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INTERSECTION GRAPHS OF CO-IDEALS OF SEMIRINGS

S. EBRAHIMI ATANI, S. DOLATI PISHHESARI, M. KHORAMDEL, AND Z. E. SARVANDI

ABSTRACT. Let R be a semiring with identity. In this paper, we introduce the
intersection graph of co-ideals, denoted by G(R). The vertices of G(R) are
non-trivial co-ideals of R, and two distinct vertices I and J are adjacent if and
only if INJ # {1}. The basic properties and possible structures of this graph
are studied and the interplay between the algebraic properties of R and the
graph-theoretic structure of G(R) is investigated.

1. INTRODUCTION

Semirings which are regarded as a generalization of rings have been found useful
in solving problems in different disciplines of applied mathematics and information
sciences because semirings provides an algebraic framework for modeling. Recently,
a lot of study of algebraic structures has been explored via the graph theoretic
approach. A basic question about this representation is, what graphs can represent
algebraic structures? Attempts to answer this question involve looking at graph
properties such as the chromatic number and maximal clique size to find rules
about possible graph structures. In 1988, Istvan Beck [2] proposed the study of
commutative rings by representing them as graphs, called zero divisor graph. These
zero divisor graphs marked the beginning of an approach to studying commutative
rings with graphs. Similarly, there is several graphs assigned to rings and semirings
[T, [7, 8, @} L0, T1]. One of the most important graphs which have been studied is the
intersection graph. Bosak [4] in 1964 defined the intersection graph of semigroups.
In 1969, Csdkany and Pollak [14] studied the graph of subgroups of a finite group.
In 2009, the intersection graph of ideals of a ring was considered by Chakrabarty,
Ghosh, Mukherjee and Sen [5]. In this paper, we introduce intersection graphs
of commutative semirings with respect to co-ideals. The intersection graph of co-
ideals of a semiring R, denoted by G(R), is a graph with Z*(R) = {I : {1} #
I is a proper co-ideal of R} as vertices and two distinct vertices are adjacent if and
only if TN J # {1}.
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In section 2, it is proved that if R is a semiring, then G(R) is empty if and
only if Z*(R) = Max(R) = {My, M2} or R = B or |I*(R)| = 1. Also, if G(R)
is connected then diam(G(R)) < 2 and ¢gr(G(R)) € {3,00}. In Theorem
we find the relation between clique number and the number of co-ideals of R, we
show that w(G(R)) is finite if and only if the set of all co-ideals of R is finite and
w(G(R)) = 2Maz(B)I=1 _ 1 when J(R) = {1} and Max(R) is finite. In Theorem
we characterize the co-ideals of R, when G(R) has an end vertex and Corollary
shows that if G(R) is complete r-partite, then either |Z*(R)| = r or r + 1. In
the last theorem of this section, we find independence number of G(R) by using
minimal prime co-ideals.

In section 3, the study of planar property of G(R) breaks into some cases de-
pending on the number of maximal co-ideals and simple co-ideals of R. In this
section we prove that if G(R) is planar, then |Z*(R)| < 7.

In order to make this paper easier to follow, we recall various notions which will
be used in the sequel. For a graph I by E(T") and V(T') we denote the set of all edges
and vertices, respectively. A graph G is called connected if for any vertices z and
y of G there is a path between z and y. Otherwise, G is called disconnected. The
distance between two distinct vertices a and b, denoted by d(a,b), is the length of
the shortest path connecting them (if such a path does not exist, then d(a, b) = oo,
also d(a,a) = 0). The diameter of graph T', denoted by diam(T'), is equal to
sup{d(a,b) : a,b € V(I')}. A graph is complete if it is connected with diameter less
than or equal to one. A clique of a graph is its complete subgraph and the number
of vertices in the largest clique of graph G, denoted by w(G), is called the clique
number of G. In a graph G = (V, E), a set S C V is an independent set if the
subgraph induced by S is totally disconnected. The independence number «(G) is
the maximum size of an independent set in G. Note that a graph whose vertices-set
is empty is a null graph and a graph whose edge-set is empty is an empty graph.

A commutative semiring R is defined as an algebraic system (R, +,.) such that
(R,4+) and (R, .) are commutative semigroups, connected by a(b+ ¢) = ab+ ac for
all a,b,c € R, and there exist 0,1 € R such that r + 0 = r and r0 = Or = 0 and
rl = 1r = r for each r € R. In this paper all semirings considered will be assumed
to be commutative semirings with a non-zero identity.

