)e)

o ([K1x2n—1]oc, [K382n—1]o) 0 ([K2x2n]oc, [Kaon]oc)
1+ o(r2n—1,2n)

o ([K1x2n—1]o, [Kaxon]o) o ([Koron]oc, [K3ron—1]oc)
1+ o(ra2n—1,2n)

+62 (U([K3x2n—1]ou [K4?2n]oc))

+03 (0 ([K3r2n—1]oc, [Kakon]a))

€ S(U(UQm UQnH)),

that is,

o(W2n:D2n+1) = 01(0([K3r2n—1]ac, [Katon)o)) o ([Ksk2n—1]oc, [Kakon)«)
+02 (0 ([K3r2n-1] e, [Kak2n]))
" o ([K1r2n—1oc, [Ksr2n—1]oc) o ([K2r2n]oc, [Kakon)«)
1+ o (x2n—1,%2n)
+03 (0 ([K3ron—1]ec, [Katon]e))
y o ([Kixon—1]e; [Karon]o) o ([K2x2n]o, [K3t2n—1]o) '
1+ o (x2n—1,r2n)
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Using the glb property, we conclude that

o(2nsD2n+1) = 01(0(92n—1,D2n)) 0 (92n—1,D2s)
Don, U?n—l)U(UQn—i—l? U2n)
1+ o(h2n—1,92n)

U(Uan UQn)U(UQn—Ha U2n)
1 + U(Uanla 02n)

+02(0(D2n—1,92n)) 7t

+63 (O-(Uanl, r)2n))

=< 01(c(D2n-1,920)) 0 (D2n—1,D2n)
+02 (U(UQn—la U2n))0(02n+1, 1)2n)
~ 81(0(D2n—1,92n))

0\U2n—1,92n
1 _62(0'(02n—1’02n)) (02 102 )

51 (U(Uanlv U2n))
1 — d2(0(D2n—1,D2n))

= |o(92n, 92n41)| < lo(D2n—1:D2n) |

for all n € N. Utilizing condition (i) of Theorem 3.1, we get

lo(D2n, 920+1)| < £(0(920—1,D2n)) |0 (9201, D2n) |-

For 99,41 € [K2?2n]o<a

01 (o ([Kar2n+1]oc, [Karan)o)) o ([Karant1]oc, [Karan]o)

o ([K1r2n+1]oc, [Ksran+1]oc) o ((Karon]oc, [Kakon)o)
1+ o (r2n+1,k2n)

o ([K1r2n+1]a, [Karon)a) o ([Koton]oo [K3t2n41] o)
1+ o (ron+1,k2n)

+02 (0 ([Ksr2n+1]ecs [Karon]o))

+53 (G([K332n+1]oca [HFQn]a))

€ s([Kirant 1o, [Koran]o)-

Using Lemma 2.10 (iii), we have

1 (o ([Kar2n+1]oc, [Karan)o)) o ([Karan+1]oc, [Karon]o)

o ([K1r2n+1)oc, [K3r2n+1]oc) o ([Koron]oc, [Katon)«)
1+ o(r2n+1,k2n)

o ([Erons1]oc, [Karon]o) o ([Kotan]a, [K3tons1]e)
1+ o (x2n41,%2n)

+02 (0 ([Ksr2n+1] e [Karan]o))

+03 (O—([K3r2n+1]oc> [K432n]o<))

€ s([Kirant1los ant1)-

Then there exists a woy+2 € [Kiron+t1]o such that

1 (o ([Ksrant1]oc [Karanla)) o ([Ksrant1]o, [Karon]a)

o ([K1r2n+1)oc, [K3r2n+1]oc) o ([Koron]oc, [Karon)«)
1+ o(ran+1,k2n)

o ([K122n41)ocs [Katon]o) o ([K2k2n]a, [K382n41] o)
1+ o (r2n+1,k2n)

+02 (0 ([K3r2n+1])oc, [Kakon]x))

+03 (U([K3x2n+1]o<7 [K432n]oc))

