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Abstract  The behaviour of the solutions of the following system of difference equations is examined.

1 Yna3 } { 1 Xu3 }
Xp41 = MaXq ——,——=; Ypy1 = Max T M)
i { Xn-3 Xp-3 i Yn-3 ¥Yn-3

Where the initial conditions are positive real numbers.
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Maksimumlu Fark Denklem Sisteminin C6ziimleri

Ozet Asagidaki fark denklem sisteminin ¢dziimlerinin davranislar incelenmistir.

1 Yn-3 } { 1 Xn-3 }
Xp41 = MaXs ——,——=; Yy = Max , o))
" {Xn—s Xn3] Yn-3 Yn-3

Baslangig sartlar1 pozitif reel sayilardir.

Anahtar sozciikler Fark Denklemi, Maksimum Operatérii, Yart Donmeler

MANAS Journal of Engineering © 2014
journals.manas.edu.kg


mailto:ahmet.dogan@manas.edu.kg

Simgsek, Dogan., Solutions Of The System Of Maximum Difference Equations

1. INTRODUCTION

Recently, there has been a great interest in studying the periodic nature of nonlinear difference
equations. Although difference equations are relatively simple in form, it is, unfortunately, extremely
diffucult to understand thorougly the periodic behavior of their solutions. The periodic natiire of nonlinear
difference equations of the max type has been investigated by many authors. See for example [1-17].

Definition 1: Let | be an interval of real numbers and let f : 1™ — | be a continuously differentiable

function where s is a non-negative integer. Consider the difference equation
Xpg = F(Xqs X_geens Xip_g) for n=0,1,2,... )

with the initial values X_g,..., Xy € | . A point ; called an equilibrium point of Eq.(2) if
X = f (X, X).
Definition 2: A positive semicycle of a solutions {Xn };O:_S of Eq.(2) consist of a string of terms
{X| y Xjjg1eees Xm} all greater than or equal to equilibrium X with | >—s and m < oo such that either
| =—s or | >-s ve X, ; <X andeither M=c0 OF M<co and X, <X.

o0
Definition 3: A negative semicycle of a solutions {Xn }n:_s of Eq.(2) consist of a string of terms
{X| y Xy e Xm} all less than or equal to equilibrium X with 1 >—s and m<oo such that either

l=—s or I >-sand X_; =X andeither Mm=00 Oor m<oo and X, =X.

Definition 4 : Fibonacci sequenceis f, =1, f, =landfor n>3, f, =f , +f .

2. MAIN RESULTS
Let X and Y be the unique positive equilibrium of Eq.(1), then clearly

Fero )
X =Mmax =,= ,y=maX =,=
X X yy

X =1 x=1

x|
Il

U
i\
U
I

< |
Il
<k %I+
|
N
|

We can obtain X=1and y=1.

Lemma 1: Assume that,

l1<x3<y_3,1<X <Yy, l<xyg<yjand 1<Xxg<Yq
Then the following statements are true for the solutions of Eq.(1) :

a) Every positive semicycle consist of four terms,
b) Every negative semicycle consist of four terms,
c) Every positive semicycle of length four is followed by a negative semicycle of length four,
d) Every negative semicycle of length four is followed by a positive semicycle of length four.
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Proof:
a) andb)

N >0 and 1< x_3 <Y_g3, the solution X, Y can be obtained as follows :

