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Baslangig sartlar1 pozitif reel sayilardir.

Anaht ar Fark Denklemi, Maksimum Operatérii, Yari Donmeler.
sozciikler
1 _ Xn_
Xl = max{x_’in_4}; Yni1 = max{ 1n_4}
n-4 “n-4 Yn-4 Yn-4J gpolutions Of The System Of

Maximum Difference Equations

Abstract The behaviour of the solutions of the following system of difference equations is examined.
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Where the initial conditions are positive real numbers.
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1. GIRIS

Son zamanlarda, lineere olmayan fark denklemlerinin periyodikligi ile ilgili ilging calismalar
yapilmaktadir. Ozellikle fark denklem sisteminin periyodikligi, ¢dziimii ve c¢Oziimlerin
davranislart incelenmektedir. Birgok arastirmaci, son yillarda oOzellikle maksimumlu fark
denklemleri ve denklem sistemleri ile ilgili arastirma yapmislardir. Ornegin [1-30].

Tanmm 1 :
Xpag = F(Xqs X_gre Xp_g) N=0,1,2,... igin 2

fark denkleminde x = f(>_<,..., Q) oluyorsa X ye denge noktasi denir.

Tanmm 2 : )_(, (2) denkleminin pozitif bir denge noktasi olsun. (2) denkleminin bir {Xn}
¢cOziimiiniin bir pozitif yar1 dénmesi {X| y Kjggreees Xm} terimlerinin bir dizisinden olusur ve
bunlarin hepsi X denge noktasina esit veya biiyiik biitiin terimlerdir. Oyle ki 1 >0ve m<oo
olur ve burada ya =0 yada I >0 w x_, < X ve ya

m=co yada m<oo Ve X_, <X dir.

m+1

Tanmm 3: )_(, (2) denkleminin negatif bir denge noktasi olsun. (2) denkleminin bir {Xn}
¢Oziimiiniin bir negatif yar1 donmesi {X| s Xjsgree Xm} terimlerinin bir dizisinden olusur ve
bunlarin hepsi X denge noktasindan daha kiiciik terimlerdir. Oyle ki | >0ve m<oo olur ve

buradaYa | =0 yada | >0 we XHZ)_(veya Mm=oco yada m<oo Ve X > X dir.

m+1

Tamm 4 : f =1f,=1ven>3 i¢gin f, =7F _,+f _, seklinde tanimlanan sayilara
Fibonacci sayilar1 denir.

2. ANA SONUCLAR

1 Ynal|.
X4l = max{—,— »Yns1 = Max
Xn-4 Xn-4

Xnd } )

Yn-4 ’ Yn-a

Simdi (1) denkleminin pozitif denge noktasini bulalim.

X = max{i , l}y = max{i , é} olur. Buradan
X X vy

;§:i veya §/=é elde edilir. ()_()2 =1 ve (y)2 =1 bulunur. Buradan
y y

X== \veya X=

< || =
> l|< |

da
x=1ve y=1 elde edilir.
36
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Lemma 1 : (1) denklemi igin
0<x4q<Yy1<1Ve 0<Xxy<Yygo<1 baslangic sartlarina gore ,

Asagidaki ifadeler dogrudur:

O0<X_4<Yy_4<1l, O<x_g<y_.3<l1,

O0<Xx,<y.,<1,

a) X, coziimleri i¢in her pozitif yar1 donme bes terimden olusur. Yy, ¢oziimleri i¢gin N =5

durumunda her pozitif yar1 donme bes terimden olusur.

b) X, coziimleri i¢in her negatif yar1 donme bes terimden olusur. Y, ¢oziimleri igin N>5

durumunda her negatif yar1 donme bes terimden olusur.