€ s(o(2n+2,920+1)),
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that is,

o(D2nt2,92n41) = 01(0([K382n41]ec, [Katon)o)) o ([K302041]oc, [Kakon]o)
+02 (0 ([K3ran+1]a, [Karan]a))
" o ([K1r2n+1]oc, [K3r2n+1]oc) 0 ([Koron]oc, [Karon)«)
1+ o(ron+1,k2n)
+03 (0 ([K3r2nt1]a, [Karan]a))
y o ([K1r2n+1]oc, [Karon)o) o ([Koran) o, [K3ton+1)o)
1+ o(ron+1,x2n) '

An application of glb property implies that

0(02n+27 02n+1) = 0 (U(U2n+1a U2n>)a(02n+17 UQn)
D20+2, 9204+1) 0 (D20+1, D2n)
1+ ‘7(02n+17 U2n)
(92042, 920) 0 (92041, D2n+1)
1+ o(92n+1,92n)
1 (U(U2n+1a U2n))U(U2n+1, UQn)
+02(0(D2n+1,920)) 0 (D2n+25 D2n+1)
61(0 (92041, 92n))
1 —02(c(92n+1,92n))
01(a(92n+1,92n))
1 — d2(o(92n+1, D20

+82(0(D2n+1,92n)) il

+53 (U(U2n+17 r)Qn))

PN

U(Uzn+1, Uzn)

= |o(hon+2: D2nt1)| < N lo (920415 D2n) |

for all n € N. Applying condition (i) of Theorem 3.1, we get

lo(92n+2, D2n+41)| < £(0(92n41:D20)) |0 (92041, Y2n)|-

Consequently, we obtain

1000 9n41)| < L(0Wn—1,90))] o(0n—1,90)] < [0(Dn—1,90)]- (3.2)

This implies that the sequence {]Un, Dntr1 |}n€N is a nonincreasing monotonic and bounded
from below. Therefore, ]Un, \)n+1‘ — r for some r > 0. We will prove that » = 0. For this,
assuming 7 > 0 and taking limit as n — oo in (3.2), we deduce that

1< lim L(o(9p-1,90)) <1= Jim. L(o(9n-1,90)) = 1.
Since £ € T', we get |o(9,—1,9n)| — 0, which is a contradiction. Therefore, we have r = 0,
that is,
Tinn [0(901,9:)] = 0. (33)

Next, we have to show that {p,} is a C-Cauchy sequence. It is enough to show that
{n2n} is a C-Cauchy sequence. Suppose on the contrary that {ys,} is not a C-Cauchy
sequence. Then, by using Definition 2.7, there exists an € € [ such that e > 0, for which
there exist 2n, > 2m, > ¢ for all ¢ € N such that

o (92n,, D2m,) = €. (3.4)

Furthermore, we can choose m, correspondingly to n, such that it is the smallest integer
with 2mg > 2n, > ¢ satisfying (3.4). Then

U(Uany U2mq—2) < €. (35)
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By (3.4), (3.5), and triangular inequality, we obtain

€ = U(Uana Uqu)

= (920, 92my—2) + 0(D2m,—2, V2my—1) + T (V2me—1, Y2m,)

= e+ o(Wamg—2,92mg—1) + (D2my—1, 2m,);
which yields

le| < |0(02nq,02mq)! <le| + |0(02mq72,02mq71)| + {U(U2mq71702mq)|-
Taking limit ¢ — oo and using (3.3), we have
el < Jim_[o(92n, 92m,)| < el = Jim_[o(02n,92m,)] = el (3.6)
Again, by triangular inequality, we get
|0 (D2ngs D2my)| < |0 (D2ngs D2mg+1)| + |0 (D2mg+15 D2m, )|
< ’O—(UanulJqu)’ + ‘U(Uqu702mq+1>’ + \U(Uzmq+1,02mq)’-

Letting ¢ — oo and applying (3.3) and (3.6) in the above two inequalities, we conclude
that

Jim [o (920, 92m,+1)| = el (3.7)
Furthermore, we have
(D20, 92me+1) 2 D20y, 92n,+1) + T (D20g+15 D2my+2) + T(92m,+2, 92m,+1)- (3.8)