If Xpn <VYn, Xp > X and Yn >;/ then,

l<x_3<Yy_3,1<X_p<Yy_p, 1<x4 <y Ve 1<Xxg<yg withthe initial conditions,

1 _
xN+l:max{ YN- 3} YN-3
XN-3 XN-3 XN-3
1 Xn-3|_XN-3 _T
YN+1=maX{ ) = <y
YN-3 YN-3 YN-3
1 _ _ —
xN+2=max{ ’YN 2}=yN2>X
XN-2 XN-2 XN-2
1 Xn-2 | XN-2 _T
yN+2=maX{ ) = <y
YN-2 YN-2 YN-2
1 . . —
XN+3=max{ ,YN 1}ZYN1>X
XN-1 XN-1 XN-1
1 XN | XNt
YN+3=maX{ ) = <y
YN-1 YN YN
1 —
Xpaq = Max]— INL_ YN 5
XN XN XN
1 Xy XN =
yw_max{_,_} o
YN YN YN
X X2 X -
xN+5=max{ = max{ ZN=38 ';“3 = N3
XN XN+1 YN-3 YN_3 YN-3
2 2
1 Xnu YN-3 YN3|_YN3 _T
yN+5—maX{ , = Mmax 5 =— >V
YN+ YN+ XN-3 XN_3 XN_3
1 XN_o XN_ XN_ —
xN+6—max{ ’YN+2}=maX N-2 212 _ N2 5
XN+2 XN+2 YN-2 YyN-2 YN-2
2 2
1 Xng2 YN-2 YN—2|_YN—2 _T
yN+6—maX{ , = max 5 =—>Y
YN+2 YN+2 XN-2 XN_2 XN _2
2
1 XN_1 XN XN —
xN+7—max{ ,YN+3}:maX N-1 211 N1
XN+3 XN+3 YN VN4 YN-1
2 2
1 Xng3 YN-1 YN | _ YN
YN+3 YN+3 XN-1 XN4 XN_1
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2
1 X X X -
XN+8:max{_,M}:max _N,_r; AN
XN+4  XN+4 YN YN YN

2 2
Vs =max{L,>W_+4}=max{Y_N V_N}zy_N> y

YN+4  YN+4 Xnox3 | X3

Hence we obtained,
AN > X, XN42 > X, XN43 > X, XNgg > X, XN35 <X, XNy <X, XN47 <X,
XN+ <X, ..

YN <Y, YN+2<Y, YN+3<Y., YN+ <Y, YN+5>Y., YN+6>Y., YN+T>Y,
YN+8 > Y,
Hence Every positive semicycle consist of four terms, Every negative semicycle consist of four terms.

¢) Using the proof a) and b)
If for N >0, then

XN+L > X, XN42 > X, XN33 > X, XNtq > X, XN45 <X, XNgg <X, XNz <X, X8 <X

’Tﬁélrefore every positive semicycle of length four is followed by a negative semicycle of length four.
d) Using the proof a) and b)

Iffor N >0, then

YN+1<)_/, YN+2<§’, YN+3<§’, YN+4<§’, yN+5>§/, YN+6>§’, YN+7>§’,

YN+8 > 9 e
Therefore every negative semicycle of length four is followed by a positive semicycle of length four.

Teorem 1 : Let (Xn ; yn) be a solution of Eq.(1) for 1<x_3<Yy_3, 1<X_p <Y_,, 1<x4 <y and
1< Xg <VYg. Then, forn=0,1,2,... we have

f(2n+2) f(2n+2) f(2n+2) f(2n+2)
X | Y3 ) Y : | Ya ) | Yo .
Bl =| S i Xgn+2 = o » Xgn+3 = . 1 Xgntd = —— ;

-3 _ _ X0
) [ X73 J f(2n+2) N ( X_2 J f(2n+2) N ( X_l J f(2n+2) N { XO j f(2n+2)
8n+5 =| +Xgn6 =| — , =l +Xgni8 =| —
n+5 S n+ y_ 8n+7 V1 n+8 Yo
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f (2n+1) f (2n+1) f (2n+1) f (2n+1)
X_3 } X_2 . X_1 . Xp )
Yan+l = (—J 1 Yen+2 = [—] 1 Y8n+3 = (—] 1 Yentq = (—J ,
y Yo

-3 Y2 Y1
f(2n+3 f(2n+3 f(2n+3 f(2n+3
, (ys (n+).y (v (n+).y (ya (n+).y (Yo (2n+3)
8n+5 X 3 » Y8n+6 _X—Z » Y8n+7 X1 » Y8n+8 Xo