C) X, ¢oziimleri i¢in bes uzunlugundaki her pozitif yar1 dénmeyi bes uzunlugundaki negatif

yar1 donme takip eder. Y, ¢oziimleri i¢in N =5 durumunda bes uzunlugundaki her
pozitif yar1 donmeyi bes uzunlugundaki negatif yar1 donme takip eder.

d) X, ¢oziimleri i¢in bes uzunlugundaki her negatif yar1 donmeyi bes uzunlugundaki pozitif
yart donme takip eder. Y, ¢Ozlimleri i¢in
negatif yar1 donmeyi bes uzunlugundaki pozitif yar1 donme takip eder

ispat :

0<X_4<Y_4<1,0<x3<y3<]l, 0<Xp<yy<l,0<xy3<y<lVel<xg<yp<l

Baslangig sartlarina gore
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X; = max{—, -
XO XO
{1 Xo
Ys = max{—,—%
Yo Yo
Xg = Maxq —, -+
Xl Xl
{1 xl}
Yo = MaXq—,—=
Y1 Y1
" :max{i,ﬁ}
XZ X2
Y7 =maXy—,—=
Y2 Y2
Xg = maxs —, =2
X3 X3
{1 xs}
Yg = Max{—,—=
Y3 Y3
xgzmax{i,—“}
X4 X4
{1 x4}
Yo =MaXy—,—
Yo Ya
Xy, = Max{ —, >
X5 XS
B Ys ' Vs

y
ol 2
X, X
v, - max{i,ﬁ}
y7 7
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2
X5 = max{iﬁ} = [hJ > X
X8 X8 X*Z

1 X X, =
Yiz=MaXs —,— =——<Y
Ys Vs

<
&
Il
5
—
=
x
5
—
|
x
S
AN
< |

elde edilir.
x1>>_<, Xp >;<, X3 >>_<, Xq >>_<, X >)_(, Xg <X, X; <)_(, Xg <>_<, Xg <>_<, x10<;(,
... buradan da goriildiigii gibi X, ¢6ziimleri PPPPPNNNNNPPPPPNNNNN... seklindedir.
Vi>Y. Y2>Y, V3>V, Ya>V, Y5>V, Ye>Y. V1>V, Yg>Y, Vo>V,
Yio>Y, Yi1<Y, Y12<Y. Y13<Y, Y14<Y, Yi5<Y ... buradan da goriildiigii gibi
Y, ¢ozimleri N >5 i¢in PPPPPNNNNNPPPPPNNNNN ... seklindedir.
X, ¢oziimleri i¢in her pozitif yar1 donmenin bes terimden olustugu goriilmektedir.
Y, ¢ozimleri N >5 i¢in her pozitif yar1 dsnmenin bes terimden olustugu goriilmektedir.
X, ¢oziimleri i¢in her negatif yar1 dsnmenin bes terimden olustugu goriilmektedir.

Y, ¢ozimleri N >5 i¢in her negatif yar1 donmenin bes terimden olustugu goriilmektedir.
Bes uzunlugundaki her pozitif yar1 donmeyi bes uzunlugundaki negatif yar1 ddnmenin takip ettigi
X, ¢oziimlerinden goriilmektedir.
Bes uzunlugundaki her negatif yar1 donmeyi bes uzunlugundaki pozitif yar1 ddnmenin takip ettigi
N > 5 sart1 altindaki y,, ¢6ziimlerinden goériilmektedir.
Boylece Lemmanin ispat1 gosterilmistir.

Teorem1: (X,;Yn) (1) denkleminin 0<x 4 <y 4 <1, 0<x g<y g<l, 0<X,<y ,<1,
O<xy<yg<lveO<xg<yg<1l baslangi¢ sartlar1 altindaki ¢6ziimii olsun., n=0,1,2 ,... igin
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f (2n+1) f (2n+1) f(2n+1) f (2n+1)

1 . 1 . 1 ) 1 .

