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1. INTRODUCTION

In the recent years the differences of positive linear operators have been investigated from
several points of view. The aim of this paper is to survey some of the known results and to
present some new ones.

In Section 2 we recall the definitions of some classical operators used in Approximation
Theory and some general results concerning their differences. These results are illustrated with
the corresponding classical operators. Section 3 is devoted to the differences of the operators
constructed with the same fundamental functions, only the functionals in front of them being
different. In Section 4 we consider differences of operators from the family Uρn . The case of
operators on unbounded intervals is discussed in Section 5. Operators and their derivatives
are considered in Section 6, while Section 7 is devoted to discrete operators versus integral
operators. Finally, new results concerning operators and their inverses are presented in Section
8.

Throughout the paper C[0, 1] stands for the space of all continuous real-valued functions,
endowed with the supremum norm and usual ordering.

2. SOME GENERAL RESULTS

The classical Bernstein operators introduced by Bernstein [5] in order to prove Weierstrass’s
fundamental theorem are given by

Bn : C[0, 1]→ C[0, 1], Bn(f ;x) =

n∑
k=0

f

(
k

n

)
pn,k(x), where

pn,k(x) =

(
n

k

)
xk(1− x)n−k, x ∈ [0, 1].
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Let n = 1, 2, 3, . . . and f ∈ C[0, 1]. The Beta-type operators Bn were introduced by Lupaş in his
German thesis [19] as follows

Bn(f ;x) :=


f(0), x = 0,

1

B(nx, n− nx)

∫ 1

0

tnx−1(1− t)n−1−nxf(t)dt, 0 < x < 1,

f(1), x = 1,

where B(·, ·) is the Euler’s Beta function.
The genuine Bernstein-Durrmeyer operators were introduced by Chen [6] and Goodman

and Sharma [13] as a composition of Bernstein operators and Beta operators, namely Un :=

Bn ◦ Bn. These are given in explicit form by

Un(f ;x)=(1−x)nf(0)+ xnf(1)+(n−1)

n−1∑
k=1

(∫ 1

0

f(t)pn−2,k−1(t)dt

)
pn,k(x), f ∈C[0, 1].

Denote by Sn := Bn ◦Bn the Stancu-type operator investigated in [20] and defined as

Sn(f ;x) =
1

(n)n

n∑
k=0

(
n

k

)
(nx)k(n− nx)kf

(
k

n

)
,

where the rising factorial (x)k is given by (x)k = x(x+ 1)(x+ 2) . . . (x+ k − 1) with (x)0 = 1.
Let

ωk(f ;h) := sup


∣∣∣∣∣∣
k∑
j=0

(−1)k−j
(
k

j

)
f(x+ jδ)

∣∣∣∣∣∣ : |δ| ≤ h, x, x+ jδ ∈ I


be the classical kth order modulus of smoothness given for a compact interval I and h ∈ R+

and ω̃ is the least concave majorant of the first order modulus ω1 given by

ω̃(f ; t) = sup

{
(t− x)ω1(f ; y) + (y − t)ω1(f ;x)

y − x
: 0 ≤ x ≤ t ≤ y ≤ b− a, x 6= y

}
.

The study of differences of certain positive and linear operators has as starting point the
problem proposed by Lupaş [18], namely the question raised by him was to give an estimate
for the difference Un − Sn. A solution for the problem proposed by Lupaş in a more general
case was given by Gonska et al. [10] and we recall their results below:

Theorem 2.1. [10] Let A,B : C[0, 1]→ C[0, 1] be positive linear operators such that

(A−B)
(
(e1 − x)i;x

)
= 0 for i = 0, 1, 2, 3 and x ∈ [0, 1].

Then for f ∈ C3[0, 1] there holds

|(A−B)(f ;x)| ≤ 1

6
(A+B)

(
|e1 − x|3;x

)
ω̃

(
f ′′′;

1

4

(A+B)
(
(e1 − x)4;x

)
(A+B) (|e1 − x|3;x)

)
.

Theorem 2.2. [10] If A and B are given as in Theorem 2.1, satisfying Ae0 = Be0 = e0, then for all
f ∈ C[0, 1], x ∈ [0, 1] we have

|(A−B)(f ;x)| ≤ c1ω4

(
f ;

4

√
1

2
(A+B) ((e1 − x)4;x)

)
.

Here c1 is an absolute constant independent of f, x, A and B.

Using the above result the following solution to Lupaş’ problem was given in [10]:
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Proposition 2.1. The Beta operators and the Bernstein operators verify

|(Un − Sn)(f ;x)| ≤ c1ω4

(
f ; 4

√
3x(1− x)

n(n+ 1)

)
.

Here c1 is an absolute constant independent of n, f and x.