Definition 1. Let R be a semiring.

(1) A non-empty subset I of R is called co-ideal, if it is closed under multiplica-
tion and satisfies the condition r +a € I for alla € I and r € R (so 0 € I if and
only if I = R). A co-ideal I is called non-trivial provided that I # {1} and I # R
(16, 13)).

(2) A non-empty subset I of R is called strong co-ideal, if 1 € I and I is a
co-ideal ([13]).

(8) A co-ideal I of R is called subtractive if x,xy € I, then y € I ([6]).
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(4) If D is an arbitrary nonempty subset of R, then the set F(D) consisting of
all elements of R of the form dids...d, + 7 (with d; € D for all 1 < i < n and
r € R) is a co-ideal of R containing D ([13]).

(5) A proper co-ideal P of R is called prime if x +y € P, thenxz € P ory € P
(16)).

(6) A semiring R is called co-semidomain, if a +b =1 (a,b € R), then either
a=1orb=1 (J6]).

(7) A semiring R is called I-semiring, if r+1=1 for allr € R ([1]).

(8) An identity-summand graph of a commutative semiring R, denoted by T'(R),
is a graph whose vertices are the mon-identity identity-summands of R with two
distinct vertices joint by an edge when the sum of the vertices is 1 (7] ).

(9) Let R be an I-semiring. R is called semisimple, if for each proper co-ideal I
of R, there exists a co-ideal J of R such that R = F(IUJ) and INJ = {1} ([12]).

(10) Let R be an I-semiring and I be a co-ideal of R. I is called simple (min-
imal) if it has no co-ideals besides the {1} and itself. We show the set of all sim-
ple (minimal) co-ideals of R by Min(R). Moreover, Soc(R) = F(U;enl;), where
Min(R) = {IL;}iea (112]).

(11) Let R be a semiring and I,J be co-ideals of R. Then we call J is a com-
plement of I if INJ = {1} and J is mazimal with respect to this property ([12]).

Proposition 2. (i) [T, Proposition 2.5] Let R be a commutative I-semiring. Then
the following statements hold:

(1) Ifa+a=1 for some a € R, then a =1;

(2) If J is a co-ideal, then J is a subtractive co-ideal of R. Moreover, if xy € J,
then x,y € J for every x,y € R. In particular, J is subtractive;

(8) The set (1 :x) ={r € R:r+x = 1} is a strong co-ideal of R for every
x € S(R).

(ii) |10, Proposition 2.1] Let I be a subtractive co-ideal of a semiring R. Then
the following hold:

(1) If zy € I, then z,y € I for all z,y € R;

(2)(I:a)={reR:r+acl}isa subtractive co-ideal of R for all a € R.

2. INTERSECTION GRAPH OF CO-IDEALS OF A SEMIRING
We begin with the key definition of this paper.

Definition 3. Let R be a semiring. The intersection graph of co-ideals of R, de-
noted by G(R), is the graph with all elements of T*(R) = {I : {1} # I is a proper co-
ideal of R} as vertices and two distinct vertices I and J are adjacent if and only if

InJ#{1}.

Remark 4. We know that R is an I-semiring if and only if {1} is a co-ideal of R.
So if there exist co-ideals I, J of R such that INJ = {1}, then R is an I-semiring.
Hence if R is not an I-semiring, then G(R) is a complete graph. Note that if R is
an I-semiring, then all co-ideals of R are strong.
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In this paper, B denotes the boolean semiring {0, 1}, which 1+ 1 = 1.

Theorem 5. Let R be a semiring. Then G(R) is an empty graph if and only if
I*(R) = Max(R) = {My,Ms} or R~ B or |Z*(R)| = 1.

Proof. If R is not an I-semiring, then INJ # {1} for each co-ideals I, J of R. Since
G(R) is empty, R contains only one co-ideal and |Z*(R)| = 1. Suppose that R is
an I-semiring. We consider two cases:

Case 1: (R, M) is a local semiring. Since for each co-ideal I of R, I N M # {1}
and G(R) is an empty graph, M is the only co-ideal of R. Hence by [7, Theorem
2.8] M = {1}. Now, let 1 #r € R, so r ¢ M. Hence there exists s € R such that
r+ s =0. Since R is an I-semiring, r = 0 and R = B.