Ispat: We obtain

Y3 = max

ot 2l 2
1 X4 X

1 XO XO —
Y4 =MaXy—,— r=—<Y
Yo Yo Yo
X5:max{1 ﬂ}:max X—3'X;3 _X_3 <)—(
1 Y-3 yZ3) Y-3
2 2 _
Y5 = max{iyx_}:max Y3 ’ Y3l _¥=s y
Y1 1 X_3 XE3 XE3
X6 =ma><{i,y—}=max X2 Xf _ X2 g
2 % Y2 y%5 ) Y-2
2 —
Ye =ma><{i,x—2}:max -2 yj = ygz >y
Y2 2 X_9 X%y x5
2 —
X7 =Mmax i,£}=max E,X—;l =21 oy
X3 X3 1 yE ] va
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2 —_—

max{iy_}max Yo X5 | Yo g
Xg Xg Yo vy§ Yo
2

1 x =

o L 28] a0 3] 18
Ya Y4 Xo X X0

for n =0, from a) and b) equations. That is our assumption is true for n = 0.
Assume that our assumption is true for n = k. Then

f (2k+2) f (2k+2) f(2k+2)
X [ Y3 . _| Y2 . | Ya .
8k+l = E s Xgk+2 = E ' Xgk+3 = X_1 ' Xgk+4 =

f(2k+2) f (2k+2) f (2k+2) f (2k+2)
X_3 ) ) X1 } X0
Xgk+5 = y_ 1 Xgk+6 =| T 1 Xgk+7 = y_ 1 Xgk+8 = y_

|o

J f(2k+2)

~<

-3 _

f (2k+1) f (2k+1) f (2k+1) f (2k+1)

ykl_(_x_?’J » Yek+2 ( 2] » Y8k 3_(—)(_ J » Y8k+4 ( J ,

8 - ] - ] - - ]
" Y_3 " Y2 " Yy " Yo

f(2k+3) f (2k+3) f (2k+3) f (2k+3)
8k+5 X_3 1 Y8k+6 ~ X_y » Y8k+7 X_1 » Y8k+8 X

Lets Show that a) and b) equations is true for n = k+1. We have

><

'~<
|\.7

Xgk+g9 = Max

=
4
s

f (2k+3)
)
f (2k+2)
LISt } — max (EJ \Xs)
X

Xgk+5  Xgks5 3 [X_:g F(2k+2)
Y3

f 2k+2 f(2k+3 f(2k+2
(2k+2) Vs (2k+3) Vs (2k+2)
' X_3 X_3

f (2k+2) f (2k+4)
Y_3
( X_3 ]

‘00

=max

3

( f (2k-+4)

X3
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()(_3} f (2k+2)
Y3

J f (2k+3)

Xgk+5 X_3

Ygk+9 = Max =maxd| == \y3/

' {y8k+5 Y8k+5 } ( Y3 Voa f(2k+3)
X3

f (2k+3) f (2k+2) f (2k+3)
y -3 Y 3

f (2k+3) f (2k+4)
_3
y- ]

>
w

<

><

= max

) [X_g) f (2k+3)
3

1 _
Xgs10 =max{ ’y8k+6}:max (y 2
Xgk+6 X8k+6 X_2

Jf(2k+2)

[XZJ f (2k+2)
y-2
f (2k+2) f (2k+3) f (2k+2)
ax{ o) (12) 1) }
X_2 X_o X_2

f(2k+2 f(2k+4
y (+)y;2 (2k+4)
1X_2

=max
f(2k+4)
- (y_z
X2
[ Xy ] f (2k+2)
f(2k+3) | =
X8k+6 X_p Y_o
Yak+10 = Max = max [—J A A —
' {y8k+6 Y8k+6 } Yo Vo f(2k+3)
X

f@ksd) o N\ F(2ke2) o F(2Ke3)
A2 A2
j ’[y-z ] (y-z J

X_32

Y2

X;ZJ f (2k+3) (X;Zj f (2k-+4)
Yo ' Y2

Jf(2k+3)

:max{
=max{
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f(2k+3
PR
X
(X_lJf(Zk+2)
Ya
f(2k+2 f (2k+3 f(2k+2
Y )T ()@ D
X ,X—l X1
f(2k+2 f (2k+4
Y ) @D (y )@
X_4 \ x4

Xgk+11 = max{—l Yoker } = max (H

f (2k+2)
Xgk+7 X8k+7 X1 ]

f (2k+2)
X1
f (2k —

1 Xgks7 X1 (29 [Y—J
I Sallaa | v T f(2k+3)
Yek+7  Y8k+7 ya V4 (2k+3)

Xq

(HJ f (2k+3) (u] f(2k+2) [ﬂ} f (2k+3)
-1 ya Y
(EJ f (2k+3) (E] f(2k+4)