Gonska et al. have continued their research on the differences of positive linear operators in
[8]-[9]. The inequality of Theorem 2.1 was extended for a more general case as follows:

Theorem 2.3. [9] Let A,B : C[0, 1]→ C[0, 1] be positive operators such that

(A−B)
(
(e1 − x)i;x

)
= 0 for i = 0, 1, . . . , n and x ∈ [0, 1].

Then for f ∈ Cn[0, 1] there holds

|(A−B)(f ;x)| ≤ 1

n!
(A+B) (|e1 − x|n;x) ω̃

(
f (n);

1

n+ 1

(A+B)
(
|e1 − x|n+1;x

)
(A+B) (|e1 − x|n;x)

)
.

The result from Theorem 2.2 was extended in [9] as follows:

Theorem 2.4. [9] If A and B are given as in Theorem 2.3, satisfying Ae0 = Be0 = e0, then for all
f ∈ C[0, 1], x ∈ [0, 1] we have

|(A−B)(f ;x)| ≤ c1ωn+1

(
f ;

n+1

√
1

2
(A+B) (|e1 − x|n+1;x)

)
.

Here c1 is an absolute constant independent of f, x, A and B.

In [8] Gonska, Piţul and Raşa applied the above results for some known positive linear op-
erators as the Bernstein operators Bn, the Beta operators Bn, the genuine Bernstein-Durrmeyer
operators Un = Bn ◦ Bn and the composition of two Bernstein operators Dn = Bn ◦Bn+1.

Proposition 2.2. [9] The Bernstein operators and the Beta-type operators verify the following relations:

i)|(Bn+1−Bn)(f ;x)| ≤ x(1−x)

n+ 1
ω̃

(
f ′′;

√
(n+ 1)(6nx(1−x)+7)

18n2

)
, f ∈ C2[0, 1]

≤ x(1− x)

3n
√
n+ 1

√
6nx(1− x) + 7

2n
‖f ′′′‖, f ∈ C3[0, 1];

ii)|(Bn+1 − Bn)(f ;x)| ≤ cω3

(
f ;

3

√
1

2
(Bn+1 + Bn)(|e1 − x|3;x)

)

≤ cω3

(
f ;

6

√
x2(1− x)2

n3
· 6nx(1− x) + 7

n

)
.

Proposition 2.3. [9] The Bernstein operators and the genuine Bernstein-Durrmeyer operators verify
the following relation:

|(Bn − Un)(f ;x)| ≤ cω2

(
f ;

√
3x(1− x)

2n

)
.
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Proposition 2.4. [9] The composition of two Bernstein operators Dn = Bn ◦ Bn+1 and the genuine
Bernstein-Durrmeyer operators Un verify the following relations:

i)|(Dn−Un)(f ;x)|≤ 2x(1−x)

n+ 1
ω̃

(
f ′′;

√
(n+1)(8nx(1−x)+13)

12n3

)
, f ∈ C2[0, 1],

≤ x(1− x)

n
√
n+ 1

√
8nx(1− x) + 13

3n
‖f ′′′‖, f ∈ C3[0, 1];

ii)|(Dn − Un)(f ;x)| ≤ cω3

(
f ;

3

√
1

2
(Dn + Un)(|e1 − x|3;x)

)

≤ cω3

(
f ; 6

√
x2(1− x)2

(n+ 1)n3
(24nx(1− x) + 39)

)
.

3. DIFFERENCES OF POSITIVE LINEAR OPERATORS WITH THE SAME FUNDAMENTAL
FUNCTIONS

The results mentioned in the previous section are based on the fact that A and B have the
same moments up to a certain order. The approach presented in this section involves operators
constructed with the same "fundamental functions", but with different functionals in front of
them (see [2]). So the difference A−B is controlled by the differences of these functionals.

Let I ⊂ R be an interval and E(I) a space of real-valued continuous functions on I contain-
ing the polynomials. Eb(I) will be the space of all f ∈ E(I) with

‖f‖ := sup{|f(x)| : x ∈ I} <∞.
For i ∈ N let ei(x) := xi, x ∈ I . Let F : E(I) → R be a positive linear functional such that
F (e0) = 1. Set bF := F (e1) and

µFi :=
1

i!
F (e1 − bF e0)i, i ∈ N.

Then µF0 = 1, µF1 = 0, µF2 =
1

2

(
F (e2)− (bF )2

)
≥ 0.

Lemma 3.1. [2] Let f ∈ E(I) with f ′′ ∈ Eb(I). Then

(3.1) |F (f)− f(bF )| ≤ µF2 ‖f ′′‖.

Lemma 3.2. [2] Let f ∈ E(I) with f IV ∈ Eb(I). Then

(3.2)
∣∣F (f)− f(bF )− µF2 f ′′(bF )− µF3 f ′′′(bF )

∣∣ ≤ µF4 ‖f IV ‖.
Proposition 3.5. [2] Let I = [0, 1], f ∈ C[0, 1], λ ≥ 2

√
µF2 > 0. Then

(3.3)
∣∣F (f)− f(bF )

∣∣ ≤ 3

2
ω2

(
f,

√
µF2
λ

)
(1 + λ2).