Xon+1 = . 1 X10n+2 = a s X1on+3 = | —— » X10n+4 = o ;
1

-4 -3 X2
f(2n+1] f(2n+1 f (2n+1 f(2n+1
_i (n+). (x4 (n+). (xs (n+). (%, (n+).
X1on+5 = 1 X10n+6 =| —— 1 X10n+7 = iXon+8 =| —— ;
Xo Y_4 y-3 Y-2
y f (2n+1) X f(2n+1)
X10n+9 = (y__lJ 1 X10n+10 = [y—j
1 0

L f(2n). L f(2n). L f(2n). L f(2n).
Yi0n+1 = Ve Yion+2 = Vs Yion+3 = Yoo Yion+a = R :

f(2n) f(2n+2) f(2n+2) f(2n+2)
Yion+5 = [i) i Yi0n+6 = [_y_4J sYions7 = (—y_3j 1 Y10n+8 = [—y_ZJ ;
n = ’ n = ’ n = , n = ’

! Yo ’ X_4 ’ X3 ' X_2

f(2n+2) f(2n+2)
s =| 22| i yiomeo = 22
10n+9 X 1 » Y10n+10 X

¢Oziimler elde edilir.

ispat :
Bu teoremin ispatini tiimevarim yontemiyle gosterelim.

X, = max{i y“‘}:iw_(
X4 X, X_,

{ 1 x_4} 1 -

Yy, = max ' = >y
Yo Yu) Y

- max{i,g}:i %
X—3 X—S X—3

{ 1 x_3} 1 -

Y, =maxqy—,— =—2>Y
Y Y -3

{ 1 2} 1 X

X, = Maxy—, 22t =—>X
X, X, | X,

{ 1 xz} 1 -

Ys = Max , = >y
Yo Yo Yo

{ 1 _l} 1 x

X, =max{—, L= >
X, Xy | x4

Yy =maXy—,— r=—2>Y
Ya Ya 4
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Y1 Y1
" :max{i,ﬁ}
XZ X2
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Y2 Y2
Xg = maxs —, =2
X3 X3
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Y3 Y3
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X4 X4
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<
&
I
3
—
=
x
S
—
[
>
=
AN
<

n = 0 i¢in dogrudur. n = k i¢in dogru oldugunu kabul edelim.

f (2k+1) f (2k-+1) f (2k+1) f (2k+1)
1 . 1 . 1 . 1 .
Xok+1=| —— i Xkn+2 =| —— s X10k+3 = | T » X10k+4 = o ;

X_4 X_3 X_ 1

f (2k+1) f (2k+1) f (2k+1) f (2k+1)

1 . X_4 . X_3 : X2 :

X10k+5 =| = 1 X10k+6 = | —— s X10k+7 = 1 X10k+8 = ;
X0 Y_4 Y3 Y2

o\ f @k o) @k
X10k+9 = (y__lJ s X10k+10 = (y_oj
1 0

1 f(2k). 1 f(2k). 1 f(2k). 1 f(2k)-
Y10k+1 = y_ Y10k+2 = y_ 1 Y10k+3 = y_ 1 Y10k+4 = Y_—l ;

f (2k) f (2k+2) f (2k+2) f (2k+2)
y 1 .y _[Y-a Ly _| Y3 .y Y2 .
1oks = | Y1okes =| Yioker =| S Yiokes =| :

f (2k+2) f (2k+2)
oo |22 i <[ 20
10k+9 X » Y10k+10 X

n = k+1 i¢in dogru oldugunu gosterelim.
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Xiok+11 = max{

= max

f (2k+3)
(Y
X4

Yioks11 = max{

(52
X{

max

I
3

ax

7~ N\

1

XlOk+6

Yu

1

10k+6

4

Y4

f (2k+2)

y10k+6
1

XlOk+6

f (2k+1)

f (2k+1)

10k+6

y10k+6

= max Yo
X_4
f (2k+2) f (2k+1)
Y,
X 4

<
A

P
A

f (2k+3)