Consider o(92n,+1,92m,+2). By using condition (ii) of Theorem 3.1 with ¢ = r2,, and
Y = I2m,+1, we deduce that
01 (0 ([K3x2n,) o> [Kakamg+1)oc)) 0 ([K382n,) oo [Kakom,+1]e)
o ([K1r2n, oo [K382n,)a) 0 ([Kot2mg+1)oc [Kakom,+1]a)
1+ o (r2n,s t2mg+1)
o ([K 1820, locs [Kat2my+1]e) 0 (K 282m, +1]ocs [Kat2n, o)
14 0 (x2n, L2mg+1)

+02 (0 ([K382n,) o> [Kako2mg+1)oc))

+53 (U([K3?2nq]o<7 [K4?2mq+1]o<))

€ 3([K1;2nq]oca [KQPqu—f—l]a) .

Using construction of sequence, we obtain that yo,,+1 € [K1r2n,]«. Therefore, by virtue
of Lemma 2.10 (iii), we arrive at

61 (0 ([K3ranglocs [Karamg+1]ec)) o ([K382n, o [Karomg+1]a)

o ([K1¥an,locs [K382n,lo) 0 ([Koram,+1]oc [Kakam,+1]o)
1+ G(Pznq7?2mq+1)

o ([Kir2n, oo [Kaxomg+1)a) o ([K2t2mg+1)oc; [K3k2n, )
1+ o (r2n,s ¥2mg+1)

+52 (U([KS?ZTLQ]OQ [K4?2mq+1]oc))

+53 (U([KS?an]om [K4?2mq+1]oc))

€ 5(92n,+1, [Kotamg+1)o)-

Since [Kar2m,+1]« is a nonempty bounded and closed subset, one can write

01 (0 ([K3tang)ocs [Karamg+1]e)) 0 ([K3t2n, o [Katomg+1]e)

o ([K1xan, o, [Ksron,)o) o ([(Korom,+1)oc [Karomg+1]o)
L+ o (r2n,s t2mg+1)

o ([K1r2n,)oc; [Kar2mg+1)a) o ([Kor2mg+1]o, [K3k2n, o)
1+ J(Pznq, F2mq+1)

+02 (0 ([K3¥2n,)oc, [Ka¥2mg+1]ec))

+03 (U([K3?2nq]o<, [K4?2mq+1]oc))

€ s(0(D2ny+1, D2my+2)),
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that is,

0(D2mg+15D2mg+2) = 01 (0 ([Ksr2n,|ocs [Katomg+1]a)) 0 ([Kst2n, oo [Katom,+1]«)
+02 (0 ([ K382, o, [Katamg+1]a))
% U([Klnnq]oca [K3F2nq]0<)a([K2?2mq+l]oc, [K4X2mq+1]oc)
14 0 (x2n,) £2mg+1)
+03 (0 ([ K320, o, [Katamg+1]a))
y o ([Kir2n,)oc; [Kar2mg+1)a) o ([Kor2mg+1]o, [K3k2n, o) ‘
1+ 0 (v2n,s L2mg+1)

Utilizing glb property, we have

(020041, 92mg1+2) = 01(0 (2005 V2my+1)) 0 (D205 D2mg+1)
U(Uzan, UQnQ)U(Uzqu, Uzmq+1)
1+ U(U2nq, 1)2mq+1)
)) 0 (920,441, 92my+1) 0 (92m,+2, V2n,) .
1+ 0 (920, D2me+1)

+d2 (U(Uana UquJrl))

+03 (U(U2nq s D2mg+1
This implies that

|0 (920415 D2my+2)| < 01(0 (9205 D2my+1)) |0 (D2ny 5 D2mg+1) |

|0 (D201, 92n,) | |0 (D2my 2, V2mg 1) |
1+ |0(U2nq7 Uzmq+1)|

+ 03(0 (D20 V2mg+1))

(|o(2ng+15D2ny)| + |0 (92045 D2me+1)]) (|0 (D2mg+25 D2mg+1)| + |0 (92mg+15 D2n,)|)
L+ [o(D2ngs D2mg+1)]

+ do (U(Uanv U2mq+1))