Let K be a set of non-negative integers and pk ∈ C(I), pk ≥ 0, k ∈ K, such that
∑
k∈K

pk = e0.

For each k ∈ K let Fk : E(I) → R and Gk : E(I) → R be positive linear functionals such that
Fk(e0) = Gk(e0) = 1. Let D(I) be the set of all f ∈ E(I) for which

∑
k∈K

Fk(f)pk ∈ C(I) and∑
k∈K

Gk(f)pk ∈ C(I).
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Consider the positive linear operators V : D(I) → C(I) and W : D(I) → C(I) defined, for
f ∈ D(I), by

V (f ;x) :=
∑
k∈K

Fk(f)pk(x) and W (f ;x) :=
∑
k∈K

Gk(f)pk(x).

Denote σ(x) :=
∑
k∈K

(
µFk
2 + µGk

2

)
pk(x) and δ := sup

k∈K

∣∣bFk − bGk
∣∣.

Theorem 3.5. [2] Let f ∈ D(I) with f ′′ ∈ Eb(I). Then

(3.4) |(V −W )(f ;x)| ≤ ‖f ′′‖σ(x) + ω1(f, δ).

Theorem 3.6. [2] Suppose that bFk = bGk = bk, k ∈ K. Let f ∈ D(I) with f ′′, f ′′′, f IV ∈ Eb(I).
Then for each x ∈ I ,

(3.5) |(V −W )(f ;x)| ≤ ‖f ′′‖α(x) + ‖f ′′′‖β(x) + ‖f IV ‖γ(x),

where
α(x) :=

∑
k∈K

|µFk
2 − µ

Gk
2 |pk(x), β(x) :=

∑
k∈K

|µFk
3 − µ

Gk
3 |pk(x),

γ(x) :=
∑
k∈K

(µFk
4 + µGk

4 )pk(x).

Theorem 3.7. [2] Let I = [0, 1], f ∈ C[0, 1], 0 < h ≤ 1

2
, x ∈ [0, 1]. Then

(3.6) |(V −W )(f ;x)| ≤ 3

2

(
1 +

σ(x)

h2

)
ω2(f, h) +

5δ

h
ω1(f, h).

Theorem 3.8. [2] Let I = [0, 1], f ∈ C[0, 1], 0 < h < 1, x ∈ [0, 1] and bFk = bGk , k ∈ K. Then

(3.7) |(V −W )(f ;x)| ≤ c
[(

2 +
γ(x)

h4

)
ω4(f, h) +

β(x)

h3
ω3(f, h) +

α(x)

h2
ω2(f, h)

]
,

where c is an absolute constant.

The classical Durrmeyer operators are defined as

Mn(f ;x) = (n+ 1)

n∑
k=0

pn,k(x)

∫ 1

0

pn,k(t)f(t)dt, x ∈ [0, 1],

where pn,k(x) =
(
n
k

)
xk(1− x)n−k and f is an integrable function on [0, 1].

Proposition 3.6. [2] For Bernstein operators and Durrmeyer operators the following relations hold:

i) |(Bn −Mn)(f ;x)| ≤ σ(x)‖f ′′‖+ ω1

(
f,

1

n+ 2

)
, for f ′′ ∈ C[0, 1];

ii) |(Bn−Mn)(f ;x)|≤3ω2(f,
√
σ(x))+

5

(n+ 2)
√
σ(x)

ω1

(
f,
√
σ(x)

)
, for f ∈C[0, 1],

where σ(x) =
1

2(n+ 3)(n+ 2)2
{x(1− x)n(n− 1) + n+ 1} ≤ 1

8(n+ 3)
.

Proposition 3.7. [2] The Bernstein operators and the genuine Bernstein-Durrmeyer operators verify
the following relations

i) |(Bn − Un)(f ;x)| ≤ σ(x)‖f ′′‖, f ′′ ∈ C[0, 1],

ii) |(Bn − Un)(f ;x)| ≤ 3ω2(f,
√
σ(x)), f ∈ C[0, 1],

where σ(x) =
x(1− x)(n− 1)

2n(n+ 1)
≤ 1

8(n+ 1)
.
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Proposition 3.8. [2] The composition of two Bernstein operators Dn := Bn ◦ Bn+1 and genuine
Bernstein-Durrmeyer operators Un verify

i) |(Dn − Un)(f ;x)| ≤ n− 1

n(n+ 1)
x(1− x)‖f ′′‖, f ′′ ∈ C[0, 1];

ii) |(Dn − Un)(f ;x)| ≤ x(1− x)

2(n+ 1)2

(
1

3
‖f (3)‖+

1

8
‖f (4)‖

)
, f (4) ∈ C[0, 1];

iii) |(Dn − Un)(f ;x)| ≤ 3ω2

(
f,

√
(n− 1)x(1− x)

n(n+ 1)

)
, f ∈ C[0, 1];

iv) |(Dn − Un)(f ;x)| ≤ c

[
33

16
ω4

(
f, 4

√
x(1− x)

(n+ 1)2

)
+

4
√
x(1− x)

6
√
n+ 1

ω3

(
f, 4

√
x(1− x)

(n+ 1)2

)]
, f ∈

C[0, 1], where c is an absolute constant and n ≥ 6.