Case 2: Suppose that |[Maz(R)| > 2. Since G(R) is empty, M; N M; = {1} for
each M;, M; € Max(R). As R = F(M; U M,), M; and M, are simple co-ideals of
R by [12, Lemma 3.5]. We show Max(R) = {M;, M;}. Suppose to the contrary
that M;, M; # My € Max(R). Hence My N M; = My N M; = {1}. Let a; € M.
Then M;, My C (1: a;). Thus M; = My = (1 : a;), a contradiction. Therefore
Max(R) = {M;, M;}. Moreover, Z*(R) = Max(R). The converse is clear. O

Example 6. Let X = {a,b}. Then R = (P(X),U,N) is a semiring with T*(R) =
Maz(R) = {{X,{a}},{X,{b}}}. It can be easily seen that G(R) is an empty graph.

Theorem 7. Let R be a semiring such that G(R) is not empty. Then G(R) is
connected and diam(G(R)) < 2.

Proof. Let I,J be two non adjacent vertices of G(R). Then I NJ = {1}, which
implies that R is an I-semiring. Let I C M;, J C M, for some maximal co-ideals
My, My of R. If I'N My # {1} or JN My # {1}, then d(I,J) = 2. Suppose that
INnMy={1}, JNnM; = {1}. Hence I, J are simple co-ideals of R, by [12, Lemma
3.5]. We show R # F(I UJ). Suppose that R = F(I UJ). Then by [I2Z, Lemma
32, My =FIU(JNM))=F(I)=Iand My =F(JU{INM))=F(J)=J.
Since G(R) is not empty, My N M, = INJ # {1}, by the proof of Theorem 5, which
is a contradiction. So F(I U J) is a proper co-ideal of Rand I — F(IUJ) — J is a
path between I, J. So diam(G(R)) < 2. O

A cycle of a graph is a path such that the start and end vertices are the same. For
a graph G, it is well-known that if G contains a cycle, then gr(G) < 2diam(G) + 1.

Theorem 8. Let R be a semiring. Then gr(G(R)) € {3, c}.

Proof. Suppose that G(R) contains a cycle. We may assume that gr(G(R)) < 5.
Let Iy — Is — ... — I, — I; be a cycle of minimum length in G(R), where n € {4,5}.
Since I, I3 are not adjacent, Iy N I3 = {1}. f [1N Iy # I or Iy, then I — 1 NI —
I, — I is a cycle in G(R), which is a contradiction. So Iy N Is = I; or Is. Since
Il 013 = {1}, Il ﬂIQ 7£ IQ. Hence Il ﬂ[g = Il, which gives Il Q IQ. By the similar
argument for Iy N Iy, Iy C Is. Hence I; N I3 = I; # {1}, which is a contradiction.
Therefore, there must be a shorter cycle in G(R) and gr(G(R)) = 3. O
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The following useful two lemma help us to prove Theorem [12] and Theorem [I5]

Lemma 9. Let R be an I-semiring and I, J and K be simple co-ideals of R. Then
F(IuJ)# FUIUK).

Proof. Suppose, on the contrary, F(IUJ) = F(I UK). Let j € J. So there exist
i € I, k € K such that j = ik + r, for some r € R. So ik € (J : r) which implies
i,ke€ (J:r). Hencei+r =k+r =1 Thusi,k € (1:7r), givesik+r =1, a
contradiction. O

Lemma 10. Let R be a semiring and M a maximal co-ideal of R. Then there is
at most one co-ideal I of R such that M is not adjacent to I.

Proof. Suppose that there are co-ideals I, J of R such that INM =JNM = {1}.
By [12, Lemma 3.5], I, J are simple co-ideals of R. Also R is an I-semiring and
R=F{IUM)=F(JUM). So there exist s € I, j € J and mq, ma € M such that
imp = jmg = 0. So imimg = jmymg = 0, which gives mima(i + j) = 0. Since
i+ j =1, mymo = 0 which is a contradiction. O

The following result is an immediate consequence of Lemma

Corollary 11. Let R be a semiring and M a maximal co-ideal of R. Then
deg(M) = |G(R)| — 1 or deg(M) = |G(R)| — 2.

Theorem 12. Let R be a semiring. Then the following statements are equivalent:
(¢) deg(M) is finite, for some maximal co-ideal M of R;
(i) G(R) 1is finite;
(15i) w(G(R)) is finite.

Proof. (i) = (i) is clear by Corollary

(#4) = (79t) and (i7) = (i) are clear.