X

Now, (3.8) yields

o (D204 D2me+1)] < (092045 D2n,+1)| + 10 (020,41, 92m,+2)] + |0 (D2mg+25 D2mg+1)|
< o (D20, D2n,+1)| + 01 ( (9205 V2me+1)) |0 (D204, V2my+1) |
| (D2n,+1, 920,) [0 (92m,+25 92, +1) |
1+ |0 (D20, D2mg+1) |
+ 03(0 (D20, V2mg+1))
y (Jo(M2ng+1,920,)| + [0(920s D2mg+1)]) (|0 (D2mg 125 D2mg+1)] + [0 (92mg 41, D20,)|)
L+ [0(D2ngs D2mg+1)]

+ 02 (0 (D20 D2mg+1))

+ |0 (D2mq+2> D2mg+1) |-

Taking ¢ — oo and using (3.3) and (3.7), we conclude that

le] < qlggo(él +03) (0 (D20 V2mg+1)) €]
< Jlim (01 +03) (0 (v20,, 92m,+1))le] < le] = lim (01 + d3) (0 (v2n,, Y2m,+1)) = 1.

Since &1 + &3 : b4 — [0,1), we get that |o(h2n,, 92m,+1)] — 0 as ¢ — oo, which is a
contradiction. Hence, {92,,} is a C-Cauchy sequence. Consequently, {y,} is a C-Cauchy
sequence. But 8§ is C-Complete, so there exists a point £ € § with v,, — ¢ as n — oo.
Moreover, we have to show that ¢ € [Kit]« and ¢ € [Kai]o for all # € N. For this we
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consider (3.1) with r = v, and y = £, that is,

01 (o ([K3920]as [Katlo)) o ([K3920] s [Kat] o)
o ([K192n]oc; [K3920)oc) 0 ([K2t] o, [Kat]o)
1+ U(U2nvt>
o ([K192n]a, [Kat]o) o ([Kat] oo, [K392n) o)
1+ o (92n, 1)

+02 (0 ([K302n)oc; [Kat]o))

—i—(53 (U([K?,UQn]oca [K4t]0<>>

€ s([K192n)a, [Kat]o).
Since 2,41 € [K192n)oc, We get

61 (o ([K3v2n]a, [K4ﬂ0<))0([K302n]oc, [K4t]o<)

+02 (0 ([K32n)oc, [Kat]x)) o ([K192n)ocs [ff?:trn:](:zn (t[)th]oc, [K4t]e)
([K102n oc, K4ﬂ )a( KQt]oc, K3‘)2n] )
1+ 0 (92n, 1)

+65 (0 ([K392n]ocr [Kat]))

€ s(9ant1, [Kaotla).

By virtue of the fact that [Ksi] is a nonempty subset, there exists an 1, € [Kaf]o such
that

61(o([K32n)cc, [Kat]o)) o ([K392n) o, [Kat] o)

+02 (0 ([K392n)oc, [Kat]x)) o ([K192n]e, [11(3—;_)2:](:; (t[)[(2t]o<7 [Kat]o)
([KlUQn oo | K4ﬂ )U(KQt]O(7 [K392n] o )
1+ 0 (920, )

+03 (0 ([K3020)oc; [Kat]oc))

€ S(U(U2n+1> Tn))y
that is,

o(2nt1,7mn) = 01(0([K392n])ec, [K4ﬂoc))a([K3‘)2n]ow [K4ﬂ0<)
. U([KIUZn]oca [K3U2n]o<) ([K2ﬂoc7 [K4t]oc)
+0d9 (U([K3U2n]ocy [K4t]o<)) 1+ U(‘)Qny t)
o ([K192n)e, [Kat]o) o ([Kai] o, [K3920])
14 0'(02717 t) .

+03 (0 ([K392n)oc; [Kat]o))

Applying glb property, we have

(U2n+1 Uzn) (Tm T)
1+ U(U2n7 t)

o(W2n+1,mn) = 61(c(h2n,1))o (920, 1) + d2(0 (92, 1))

(‘)Qn-‘rla t>0(rn7 0277,)
1+o(g2n.t)

+53< (02717 ))

Using triangular inequality, we obtain

o) = ot 92ns1) + 0(D2ns1, )

< o(f,92n41) + 01 (0 (92n, ©)) 0 (D2n, ) + 62 (0 (920, 1)) o (92041, 920) 0 (T, T)

1+ 0 (n2n, 1)

(U2n+1, t)O' rna 0271)
1+ U(UZna t) .