Let Kn be the Kantorovich operators defined in [17] as follows

(3.8) Kn(f ;x) = (n+ 1)

n∑
k=0

pn,k(x)

∫ k+1
n+1

k
n+1

f(t)dt.

Proposition 3.9. [2] The Bernstein operators and the Kantorovich operators verify the following rela-
tions

i) |(Kn −Bn)(f ;x)| ≤ 1

24(n+ 1)2
‖f ′′‖+ ω1

(
f,

1

2(n+ 1)

)
, f ′′ ∈ C[0, 1];

ii) |(Kn −Bn)(f ;x)| ≤ 3ω2

(
f,

1

2
√

6(n+ 1)

)
+ 5
√

6ω1

(
f,

1

2
√

6(n+ 1)

)
, f ∈ C[0, 1].

This result can be extended for a generalized class of Kantorovich-type operators. LetCb[0,∞)
be the space of all real-valued continuous functions on [0,∞) with ‖f‖ <∞ and Vn : Cb[0,∞)→

Cb[0,∞), Vn(f ;x) =

∞∑
k=0

f

(
k

n

)
ϕn,k(x) be a positive linear operator, where (ϕn,k)k≥0 is a se-

quence of real-valued functions which verify:
i) ϕn,k(x) ≥ 0, k ≥ 0, x ∈ [0,∞),

ii) ϕn,k ∈ C[0,∞);

iii)
∞∑
k=0

ϕn,k(x) = 1.

Let Wn : Cb[0,∞) → Cb[0,∞) be the Kantorovich generalized variant of the operator Vn.
Therefore,

(3.9) Wn(f ;x) = n

∞∑
k=0

ϕn,k(x)

∫ k+1
n

k
n

f(t)dt.

Proposition 3.10. [2] With the above notation,

|Wn(f ;x)− Vn(f ;x)| ≤ 1

24n2
‖f ′′‖+ ω1

(
f,

1

2n

)
, f (i) ∈ Cb[0,∞), i ∈ {0, 1, 2}.

4. DIFFERENCES OF Uρn OPERATORS

The class of operators Uρn was introduced in [26] by Păltănea and further investigated by
Păltănea and Gonska in [11] and [12].
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Let ρ > 0 and n ∈ N. The operators Uρn : C[0, 1]→
∏
n are defined by

Uρn(f ;x) :=

n∑
k=0

F ρk (f)pn,k(x)

:=

n−1∑
k=1

(∫ 1

0

tkρ−1(1− t)(n−k)ρ−1

B(kρ, (n− k)ρ)
f(t)dt

)
pn,k(x) + f(0)(1− x)n + f(1)xn,

for f ∈ C[0, 1], x ∈ [0, 1].

Remark 4.1. For ρ = 1 and f ∈ C[0, 1], we obtain the genuine Bernstein-Durrmeyer operators, while
for ρ→∞, for each f ∈ C[0, 1] the sequence Uρn(f ;x) converges uniformly to the Bernstein polynomial
Bn(f ;x).

H. Gonska et al. [12] proved that for n ≥ 1 and f ∈ C[0, 1],

(4.10) lim
ρ→0+

Uρnf = B1f, uniformly on [0, 1].

Moreover, the following result was obtained:

Theorem 4.9. [12] For Uρn, 0 < ρ <∞, n ≥ 1, we have

|Uρnf(x)−B1f(x)| ≤ 9

4
ω2

(
f ;

√
nρ− ρ
nρ+ 1

x(1− x)

)
.

The following result was obtained with the method presented in [9].

Proposition 4.11. ([28], [30]) Let f ∈ C[0, 1], n ≥ 1, ρ, r > 0, x ∈ [0, 1]. The following inequality is
verified

|(Uρn − Urn)(f ;x)| ≤ c1ω2

(
f ;

√
1

2
(Uρn + Urn)(|e1 − x|2;x)

)

≤ c1ω2

(
f ;

√
1

2

2nρr + (n+ 1)(ρ+ r) + 2

(nρ+ 1)(nr + 1)
x(1− x)

)
.

Here c1 is an absolute constant independent of f, x, ρ and r.

Another result in this direction was obtained in [28] and [30]:

Theorem 4.10. ([28], [30]) Let f ∈ C[0, 1], n ≥ 1, ρ, r > 0, x ∈ [0, 1]. Then

|(Uρn − Urn)(f ;x)| ≤ 9

4
ω2

(
f ;

√
(n− 1)|ρ− r|

(nρ+ 1)(nr + 1)
x(1− x)

)
.