-1 ya

Yak+11 = max{

Xgk+12 = Max

f (2k+3)
fk+2) | =
1 Y8k+8 } — max (y_oj Xo

Xgk+8 Xgk+8 Xo [Xo F(2k+2)
Yo

f (2k+2) f (2k+3) f (2k+2)

w2122 22

X0 X0 X0

f (2k+2) f (2k+4)
()™ ()]
Xo Xo

f(2k+4

(% (2k+4)
Xo
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f (2k+2)
1 X8k+8} [Xo]f(zmg) (YOJ
, K8 L max{| =% A —
Yak+8 Ysk+8 Yo Yo F(2k+3)
%)

f (2k+3) f (2k+2) f (2k+3)
Yo Yo Yo

f (2k+3) f (2k+4)
Yo Yo

Yek+12 = max{

) [X_OJ f (2k+3)
Yo

X_s f (2k+3)

1 y f(2k+4) TS

8k+9 -3 —

Xgk 413 = MaXy ——, —— = MaXy| — AN P —
i {Xsmg Xsmg} (y_gj Voa f (2k+4)

X3

f (2k-+4) (X fakad) o\ F(2ked)
=)

X 3
= max
3 Y3 Y3
f (2k+4) f (2k+5)
X3
= max —
{ ( y-3 ]

B (X;gJ f (2k+4)
-3

f(2k+4
(yJ( +4)
X_3

y f (2k+3)
8k+9 | _ Y3
Y8k+13 = max{ }— max (X_3 J : (X Jf(2k+3)

Yek+o  Yek+9 -3
Y3

f (2k+3) f (2k+4) f (2k+3)
_3 Y3
X 3 X_3

‘<

f (2k+3 f (2k+5
(+)y_(+)
X—3
_3
3

f (2k+5)
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f (2k+3)
f(2k+4) |
Xeki1a = max{ 1 Yekio } — max (X—z J Y2

Xgk+10 X8k+10 Y2 (Y—z J f(2k+4)
X_2

x 2 f (2k+4) [X;sz(zkw)[x;sz(sz)
2 ’ ) Yo
f (2k+4) f (2k+5)
- ( <3
y
B [X;ZJ f (2k+4)
Y2
f (2k+4)
2]

. f(2k+3) [
Yek+14 = max{ k10 }= max H;ZJ 2

Yek+10  Y8k+10 2 [X—z Jf(2k+3)
Y2

f(2k+3 f(2k+4 f (2k+3
yg )P [y, ) @Dy | e
X_2 ,X_2 X_2
f(2k+3 f(2k+5
PRI
X_2 ,X,Z

=max

<

>

f (2k+3)
X1
f(2k+d) | o
1 Yeksut } ( X4 J ( Yy }
Xgk+15 = MaXq ———, =——— = MaXq| — A P
’ {X8k+11 Xgk+11 Y1 V4 f (2k+4)
X1

( X4 J f (2k+4) ( X4 ] f (2k+3) ( X4 ] f (2k+4)
=MmaxX4y| — | — —
Y Ya Ya
f (2k+4) X f (2k+5)
)6
Y Y1
) (E] f (2k+4)
Ya
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f(2k+4
Vi (2k+4)
X1
[X_J_J f (2k+3)
Y1
f (2k+3) f (2k+4) f (2k+3)
X—l X—l X—l
f (2k+3) f (2k+5)
Y1 ya
( X1 J ( X1 J