+03(0(v2n, )
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Furthermore, we deduce that

’0'(0271—&-17 UQN)HU(TTL’ T) ’
1+ |o(92n, 1)

‘U(f, rn)’ < |a(f, U2n+1)| + (U(\)gn,f))|a(t)2n,f)| + 9y (U(t)gn,f))

+03(0(v2n, t)) ’0(027{17&)(02(%] =

If we take limit n — oo, then the latter inequality yields that |o(,7,)| — 0, and thus we
get r, — t as m — oo. Since we have supposed that [Kst]. is a nonempty bounded and
closed subset of 8, so t € [Kat].. Moreover, we derive from the construction of sequence
that ¢ € [Kat]e C [K3t]o. Similarly, we can obtain f € [Kit]o C [Kit]o. Thus, t is a
common fuzzy fixed point of K1, Ko, K3, K4. O

Corollary 3.2. Let (8,0) be a C-complete complex valued metric space, and K1, Ko, K3, Ky :
S8 — &(8) are fuzzy mappings satisfying the glb property with each ¢t € 8 and for o€ (0, 1]
there exist [K1t]o, [Kot]oc, [K38] o, [Kak]a (nonempty closed bounded subsets of 8 ). Suppose
the following assumption holds:

o ([K18loc; [K58]o) o ([0 o, [Ka]o)
1+ 0(}:, t))

o ([K1t]e, [Ka9]oc) o ([K29)oc, [K31]e)
1+o(x,n)

€ s([Kix]o, [K29]«)

foreachv,xr € 8, and for each §; € Ry, i = 1,2,3, where 61+02+33 < 1. If [K1( 8)], [K2( 8)]c,
[K3( 8)]o, [Ka( 8)]oc are closed sets and [K1(8)]o C [K4(8)]a and [Ka( 8)]a C [K3(8)]a,
then there exists a common fuzzy fized point of K1, Ko, K3, K4 in S.

010 ([K3t]oc, [Kab)«) + 02

+43

Corollary 3.3. Assume that (8,0) is a C-complete complex valued metric space and
Ki,Ks : 8§ — &(8) are fuzzy mappings satisfying the glb property. Let 81,62,03 : Gy —
[0,1) be given mappings such that for each r € 8 and o€ (0, 1] there exist [K1ir]o, [Kot]o
(nonempty bounded and closed subsets of 8). Suppose that assumptions given below hold:

i) 323 1 6w(x) <1 and the mapping £ : 0y — [0,1) is defined by
d1(x)
L) = 2
(¥ 1 — 6a(x)

forally €0y, £ €Ty
ii) for each v,xr € 8, we have

o ([K1t)e, 1) o ([K2b]o, )
1+o0o(r,v)

€ s([Kit]o, [K29]x).

51 (o (x,9)o(x,n) + 02(o(x,v))

o ([K1x]e, 9) o ([K20]o 1)
1+0o(r,9)
Then there exists a common fuzzy fixzed point of K1, Ko in 8.

+63 (0-(2:7 U))

Corollary 3.4. Conclusion of Corollary 3.3 remains intact if condition i) is replaced by
condition

0 (U(;, U))J(;, U) + 0 (J(}:, U)) U([Kl}f]oc, U)U([KQU]O(,;)

1 —1—0(}:, 1))

Corollary 3.5. Assume that (8,0) is a C-complete complex valued metric space and K :
§ — &(8) is a fuzzy mapping satisfying the glb property. Let &1,09,63 : 0o — [0,1) be
given mappings such that for each ¢ € 8§ and x€ (0,1] there exists a nonempty bounded
and closed subset [Kit]o of 8. Suppose further that the following conditions hold:

€ s([K1t]ec, [K29]a)-
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i) 33 1 6,(x) <1 and the mapping £ : G — [0,1) is defined by
d1(z)
£() = ———
® 1 — 02(x)

forally €0y, £ €Ty
ii) for everyy,r €8,

61(o(x,m))o(x,9) + d2(c(z,v)) o ([Kitle,¥)o ([K19]e, v)

1+o(x,n)

U([le]oo U)U([Kln]o(,§>
1+ 0(x,) € s([Kixlocs [K1v]oo).