In the next statement we give some estimates of the difference Uρn − Urn using the results
proved in Section 3:

Proposition 4.12. The following properties hold

i) |(Uρn − Urn)(f ;x)| ≤ (n− 1)[2 + (ρ+ r)n]

2n(1 + ρn)(1 + rn)
x(1− x)‖f ′′‖, f ′′ ∈ C[0, 1];
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ii) |(Uρn − Urn)(f ;x)| ≤ (n− 1)|r − ρ|
2(1 + ρn)(1 + rn)

x(1− x) ‖f ′′‖

+
1

3
x(1− x)(n− 1)

|r − ρ|[3 + n(r + ρ)]

(1 + ρn)(2 + ρn)(1 + rn)(2 + rn)
‖f ′′′‖

+
1

32
x(1− x)

n2(ρ2+r2)+4n(ρ+r)+6

(1+ρn)(3+ρn)(1+rn)(3+rn)
‖f IV ‖, f (4) ∈ C[0, 1],

nρ ≥ 6, nr ≥ 6;

iii) |(Uρn − Urn)(f ;x)| ≤ 3ω2

(
f,

√
2 + (ρ+ r)n

2(1 + ρn)(1 + rn)
x(1− x)

)
, f ∈ C[0, 1].

Denote by [A;B] := AB −BA the commutator of two positive linear operators A and B. In
[28] the following result concerning the comutator [U%n;Uσn ] was obtained:

Theorem 4.11. [28] For each f ∈ C6[0, 1] one has

lim
n→∞

n3(UρnU
r
n − UrnUρn)f(x) =

(r − ρ)(ρ+ 1)(r + 1)

ρ2r2
x(1− x)f (4)(x),

uniformly with respect to x ∈ [0, 1].

5. DIFFERENCES OF LINEAR POSITIVE OPERATORS DEFINED ON UNBOUNDED INTERVAL

Most of the results presented in the previuos sections are given for operators defined over
bounded intervals. Very recently, Aral et al.[4] obtained some quantitative results in terms of
weighted modulus of continuity for differences of certain positive linear operators defined on
unbounded intervals.

Let C[0,∞) be the set of all continuous functions f defined on [0,∞) and B2[0,∞) the set of
all functions f defined on [0,∞) satisfying the condition |f(x)| ≤ M(1 + x2) for some positive
constant M , which may depend only on f . C2[0,∞) denotes the subspace of all continuous
functions in B2[0,∞). Let C∗2 [0,∞) be the closed subspace of C2[0,∞) formed by the functions

f for which the limit lim
x→∞

f(x)

1 + x2
exists and is finite. B2[0,∞) is a linear normed space with the

norm

‖f‖2 = sup
x≥0

|f(x)|
1 + x2

.

In 2001, Ispir [16] introduced the weighted modulus of continuity as follows:

Ω(f ; δ) = sup
|h|<δ,x∈[0,∞)

|f(x+ h)− f(x)|
(1 + h2)(1 + x2)

, for f ∈ C2[0,∞).

Let ei(x) = xi, x ∈ [0,∞), i ∈ N and F : D → R be a positive linear functional defined on
a linear subspace D of C[0,∞) which contains C2[0,∞) and the polynomials up to degree 6,
such that F (e0) = 1, bF := F (e1) and

µFi = F (e1 − bF e0)i, i ∈ N, 0 ≤ i ≤ 6.

Therefore, µF0 = 1, µF1 = 0 and µF2 = F (e2)− (bF )2 ≥ 0.
The next estimate concerning the functional F was given in [4].

Lemma 5.3. [4] Let f ∈ C2[0,∞) with f ′′ ∈ C∗2 [0,∞) and 0 < δ ≤ 1. Then we have∣∣F (f)− f(bF )
∣∣ ≤ 1

2

∣∣f ′′(bF )
∣∣µF2 + 8

(
1 + (bF )2

)
Ω(f ′′; δ)

(
µF2 +

µF6
δ4

)
.
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Let K be a set of non-negative integers and consider pk : [0,∞)→ [0,∞), k ∈ K. Denote

U(f ;x) =
∑
k∈K

Fk(f)pk(x) and V (f ;x) =
∑
k∈K

Gk(f)pk(x),

where U, V : D → B2[0,∞) and Fk, Gk : D → R are positive linear functionals such that
Fk(e0) = 1 and Gk(e0) = 1. Applying Lemma 5.3 for the functionals Fk and Gk the following
result was obtained by Aral et al. [4]:

Theorem 5.12. [4] Let f ∈ C2[0,∞) with f ′′ ∈ C∗2 [0,∞). Then

|(U − V )(f ;x)| ≤ 1

2
‖f ′′‖2β(x) + 8Ω(f ′′; δ1)(1 + β(x)) + 16Ω(f ; δ2)(γ(x) + 1),

where

β(x) =
∑
k∈K

pk(x)
{[

1 + (bFk)2
]
µFk
2 +

[
1 + (bGk)2

]
µGk
2

}
,

γ(x) =
∑
k∈K

pk(x)
[
1 + (bFk)2

]
,

δ1(x) =

{∑
k∈K

pk(x)
{[

1 + (bFk)2
]
µFk
6 +

[
1 + (bGk)2

]
µGk
6

}}1/4

,

δ2(x) =

{∑
k∈K

pk(x)
(
1 + (bFk)2

)
(bFk − bGk)4

}1/4

,

and we suppose that δ1(x) ≤ 1, δ2(x) ≤ 1.

In [4] this result was applied for the sequences of Szász-Mirakyan [31] and Szász-Mirakyan-
Durrmeyer operators [23] defined as

Sn(f ;x) =

∞∑
k=0

f

(
k

n

)
sn,k(x),

Dn(f ;x) = n

∞∑
k=0

sn,k(x)

∫ ∞
0

f(t)sn,k(t)dt, x ∈ [0,∞),

where sn,k(x) = e−nx
(nx)k

k!
.

Proposition 5.13. [4] Let f ∈ C2[0,∞) with f ′′ ∈ C∗2 [0,∞) and x ≥ 0 is given. Then, for each n ≥ 1
such that

δ41(x) :=
2

2n8
(
3n5x5 + 71n4x4 + (3n4 + 479n3)x3 + (44n4 + 1064n2)x2

+ (123n3 + 651n)x+ 53n2 + 53
)
≤ 1,

δ42(x) :=
x(nx+ 1) + n

n5
≤ 1,

we have

|(Sn − Dn)(f ;x)| ≤ 1

2
‖f ′′‖2β(x) + 8Ω(f ′′; δ1(x))(1 + β(x)) + 16Ω(f ; δ2(x))

(
x(nx+ 1) + n

n

)
,

where β(x) =
n3x3 + 6n2x2 + n3x+ 7nx+ n2

n4
.
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6. ESTIMATES FOR THE DIFFERENCES OF POSITIVE LINEAR OPERATORS AND THEIR
DERIVATIVES

It is well-known that de la Vallée-Poussin operator commutes with the derivative. Certainly,
this property is not available for the Bernstein operators Bn. This remark motivated us to esti-
mate in terms of moduli of continuity the differences (Lnf)(k)−Ln−k(f (k)) for certain positive
linear operators. In the following we will exemplify for Bernstein operators and Durrmeyer
operators.

Theorem 6.13. [3] For Bernstein operators the following property holds:∥∥∥(Bnf)
(r) −Bn−r

(
f (r)

)∥∥∥ ≤ (r − 1)r

2n
‖f (r)‖+ ω

(
f (r),

r

n

)
, f ∈ Cr[0, 1], r = 0, 1, . . . n.

Theorem 6.14. [3] The Kantorovich operators verify∥∥∥(Knf)
(r) −Kn−r

(
f (r)

)∥∥∥ ≤ (r + 1)r

2(n+ 1)
‖f (r)‖+ ω

(
f (r),

r + 1

n+ 1

)
, f ∈ Cr[0, 1], r = 0, 1, . . . n.

7. DISCRETE OPERATORS ASSOCIATED WITH CERTAIN INTEGRAL OPERATORS

In 2011, I. Raşa [27] constructed discrete operators associated with certain integral operators
using a probabilistic approach.

Let In : C[a, b]→ C[a, b], n ≥ 1, be a sequence of positive linear operators of the form

In(f ;x) =

n∑
k=0

hn,k(x)An,k(f), f ∈ C[a, b], x ∈ [a, b],

where hn,k ∈ C[a, b], hn,k ≥ 0 and

An,k(f) =

∫ b

a

f(t)dµn,k(t),

with µn,k probability Borel measures on [a, b], n ≥ 1, k = 0, 1, . . . , n.
Raşa [27] introduced the following discrete operator associated with the sequence (In)

Dn(f ;x) =
n∑
k=0

hn,k(x)f(xn,k),

where xn,k =

∫ b

a

tdµn,k(t).

For example, the associated operators of the genuine Bernstein-Durrmeyer operators are
Bernstein operators.

D. Mache intoduced the sequence of positive linear operators (see [21], [22])

Pn(f ;x) :=

n∑
k=0

pn,k(x)Tn,k(f), n ≥ 1,

where

Tn,k(f) :=

∫ 1

0
f(t)tck+a(1− t)c(n−k)+bdt

B(ck + a+ 1, c(n− k) + b+ 1)
,

for a, b > −1, α ≥ 0, c := cn := [nα] and B is the Beta function.