<
A

X
o

} max (h
Y4

x

f(2k+2)
f(ek+l) | —
j L

f (2k+2)
) ’ f(2k+2)
[ y_4 J

f (2k+2) f (2k+1) f (2k+2)
-4 y—4

f(2k+2 f (2k+3)
Y4 Y4

<
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y10k+7
H

} — max (h
X3

fk+) | ——
j(+) X

X =MaxXy——
10k +12
X10k+7 X10k+7
f (2k-+1) f (2k+2) f (2k+1)
e[ Vs (¥ Vs
X_, X 4 X_,
f (2k+1) f (2k+3)
— maxd| 2= | =
X 4 X_s
f (2k+3)
ysj
X3
f (2k+2) (
X
Xi0k+7 -3
Yioks12 = max{ - }: max { J )
Yiok+7 y10k+7 Y (
f (2k+2) f (2k+1) f (2k+2)
st X 3 X_3
= MaX | — "
Y Y Y
f(2k+2) f (2k+3)
X73 X_3
= Max | —
Y Y3

_ (&
Y3

f(2k+2)
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-3

-3

Y

f (2k+2)

f(2k+1)
X j

jf(2k+1)

jf(zmz)

44



Ogul, Simgek; Maksimumlu Fark Denklem Sisteminin Coziimleri

1
Xiok1s = max{x )
10k +8

f (2k+1) f (2k+2) f (2k+1)
X—Z X—2 X—Z
f (2k+1) f (2k+3)
Cma[Y2) (Ve
X -2 X—2
( jf(2k+3)
X
L y f(2k+2) y
lOk 8 -2 -2
Yiokaz = max{ : } max ( J ;
y10k+8 y10k+8 y—2
X

><

max

I
3
&

R R

(52
{

f (2k+2) f (2k+3)
Yo, Yo,
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f (2k+1) (
Yioks } — max (Y2 j
X10k+8 X, (

] f(2k+2)
f(2k+2) f(2k+1) f(2k+2)
y 2 y—2 y_2

f (2k+2)
Yo,
X,
f(2k+1)
X, j
Yo,

Jf(zm)
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Xiok+14 = max{

X10k+9
=max<| 2=
X,
— max| 7=
X4
f (2k+3)
:(y4
X,
1
Yiokia = MaXy ——,
Yiok+9

I
3
8

I
3
8

f (2k+2)

Il
/N
< [ X
Lok

f (2k+1)

f (2k+1)

Yiok+9
)

X10I<+9

X10k+9

y10k+9

f (2k+2)
Y,

f (2k+2)
Y

}=max

f (2k+1)
Y

}zmax
f (2k+2)

Y

X4

f (2k+3)

:

yf

(x

-1

Ya
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(2k+
J
_

f (2k+1)
Y
X,

X4
jf(2k+2) y
Yy
f(2k+2)
X4
)

f (2k+2)
Y,

n |
X4

f (2k+1)
Y
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Yiok+s
Xiok+15 = MaX ) = max
XlOk+lO X10k+10
f(2k+2)
—max{| Lo |22
Xo Xy
f (2k+2)
Cmad[Ye] (%
Xy Xy
f (2k+3)
_ (ﬁ
Xo
y = max L
10k+15 =
Yiokso  Yioks10

I
3

f (2k+2)
o
y

f(2k+2) f (2k-+1)
Xo
max —
Yo

f(2k+2) f (2k+3)
Xo
aX R
Yo

f (2k+3)

Yo

0

Yo
X
f(2k+2)£

0

0
XO

0

Xiok.10 } e (X_
f(2k+2)
X, J

Yo

f (2k+2)