+(53 (U(L U))
Then K1 has a fuzzy fized point in S.

4. Applications
Theorem 4.1. Let (8,0) be a complex valued metric space and Vi, Vo Us Uy : § —
CB(8) be multivalued mappings. Assume that 6;(x) : C — [0,1),1 =1,2,3,
i) 61(¢) + 02(x) + 03(x) < 1 and the mapping £ : G, — [0,1) is defined by
d1(r)
£() = ———
(1) == 52(@)
forally €0y, £ €Ty
ii) for eachyr,n €S,
o (V1r, Usr)o (P2, Tay)
1+0(x,n)

61(0(W3r, U4n))o (Uar, Uup) + 02 (0 (Vsx, Uay))

o (U1x, Vap)o(Vay, Usp) c
1+0o(r,v)

If U (8), Ua(8), Us(8), Uy(S) are closed and W1 (8) C W4(8), Ua(8) C W3(8), then Wi, Wy, Uy, Uy

have a fuzzy common fized point in 8.

Proof. Let K;:8 — &(8), I =1,2,3,4 be fuzzy mappings defined as

if r € Uyp,

ifr & ¥r,

if r € Uor,

if v & Wor,

if r € Ugp,

if r & War,

, ifre ¥y,

015
©=1
0={5
®={% rgve

Then for any oce (0, 1], [K1t]oe = Vir, [Kot]oe = WYor, [K3t]ec = Usr and [Kyr]ec = Yyr.
Therefore, for every r,y € 8, s([L1t]a, [K29]«) = s(¥1r, ¥21), so one can apply Theorem
3.1 to get the common fixed point. O

+03(0(Vsr, Uay))

3(\:[]1;7 \IIQU) .

o R o R o R

Now we are demonstrating applications of Corollary 3.4 to the existence of the common
solution of second-order nonlinear boundary value problems

'(9) =k(2,x(2),5'(2), ifye[0,A], A>0,
I(Jl) =1r,
I(JZ) = I2, J1,J1 € [OvA]v
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where k : [0, A] x §(8) x &(8) — S(8) is a continuous function. This problem is equivalent
to the integral equation
J2

r(g) = i G(3, 0)k(p,1(9), ¥ (0))dp + A(y), 7€ 0,A], (4.1)

where the Green function G is given by
(2 =2 —n)

J2—n
G(y,p) =
U-9) (12— 9)(7—n)
2—n

and A(7) satisfies N = 0, A\(71) = 11, A(J2) = r2. G(J, p) has the properties

if 51 <p<y< 00,

, it 1 <3< p <,

7 _ 2
) G(9, p)dp < (92— )

n N 8
and ,
2 —
/ G, (5, p)dp < 2 2=
7 2

For brief study, we refer the reader to [22,25,27]. We are intend to prove our result by
obtaining the existence of the common solution of the integral operators defined as

Li(®) () = JJQ G(3:9)ki(p,1(p). ¥'(9))dp + A(9), 7€ [0,A], T€{1,2}, (4.2)
wherek; € C([0, A]xS(8)x&(8), &(8)), I =1,2, r € C1([0,A], &(8)) and X € C([0,A], &(8)).
Throughout this section, we mention
Ei(x() = Jﬁ G (3, 90)ki(p, 1(p),¥' (p))dp
and

=/(x(y)) = G, (0, o)k, 2(9). ' () dp.