Remark 7.2. [27] The sequence of positive linear operators (Pn) represents a link between the Dur-
rmeyer operators with Jacobi weights (α = 0) and the Bernstein operators (α→∞).
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The sequence of positive linear operators (Vn) defined as follows

Vn(f ;x) :=

n∑
k=0

pn,k(x)f

(
ck + a+ 1

cn+ a+ b+ 2

)
, f ∈ C[0, 1], x ∈ [0, 1]

is associated with the sequence (Pn) (see [27]).

Remark 7.3. [27] For a = b = −1, or α→∞, we get the classical Bernstein operators. For α = 0, the
operators Vn reduce to the operators considered by D.D. Stancu in [29].

Theorem 7.15. [27] For n ≥ 1, x ∈ [0, 1], and f ∈ C2[0, 1] we have

|Pn(f ;x)− Vn(f ;x)| ≤

c2n(n− 1)x(1− x) + cn(b− a)x+ cn(a+ 1) + (a+ 1)(b+ 1)

2(cn+ a+ b+ 2)2(cn+ a+ b+ 3)
‖f ′′‖.

The study on this topic was continued by Heilmann et al. [15]. They associated to an integral
operator a discrete one which is conceptually simpler, and study the relations between them.

Let I ⊂ R be an interval, H a subspace of C(I) containing ei, i = 0, 1, 2 and L : H → C(I)
be a positive linear operator such that Le0 = e0. For f ∈ H and Aj : H → R positive linear

functionals such that Aj(e0) = 1 and pj ∈ C(I), pj ≥ 0,
∞∑
j=0

pj = e0, the following operator was

defined in [15]:

Lf :=

∞∑
j=0

Aj(f)pj .

The discrete operator associated with L is defined by

D : H → C(I), Df :=

∞∑
j=0

f(bj)pj ,

where bj := Aj(e1). The point evaluation functional at bj is conceptually simpler than Aj . So,
from this point of view, D is simpler than L.

Let V arAj := Aj(e2) − b2j , j ≥ 0. V arAj shows how far is Aj from the point evaluation at
bj . Define by

E(L)(x) :=

∞∑
j=0

(V arAj)pj(x), x ∈ I.

The following relation between L and D was obtained in [15]:

|Lf(x)−Df(x)| ≤ 1

2
‖f ′′‖∞E(L)(x), x ∈ I.

In the above relation E(L)(x) shows how far is L from D.
The discrete operators associated with Baskakov type operators, genuine Baskakov-Durrmeyer

type operators, and their Kantorovich modifications were constructed and the above general
result was applied in this context.
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8. DIFFERENCES OF INVERSES OF POSITIVE LINEAR OPERATORS

The Voronovskaya type result for the Bernstein operators is well known:

lim
n→∞

n(Bn(f ;x)− f(x)) =
x(1− x)

2
f (2)(x), f ∈ C2[0, 1].

Moreover, Abel and Ivan [1] obtained the following result

lim
n→∞

n

[
n(Bn(f ;x)− f(x))− x(1− x)

2
f (2)(x)

]
=
x(1− x)

24

(
3x(1− x)f (4)(x) + 4(1− 2x)f (3)(x)

)
, f ∈ C4[0, 1].

Similarly, Voronovskaya type results for Beta operators were proved by Gonska et al. [7] as
follows

lim
n→∞

n(Bn(f ;x)− f(x)) =
x(1− x)

2
f (2)(x), f ∈ C2[0, 1]

lim
n→∞

n

[
n(Bn(f ;x)− f(x))− x(1− x)

2
f (2)(x)

]
=
x(1− x)

24

(
3x(1− x)f (4)(x) + 8(1− 2x)f (3)(x)− 12f (2)(x)

)
, f ∈ C4[0, 1].

Voronovskaja type formulas are usually established for sequences of positive linear opera-
tors. Nasaireh et al. [24] obtained some general formulas concerning compositions of oper-
ators on Banach spaces, without any assumption of positivity. Let X be a Banach space and
W ⊂ Z ⊂ Y linear subspaces of X. Let A,B : Y → X; U, V : Z → X be linear operators. Con-
sider also two sequences of linear operators Pn : X → X, Qn : Y → X, n ≥ 1, and suppose
that each Pn is bounded.

Theorem 8.16. [24] (i) Suppose that

(8.11) lim
n→∞

Pnx = x, x ∈ X

and

(8.12) lim
n→∞

n(Pny − y) = Ay, lim
n→∞

n(Qny − y) = By, y ∈ Y.

Then

(8.13) lim
n→∞

n(PnQny − y) = Ay +By, y ∈ Y.

ii) In addition to (8.11) and (8.12), suppose that

Bz ∈ Y, z ∈ Z,

lim
n→∞

n[n(Pnz − z)−Az] = Uz; lim
n→∞

n[n(Qnz − z)−Bz] = V z, z ∈ Z.