(#43) = (i1) At first we show that the number of simple co-ideals of R is finite.
Suppose, on the contrary, {I,}aea is an infinite set of simple co-ideals of R. By
Lemma@ F(I,Ulg) # F(1,Ul,), for o, 8,7 € A. Hence for minimal co-ideal I, of
R we have the infinite complete subgraph {F(I,UI3)}seca, which is a contradiction.
So R contains only finite number of simple co-ideals. Since w(G(R)) is finite, each
co-ideal of R contains a simple co-ideal. Now, if G(R) is infinite, then there are

infinite co-ideals which contain common simple co-ideal, which is a contradiction.
|

Theorem 13. Let R be a semiring. If Max(R) is finite with J(R) = {1}, then
w(G(R)) = 2IMaz(R)I=1 _ 1,

P’/’OOf. Let Maa:(R) = {Ml,Mg,...,Mn}, Al = {M17...,Mi,1,Mi+1,...,Mn} and
P(A;) the power set of A;. For each X € P(A4;), set Tx = NpexT, then the
subgraph of G(R) with vertex set {Tx }xep(a,) is a complete subgraph of G(R).
Since |P(4:)\ {}| = 2! - 1, w(G(R)) > 2"~ ! — 1. We show each co-ideal of R
is of the form N;caAM;, where A C {1,2,...,n}. Let K; = Mi£j1<;i<nMj, by [12,
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Lemma 3.5], Min(R) = {K;}1<i<n. Let K be a co-ideal of R, so there exist at
least two maximal co-ideals M;, M; of R such that K Q M;, M;. Let K C NjeaM;,
K ¢ UjearM;, where A C {1,2,...,n} and A" = {1,2,...,n} \ A. We show R =
F(K U (NiearM;)). Tt is clear that R = F(K U M;), for each ¢ € A’. So for each
i € A/, there exist k; € K, m; € M, such that 0 = k;m,;. If A = {iy,ia,...,4},
then 0 = k;, ki, ...k, m;;, for each ij € A. So 0 = k; ki, ...ks, (M, +mi, + ..o +my,).
This implies 0 € F(K U (NjearM;)), as needed. By [12] Lemma 3.2], N;eaM; =
F(K U ((NieaM;) N (NiearM;))) = K. So K = NjeaM; and R has 2" — 2 proper
co-ideals. It can be easily seen that all co-ideals of R have complement. Now,
let ¥ = {I1,I5,...} be a complete subgraph of G(R). We partition the co-ideals
of R in parts V1, Vs, .., Von—1_ such that each part contains the co-ideal I and its
complement. Now if [¥] > 277! — 1 then at least two of the elements of ¥ are in
the same part, which is a contradiction. So w(G(R)) = 2/Ma=(B)I-1 _ 1, O

Lemma 14. Let R be a semiring and I be a simple co-ideal of R. Then there is at
most one mazximal co-ideal M such that I N M = {1}.

Proof. Suppose, on the contrary, My, Ms are two maximal co-ideal of R such that
INM, =INnM; = {1}. So F(IUM;) = F(IUM;) = R. Hence there exist i1, € I,
my € My and mo € My such that i;mq = i9me = 0. Thus i1iz(m; + me) = 0,
which gives R = F(IU (M N M,)). By [12, Lemma 3.2], My = F(M; N Ms), which
is a contradiction. O

Theorem 15. Let R be a semiring. The following statements are equivalent:

(t) G(R) contains an end verte;

(i) Z*(R) = {I,M} or I*(R) = {I,J, M}, or I*(R) = {I,J, M, M’} where
I,J € Min(R), M,M' € Max(R);

Proof. (i) = (4i) Suppose that I is an end vertex of G(R). We consider two cases:

Case 1: I is maximal. So I is adjacent to all maximal co-ideals of R. This
implies |Maz(R)| < 2. If |Maz(R)| = 2, then I N M # {1}, for some maximal
co-ideal M of R, by the proof of Theorem [5] Hence I is adjacent to M and M N1,
which is a contradiction. So Maz(R) = {I}. It can be easily seen that |Z*(R)| = 2,
because deg(I) = 1.