Theorem 4.2. Consider integral equation (4.2). Suppose that the following hypotheses
hold for every 3 € [0, A] :
H1) k; : [0,A] x 6(8) x &(8) — &(8),l = 1,2 are increasing in their second and third

variables;

H2) there exists some 1o(7) < [72 G(3, p)ki(p, 1(p), ' (p))dp+A(3), where g1, g2 € [0, A].
If there exist mappings 61,02 : C— [0,1), which satisfy conditions given below:
i) 01(x) + 62(z) < 1 and the mapping £ :Cy — [0,1) is defined by
d1(x)
£() = ——
) 1—d2(x)

forallr €0y, £€T;
ii) for everyr,n € 8 and j € [0,4A],

10:50)-¥0) = ka9 O] = 81 max D)) Dn(s)

J€91, 2]

40 max Du())Sm0)  (43)

I€1, 92]

where

Dey(s) = 7|Z12() — ()] + ¢|=1x() — Efzn(j)|meitana7
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v[E12(s) — Ban ()| + €[E12(2) — EHn ()|

1 +maxe(,, Jz]Dn(J)
xY|Z20(5) — E1x(9)| + £[Z59(5) — E1x(9)[V1 + a2’ %

iii) forv,& > 0 and 71,72 € [0, A],

9m =

(92 — 71)
2

~ (g2 = 1)°
8
then the system of nonlinear integral equations

W) = [ GL.k(p (o) a'(9)do + A0 DAL e (45)

I

+¢ <1, (4.4)

has a common solution in C1([11, 2], &(8)).
Proof. Let M = C'([11,2],6(8)) and d : M x M — C be defined as
dlo.p) = max (79(9) =z +E'G) = F DV + eltore,

J€91,7

Define integral operators L; : M — M, [ = 1,2 by
72
LW = [ G000 5(0). ¥ (9))dp + A0,

where k; € C([0,A] x &(8) x &(8),8(8)), r € C1([0,A],&
For r,p € 8, we obtain [Lit]« = {u € [j1,72] : u(y ) f
A(g) 2o, 5 € [0,A], Li(x)(u) 2o}, 1 =1,2,

(8)), and A € C([0,A], &(8)).
2 GO0k, x(0), ¥ (0)dp +

d(xr,n) = ]erﬁzn; | (v[Z12(5) — Z29(9)| + €|=hx(9) — Ebn(y |)\/1+7 itanc

1,J2
d([L1t]ec,n) = ]erﬁip;] (fy|E1g(j | + §|_1}; _ _20 |)m itanc
d([L29]e, 1) = Jerﬁip;z] (v|E29(y) — ’ + §|~2‘) — = Dm itanc

From assumption (4.3), we get for each 7 € 31, 72]

[L1(2)(7) — L2(0) )| = : G (3, 0) k1 (9, x(0), ¥'(p)) — ka(p,9(0), ' (9))] |dg

J1

< 71600 0.x(0).2 (9)) ~ ol (0).w/(0))
< 20 (s D0 200
+82(_max Diy(5)) 90 (46)
and
(L@ 0~ o) O = | [7 600k Ho).(0) ~ kalon(o). (0))]|do
< /Jl 1G9, 0) k1 (0, (), ¥’ (9)) — ka(g0,0(0), 0 (9))[|dp
<

205 max D)) D)

2 9€[1, 72]

482 max Diy(5)) 9 ) (4.7)

7€, 32]
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By virtue of (4.6) and (4.7), we conclude that

_ 2 _
AT B0)0) < (VS 02 )0 max D)) max D)

4o max Dy(s)) max Giy)

IEl, 22] I€D, 22]
It follows from (4.4) that

d([L1(0)]e, [L2(9)(D)]ec) < (51< max Dm(])) max Dy (7)

J€I1, 92] 2€[71, 2]

+5( D ) ,
2| dmax w() Jdpax G (2)

that is,
o1( max D)) max D) + oo max Da()) max Gu()

9€01, 92] 2€71, 2] 2€[91, 92] 7€, 92]

e (1A L)) ).
This implies that

d([le]ou U)d([LQU]OUF)
1+d(z,v)

Therefore, an application of Corollary 3.4 implies that L; and Ls have a common fixed
point in 8, that is, (4.5) has a common solution. Consequently, in Theorem 4.2, if L; =
Ly = L, then we can obtain integral equation (4.1) has a common solution in 8. Thus,
the second-order nonlinear boundary value problem has a solution in S. O

01(d(x,9))d(x,n) + 02(d(z, v)) € s([L1x]oc, [Lav]e).
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