Yo

f (2k+1)
v_J

jf(2k+m [3&)
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(2k+1) Xo
’ f(2k+1)

f (2k+1)
xoj

jf(2k+a
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f (2k+3)
« _mw{ 1 YMm}_mM(}4j
10k+16 — ) = — :
Xiok+11  X0k+11 Y4

f (2k+3) f (2k+2) f (2k+3)
X X X
= max -4 ’ —4 ( -4 J
Y4 Y4 Y.
f (2k+3) f (2k+4)
X—4 X—4
= MaX JR—_ | —
Y4 Y4

f (2k+3)
Y4

f(2k+2)
Wmm:mw{ Mm}=mw(lij ,
Y10k+11 Yiok+11 X 4

f (2k+2) f (2k+3) f (2k+2)
4 Y4 Y4
X 4 X_4 X_4
f (2k+2) f (2k+4)
ax 4 , Y4
X

-4
f (2k+4)
ZY_
X—4

>

f (2k+3)
-4

max

I
3
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Y4

f (2k+3)
Y4
X4

f(2k+2)
Y4
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1 X
X1y = max{ ’ Yioksz | _ maxd| 2=3
Xiokrz  Xiok+2 Y

f (2k+3) f(2k+2) f (2k+3)
X X X
= max<| == ’ 23 (_3]
-3 Y Y3
f (2k+3) f(2k+4)
X—3 X—3
= MaX J— J|—
Y3 Y3

f (2k+3)
_ X j
y_

Yiokar = max{
Yioks2 Y10k+12

f (2k+2) f (2k+3)
Y bE] Y
X, X, X,

f (2k+2) f (2k+4)
ygj (yg
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jf(zmz)

f(2k+ —

2k+3) y
T
)

-3

3

X—3

( y_3 j
f(2k+2)
Xiok+12 } — max (hj X 3

f (2k+2)
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f (2k+3)
« _ max{ 1 Yigas } — max (Xz J
10k+18 — ) = — :
Xiok+13  X10k+13 Yo

f (2k+2)
(X 2 j
Yo,

f (2k+3) f (2k+2) f (2k+3)
X X X
= max -2 ’ -2 ( -2 j
Yo Yo Yo
f (2k+3) f (2k+4)
X—Z X—2
= MaX —— | —
Yo Yo

f (2k+3)
:(EJ
Yo
f (2k+2)
y10k+l3 y10k+13 X 2

f (2k+2) f (2k+3) f (2k+2)
Yo Yo Yo
X_, "\ x, X_,
f(2k+2) f (2k+4)

Yo Yo

X_, | x,
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X |I<

f(2k+3)
N2
f(2k+2)
-2

x

<

f (2k+3)
Yo
X,
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y10k+l4

1
Xiok+19 = max{x )
10k +14

= Mmax
_ (X_
Y

Yioks19 = max{

f (2k+3)

1

f (2k+3)

f (2k+3)

X10k+l4

X10k+14

)
lek +14 le k+14

f (2k-+4)

f (2k+2) f (2k+3)
Y

f (2k+4)

-1

f(2k+3)
1 J y—l

X
Y B
X 1

f (2k+2)
Ya
X,
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jf(zmz)

f (2k+3)
yJ

f (2k+3)
( y_l J
y f (2k+2) Xi
_ -1 -1
} = max (_J ' f (2k+2)
Y
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f (2k+2)
1 f (2k+3)
_ Yiokss | Xy 0
Xiok+20 = MaX | = max J f (2k+3)
Xiok+15  X10k+15 Yo o
Xy
f (2k+3) f (2k+2) f (2k+3)
Yo Yo Yo
f (2k+3) f (2k+4)
Xy Xy
= MaX — | —
Yo Yo
f (2k+3)
_| %
Yo
f (2k+3)
Yo
1 « y f (2k+2) 7
_ 10k+15 | _ 0 0
Yiokszo = max{ J : } = max (_J ' f (2k+2)
Yiokas  Yiokss Xy ( Xo J
Yo

f(2k+2) f (2k+3) f(2k+2)
v_J (y_j (y_j
X0 XO
f (2k+2) f (2k+4)
Yo Yo
L XO
f (2k+4)
Yo
XO

Boylece teoeremin dogrulugu ispatlanmis oldu.