Case 2: I is not maximal. We consider two cases:

Case 2-1: (R, M) is local. Hence M is the only co-ideal of R such that INM #
{1}. Since deg(I) = 1, I is simple. It can be easily seen that |[Min(R)| < 2,
because if I, J, K € Min(R), then I is adjacent to F(I UJ) and F(I U K') which is
a contradiction. If |[Min(R)| = 1, then we show that Z*(R) = {I, M }. Suppose that
Kisaco-idealof R. If I C K, then K = I or K = M, becausedeg(I) =1. f I £ K,
then Min(R) = {I} implies L C K, for some co-ideal L of R. Hence F(IUL) = M,
which gives K = F(LU (I N K)) = L, a contradiction. If |[Min(R)| = 2 and
J € Min(R), then M = F(I U J). Now, for each co-ideal K of R, it can be easily
checked that TN K # {1} or JN K # {1}. Since deg(I) =1, KNI = {1}, So
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JNK # {1}. Hence by [12, Lemma 3.2] K = K "\ M = F(JU (K NI)) = J. Thus
T*(R) = {I,J, M}.

Case 2-2: R is not local. Hence [Maz(R)| = 2 by Lemma [14] Let Maz(R) =
{My, M5} and I C M. Tt is clear that I N My = {1}. It can be easily seen that
F(IUK) # R, for each non-maximal co-ideal K of R. Since deg(I) =1, F(JUK) =
My, for each non-maximal co-ideal K. So by [12], Lemma 3.2], My N M = K. Thus
T*(R) = {I, My N Ma, My, My)}.

(74) = (7) It can be easily checked that if Z7*(R) = {I, M} or Z*(R) = {I, J, M },
then G(R) has an end vertex. Suppose Z*(R) = {I,J,M,M’'} where I,J €
Min(R), M,M' € Maz(R). Since G(R) is not empty, M N M’ # {1}. Let
MnNM =Tand JC M. SoJ ¢ M'. Hence JNM' = {1} and J is the end
vertex of G(R). O

Theorem 16. Let R be a semiring. If G(R) is a complete r-partite graph, then at
most one part has more than two vertex.

Proof. If R is not an I-semiring, then G(R) is complete and there is nothing to
prove. Suppose that R is an I-semiring and Min(R) = {K;};ca. Since K; N K; =
{1}, all simple co-ideals of R are in the same part, say V;. We show |Min(R)| < 2.
Let K;, K;, K, € Min(R). By the similar proof in Lemma@, FK,UK;))NK, =
{1}, but G(R) is complete r-partite implies F(K; U K;) N K; = {1}, which is a
contradiction. Hence R contains at most two simple co-ideals. We show that other
parts contain only one co-ideal. Let I be a co-ideal of R which is not simple. Since
G(R) is complete r-partite, I contains simple co-ideal, say Kj. If there exists a
simple co-ideal K5 such that Ko ¢ I, then I N Ky = {1} implies I € V4, which is a
contradiction. Hence all non simple co-ideals contain Soc(R). So for each co-ideal
1, J which are not simple I N J # {1}. Hence the only part which has more than
one vertex is V7. [l

As an immediate consequence of the proof of Theorem [I6] we have the following
corollary.

Corollary 17. Let R be a semiring. If G(R) is a complete r-partite graph, then
I*(R) is finite and |Z*(R)| =1 orr+ 1.
Proof. Is clear by the proof of Theorem O

Lemma 18. Let R be an I-semiring, a,b € R and a # b. If a+b = 1, then
F({a}) N F({b}) = {1} and F({a}) # F({b}).

Proof. Since a € (1:b), a™ € (1:b), for each n € N. So b € (1:a"), which implies
b™ € (1:a™), for each m € N. Hence a™+b™ = 1, which gives F({a})+ F({b}) = 1.
So F({a}) N F({b}) = {1}, by [12, Proposition 3.2]. O

Proposition 19. Let R be an I-semiring. Then G(R) is a complete graph if and
only if R is co-semidomain.
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Proof. Is clear by Lemma [I8] O

In the next example, we show that the condition “R is an [-semiring“ is not
superficial in Proposition

Example 20. Let R = (Z* X Z7,+,-). It can be easily seen that R is not an
I-semiring. Also R is not co-semidomain, because (1,0) + (0,1) = (1,1) but G(R)
is a complete graph.

Let R be a semiring. Then Min,(R) is the set of all minimal prime co-ideals of

R.