Yek+11  Ysk+11 1

L x f(2k+3)
Y8k+15 = max{— “8kll } = max (%J

[XOJf(Zk+3)
Yo

f (2k+4

Yo (2k+4)
Xo

f (2k+4)
Xgk116 = Max J

1 Yek+12 } — max (X_o
Xgk+12  Xgk+12 Yo
f (2k+4) f (2k+3) f (2k+4)
Yo Yo Yo
f (2k+4) f (2k+5)
-ma3e] (5
Yo Yo

~ (X_OJ f (2k+4)
Yo

f (2k+4)
0
f(2k+3) |,
1 Xgk-+12 } ( Yo J (xo J
Ygk+16 = MaXy———, ——— = MaXy| — A
' {y8k+12 Y8k+12 Xo (Xo J f (2k+3)
Yo

f (2k+3) f (2k+4) f (2k+3)
o 20] 7 o) ™
Xp X0 X0
f (2k+3) f (2k+5)
22 (22
XO XO
f (2k+5
(v (2k+5)
Xo
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The proof is complete.
Teorem 3 : Let (Xn ; yn) be a solution of Eq.(1) for 1<x_g<y_3, 1<X_p<Yy_,, 1<x <y and
1< Xg <Yg. Then, forn=0,1,2,... we have
a) lim Xgn+1 = 0, lim Xgn42 = 0, lim Xgn+3 = 9, lim Xgnigq =©
n—oo n—o0 N—o0 nN—o0
lim Xgn,5 =0; lim Xgp,.6 =0; lim Xgn,7 =0; lim Xgn,g =0
n—oo nN—o0 n—oo n—o0
b) lim ygn.y =0; lim ygq, o =0; lim ygn,3=0; lim ygn 4 =0;
N—o0 N—o0 N—o0 N—o0
lim ygn,5 =00; lim ygn.6 =00, lim ygy,7 =00 lim ygq g =c0
N—o0 N—o0 N—o0 N—o0

Ispat: a) We obtain,

f (2n+2) f (o0)
for x 3<y3 lim Xgnyq = Ilm[ J ( 3} [—3]
n—oo X_3

f(2n+2) f ()
for X72 < y72 nlL)m Xgni2 = ||m( -2 ; ZJ ( J
-2
f (2n+2)
for X, <Yy, n||_)m x8n+3_n||_)m{3: 1} = x__J :(Z; =0 |
o\ X1 = -1
f (2n+2) f () o
for X, <Y, n|i_)m Xgnsa :n|£n i_] = Y_J :(y_OJ =0 |
00 00 0
f(2n+2) f (0) « 0
for x 3<y_3 lim Xgn,5 = lim y—?’J (y—3J :[y?’J =0 ,
n—o n—o _3
f(2n+2) X f () x 0
for X, <Y, lim Xgn.6 _nllm J Zj (—ZJ =0 ,
N—o0 —>00 2 )
X4 f (2n+2) X f (o0) o
for X, <Y, I|m N Xgn.7 = lim| =L ( 1} =0 .
N—00 1 —l
f (2n+2) @)\
for X, <Y, nIi_)m Xgn+8 :nlim y_o :(y—OJ :(y—oj =0
0 —O\ Y0 0 0
b) We obtain,
fem) o \FE@) e
for x 3<y 3 lim ygn, = Ilm(—3] :(ij :[;3] =0 .
n—e y -3 y-3
f (2n+1) f (o) ©
for X, <Yy, ||m Yeni2 = ||m(§_2J :(X;ZJ :(i;zj =0 |
-2 -2
f (2n+1) f (o0) w
for X4 <Y, ||m Ygni3 = ||m{%J :(EJ :[%J =0
-1 -1

MANAS Journal of Engineering © 2014
journals.manas.edu.kg



Simgsek, Dogan., Solutions Of The System Of Maximum Difference Equations

X f(2n+1) X f (o) X 0
for XO <y0 ||m Yan+a = IIm( 0] :{y—OJ :(y—oj :0l
0
f (2n+3) f (o) o
for x 3<y3 lim ygn,5 = lim J ( - % =0 |
nN—o0 N—o0 -3
f (2n+3) f (0) ®
for X, <Y, 1im Ygn. = lim i_zj ( J :(X;ZJ .
00 2 _2
vt f (2n+3) f (o0) o
for X, <Yy, n"—r>n Yans7 :n“_)m _J (X 1) :(x__lJ =w
® -1 -1
f (2n+3) f (o0) ®
for Xy <Yy r]Iim Y8n48 :nlim z J ( J :(i_OJ =0

This completes the proof.
3. DISCUSSIONS and CONCLUSION

We do this work in only one of the boundary conditions for (1) behavior of the system of equations
has been studied. Researchers at the start of the conditions of the new studies for the different states.
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