Then

lim
n→∞

n [n(PnQnz − z)−Az −Bz] = Uz + V z +ABz, z ∈ Z.

Very recently, this result was extended for a more general case by Heilmann et al. [14].
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Using Theorem 8.16, Voronovskaya type results for genuine Bernstein-Durrmeyer operators
were proved by Nasaireh et al. [24] as follows

lim
n→∞

n(Un(f ;x)− f(x)) = x(1− x)f (2)(x), f ∈ C2[0, 1]

lim
n→∞

n
[
n(Un(f ;x)− f(x))− x(1− x)f (2)(x)

]
=
x(1− x)

2

(
x(1− x)f (4)(x) + 2(1− 2x)f (3)(x)− 2f (2)(x)

)
, f ∈ C4[0, 1].

Let Πn be the space of all polynomial functions of degree at most n, defined on R, and
Π = ∪n≥0Πn. Nasaireh et al. [24] expressed the inverse of Beta operator as follows:

B−1n : Π→ Π, n ≥ 1, B−1n (p;x) =

m∑
k=0

(n)k
nk

[
0,− 1

n
, . . . ,−k

n
; p

]
xk, p ∈ Πm.

Using Theorem 8.16 the following Voronovskaya type results for inverses of Beta operators,
Bernstein operators and genuine Bernstein-Durrmeyer operators can be obtained (see [24, 25])

Theorem 8.17. Let m ≥ 0 and pn ∈ Πm, n ≥ 1. Suppose that the sequence (pn) is uniformly
convergent on [0, 1] to p ∈ Πm. Then

i) lim
n→∞

n
(
B−1n (pn;x)− pn(x)

)
= −x(1− x)

2
p′′(x),

ii) lim
n→∞

n

[
n
(
B−1n (pn;x)− pn(x)

)
+
x(1− x)

2
p′′n(t)

]
=
x(1− x)

24

{
3x(1− x)p(4)(x) + 4(1− 2x)p(3)(x)

}
.

Theorem 8.18. Let m ≥ 0 and pn ∈ Πm, n ≥ 1. Suppose that the sequence (pn) is uniformly
convergent on [0, 1] to p ∈ Πm. Then

i) lim
n→∞

n
(
B−1n (pn;x)− pn(x)

)
= −x(1− x)

2
p′′(x),

ii) lim
n→∞

n

[
n
(
B−1n (pn;x)− pn(x)

)
+
x(1− x)

2
p′′n(t)

]
=
x(1− x)

24

{
3x(1− x)p(4)(x) + 8(1− 2x)p(3)(x)− 12p′′(x)

}
.

Theorem 8.19. Let m ≥ 0 and pn ∈ Πm, n ≥ 1. Suppose that the sequence (pn) is uniformly
convergent on [0, 1] to p ∈ Πm. Then

i) lim
n→∞

n
(
U−1n (pn;x)− pn(x)

)
= −x(1− x)p′′(x),

ii) lim
n→∞

n
[
n
(
U−1n (pn;x)− pn(x)

)
+ x(1− x)p′′n(x)

]
=
x(1− x)

2

[
x(1− x)p(4)(x) + 2(1− 2x)p(3)(x)− 2p′′(x)

]
.

From the above results one can obtain new estimates concerning certain operators and their
inverses.

Proposition 8.14. Let p ∈ Π. Then

lim
n→∞

n
(
Bn(p;x)−B−1n (p;x)

)
= x(1− x)p′′(x).

Proposition 8.15. Let p ∈ Π. Then

lim
n→∞

n
[
n
(
Bn(p;x)−B−1n (p;x)

)
− x(1− x)p′′(x)

]
=
x(1− x)

6

[
3p′′(x)− (1− 2x)p(3)(x)

]
.
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Proposition 8.16. Let p ∈ Π. Then

lim
n→∞

n
(
Bn(p;x)− B−1n (p;x)

)
= x(1− x)p′′(x).

Proposition 8.17. Let p ∈ Π. Then

lim
n→∞

n
[
n
(
Bn(p;x)− B−1n (p;x)

)
− x(1− x)p′′(x)

]
=
x(1− x)

6

[
(1− 2x)p(3)(x)− 3p(2)(x)

]
.

Proposition 8.18. Let p ∈ Π. Then

lim
n→∞

n
[
Un(p;x)− U−1n (p;x)

]
= 2x(1− x)p′′(x).

Proposition 8.19. Let p ∈ Π. Then

lim
n→∞

n
[
n
(
Un(p;x)− U−1n (p;x)

)
− 2x(1− x)p′′(x)

]
= 0.

Proposition 8.20. Let p ∈ Π. Then

lim
n→∞

n2
(
B−1n (p;x)−B−1n (p;x)

)
=
x(1− x)

6

{
3p′′(x)− (1− 2x)p(3)(x)

}
.

Other results of this type can be obtained in a similar way.
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