Theorem 21. Let R be an I-semiring. If a(G(R)) is finite, then o(G(R)) =
| Min,(R)]-

Proof. At first, we show that a(G(R)) = w(I'(R)). Let {I1,I,...,I,} be an in-
dependent set in G(R). Let a; € I;. Then {aj,as,...,a,} is a vertex set of
complete subgraph in I'(R). So w(I'(R)) > a(G(R)). Now, let {ai,as,...} be a
clique in I'(R). By Lemma {F({a1}), F({az}),...} is an independent set in
G(R). So a(G(R)) > w(T'(R)). Hence a(G(R)) = w(I'(R)). By [7, Theorem 5.4],
w(I'(R)) = [Miny(R)[, so «(G(R)) = [Miny(R)|. 0

In the following we provide an example to show that the condition “R is an
I-semiring“ can not be omitted in Theorem

Example 22. Let R = ({rg,r1,72,73}, +, %), where

r3, ifa,b#rg
a+b=4b, ifa=ry ,
a, if b=ryg.
a, ifb=mr
b, ifa=m
axb=1<ry, ifb=rqgora=rgy,

r, ifb=a=ry

r3, otherwise.
foralla,b € R and S = ({0,1,2,3,6}, ged, lem) (take ged(0,0) = 0 and lem(0,0) =
0). Let T = S x R. Since T is not an I-semiring, G(T) is complete, hence
a(G(T)) = 1. It can be easily seen that J; = {r1,ra} x{1,2,3} and Jo = {r1,r3} x
{1,2,3} are the minimal prime co-ideals of T. So a(G(T')) # |Min,(T)|.

3. PLANAR PROPERTY

We do not know whether an intersection graph of co-ideals is planar. We now
state our next results to investigate the planar property of G(R). At first we need
some proposition to gain the main theorem (Theorem of this section.
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Proposition 23. Let R be a semiring. If G(R) is planar, then |Max(R)| < 3.

Proof. Suppose, on the contrary, My, My, M3, My € Maz(R). By [0, Lemma 2.7],
My N My N Mz # {1} and M; N M; # {1}, for each M;, M; € Maz(R). So the
vertex set { M7 N Mo N Ms, My N My, My, My, M3} makes K5 in G(R), which is a
contradiction. [l

Proposition 24. Let R be a semiring with |Maxz(R)| = 3. If G(R) is planar, then
R is semisimple with |Z*(R)| = 6.

Proof. Suppose that Maxz(R) = {My, M2, M3}. If J(R) # {1}, then
{My, M2, M3, My (0 Mo, J(R)}

makes K5 in G(R), which is a contradiction. Hence J(R) = {1}, which implies
R is semisimple by [12] Theorem 3.7]. So there exist simple co-ideals I; such that
R = F(I; U M;), for each co-ideal M; € Maz(R). Since F(I; U Ix U I3) ¢ M; for
each M; € Max(R), F(I; UI;UI3) = R. By Lemma[10| and [I2, Lemma 3.2] we
have M; = F(I; U Iy), for k,j # i. Now let K be a co-ideal of R which is not
simple and maximal. Since G(R) is planar, K contains a simple co-ideal, say I;. It
is clear that if I, C K or I3 C K, then K = My or K = M3, a contradiction. So
I,NK =1I3N K = {1}. Hence K N F(I;UI3) = {1}, which gives K is simple by
[12, Lemma 3.5], a contradiction. Thus Z*(R) = {My, M2, M5, I, I3, I3}. O

Example 25. Let X = {a,b,c} and R = (P(X),U,N). It can be easily seen that
G(R) is a planar graph and R is an I-semiring with |Z*(R)| = 6

Proposition 26. Let R be a semiring with |Maz(R)| = 2. If G(R) is a planar
graph, then |Min(R)| < 2.

Proof. Suppose, on the contrary, I,J, K € Min(R). So F(IUJ), F(IUK) and
F(JUK) are proper co-ideals of R and F(IUJ) # F(IUK) # F(JUK), by Lemma
@ Without lose of generality, suppose that F(IUJ) and F(JUK) contained in Mj.
So I, J,K C M;. Also by Lemma [I0] we know there is at most one simple co-ideal
which is not contained in My. Let I, J C My. Then {My, F(IUJ), M, I, J, F(IU
K)} makes K3 3 as a subgraph of G(R), which is a contradiction. O

Proposition 27. Let R be a semiring with |Mazx(R)| = 2. If G(R) is planar, then
|Z*(R)| < 5.

Proof. Suppose, on the contrary, |Z*(R)| > 6. By Proposition |Min(R)| < 2.
If IMin(R)| = 1, then G(R) is planar implies G(R) is a complete graph, which is a
contradiction. Suppose that |[Min(R)| = 2 and Min(R) = {I,J}. Let Maxz(R) =
{My, M5}. We consider two cases:

Case 1: Let My N M5 be simple. Suppose that M; N My = I. So either J € My
or J € Ms. Let J Z My. Hence F(JU Ms) = R and F(IUJ) = M;. Let K be
another co-ideal of R. We show J ¢ K. Because if J C K, then K € M,. Hence
K C M. Since K is not simple, K N My # {1}. Also KN My = KNM NM; =
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K n1I. Since I is simple and K N My # {1}, KNI = I, which gives I C K.
Thus K = Mj, which is a contradiction. So J € K. Since K is not simple, K
contains simple co-ideal I. We show F(K U J) # R, M. If F(K U J) = My, then
K C M; implies M; = F(K U (M N My)) = F(KUI) = K, a contradiction.
If F((KUJ) = R, then K ¢ M;. So K C M, and F(K UM;) = R. Hence
My, = F(KU(MiNM,))=F(KUI) =K, a contradiction. So F(KUJ) # R, M;.
Hence {I, K, F(K UJ), My, My} makes K5 in G(R), which is a contradiction.

Case 2: M1 N Ms is not simple. So it contains simple co-ideal, say I. Let K be
another co-ideal of R. We consider two cases:

Case 2-1: J C M7 N Ms. Since K is not simple it contains a simple co-ideal. If
I C K, then {I, K, MyNMs, My, M2} makes K5, which is a contradiction. If J C K,
then {J, K, M1 N My, My, My} makes K3, a contradiction. Thus J € My N Ms.

Case 2-2: J € MiNM,. SoJ € My or J € Ms. Without lose of generality,
suppose that J € My, hence J C M. Since J € My, F(IUJ) # M; N Ms. Also
F(IUJ)# My, because if F(IUJ)= My, then My N My =F(IU(JNM)) =1,
a contradiction. Thus {I, My, My, F(IUJ), M7 N My}, makes K5 in G(R) which is
a contradiction. O

Proposition 28. Let R be a local semiring. If G(R) is planar with |Min(R)| = 2,
then |Z*(R)| < 5.

Proof. Let Min(R) = {I,J} and M € Max(R). If F(IUJ) = M, then Z*(R) =
{I,J, M} and there is nothing to prove. Suppose that F(I U .J) # M. Let K, L be
another co-ideals of R. If I C K, L, then {I, L, K, F(IUJ), M} makes K5 in G(R),
a contradiction. Suppose that J € K, I € L. So I C K, J C L. It can be easily
seen that F(JUK) # F(IUL) # M. Hence {I, K, F(IUL),F(IUJ), M} makes
K5, a contradiction. [l

Proposition 29. Let R be a local semiring. If G(R) is a planar graph with
|Min(R)| = 3, then |[I*(R)| < 7.

Proof. Let Min(R) = {I,J,K} and M € Maz(R). If F(IUJUK) # M, then
{F(IUJ),F(IUK), F(IUJUK), M, I} makes K5 in G(R) which is a contradiction.
So F(IUJUK) = M. Now, let L be a co-ideal of R which contains simple co-ideal
I. Then by [12, Lemma 3.2] L = I. By the similar way if L contains simple co-
ideals I, J, then L = F(IU.J). Hence T*(R) = {I,J, K, F(IUJ), F(I UK), F(J U
K),M}. O

Example 30. Let R = ({0,1,2,3,5,6,10, 15,30}, gcd,lem). Then R is a local
semiring with simple co-ideals I = {1,2}, J = {1,3} and K = {1,5}. It can be
easily seen that G(R) is planar and T*(R) = {I,J, K, F(I1U J),F(IUK),F(J U
K), M}.

Now we can conclude the following theorem from above arguments.

Theorem 31. Let R be a semiring. If G(R) is planar, then |I*(R)| < 7.
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Proof. Let G(R) be planar. Then |Maxz(R)| > 3, by Proposition 23] By Proposi-
tion if IMaz(R)| = 3, then we have |Z*(R)| = 6. Also, by Proposition if
|Max(R)| = 2, then |Z*(R)| < 5 and if R is local, then |Z*(R)| < 7, by Proposi-
tions Therefore we can conclude that |Z*(R)| < 7, provided that G(R) is
planar. O
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