Teorem 2 : (1) denklem sistemi 0<x_4 <y_4<1, 0<X_3<y_3g<l, 0<X,<Yy_ o<1,
0<xy<yg1<lve0<xg<yg<1l baslangic¢ sartlarina gore

lim X10n+1 = 9 lim X10n+2 = % lim X10n+3 = lim X10n+4 = %5 lim X10n+5 = 9,
Nn—oo n—oo Nn—oo Nn—oo Nn—oo

lim X006 =0;

nN—o0o

im Xj0n47 =0; iM X10n,8 =0; M Xj0n,9 =0; iM X;0n,10 =0
n—oo n—oo n—o0 n—oo
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lim yion4 =0; M Y1002 =0; im yi00,3 =0; im yygp,4 =0; im yqgp,5 =0;
n—oo NnN—oo n—ooo n—oo Nn—o0

b) lIM Yionie =0 M yion7 =o0; lim yjgn,g =0; lim yygn,9 =o0; lim yjgn 99 =0
n—oo n—oo n—o n—o n—oo

olur.
Ispat: a)

0<Xx_4 <Yy_4q <1 oldugu i¢in
. i 1 f(2n+1) ) 1 f (o) ) 1 0 .
aee 2o = M X4 X4
0<x_3 <Yy_3 <1 oldugu i¢cin
f (2n+1) f () P
limx,,., = lim| — L] <[] -w
nN—o0 10n+2 ™ n—o0 X_3 N X_3 - X_3 -
0<X_ 5 <Yy_p<1 oldugu i¢in
f(2n+1) f () 0
limx,,,., = lim| — L) o[ -
n—oo 10n+3 nN—o0 X72 X72 X72
0< x4 <Y1 <1 oldugu i¢in
f(2n+1) f (o0) 0
limx,,.., = lim| — I I s
nN—o0 10n+4 = nN—o0 X_]_ N X_]_ - X_l B
0<Xxg<Yp<1 oldugu igin
f(2n+1) f (c0) %
limx,,.. = lim — SN R -
n—oo 10n+5 nN—o0 XO X0 XO
0<X_4 <Yy_4q <1 oldugu icin

f(2n+1) f (o0) w
: . (X X X
limx,,.c = Ilm(;“J = [;“j = (;“J =0 |
n—o n—o y74 y74 y74
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0<x_3<Yy_3<1 oldugu i¢in

f(2n+1)
. [ X,
limxy,,, =lim — =
nN—o0 nN—o0 y_3

elde edilir.

0 < X_p <Y_p <1 oldugu i¢in

f (2n+1)
. [ X,

I|mx10n+8 lim —= =
nN—o0 y,g

_ ( X4

Ya

Yo

elde edilir.

0 < x4 <Y <1 oldugu i¢in
f(2n+1)
. Lo Xy
limxy,.o =lim —
nN—o0 nN—o0 y—l

0 < Xy < Yo <1 oldugu igin

f(2n+1)
[ X
I|mx10n+10 lim —
n—oo yO

elde edilir.

elde edilir.
b)

0<X_4 <Y_4q <1 oldugu i¢in

f(2n)
. ] X X
lim Yiong = ||m(_4J — (_4
n—oo Nn—o0 y y
4 -4

elde edilir.

0<x_3<Yy_3<1 oldugu i¢in

f (2n)
X_, X_,
IImy10n+2 =lim — =
n— n—o0 y 3 y_3

elde edilir.

0<X_p <Y_p <1 oldugu i¢in

f(2n)
. X X

limy,,.. = |Im(;2j = [;2
n—o0o N—0 y,z y72
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Jf(w)

Jf(w)
jf(OO)

jf(oo)
jf(w)
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elde edilir.

0 < x4 <Y <1 oldugu icin
f(2n) f (o0) .
X X X
im Y004 _Ilm( j :(—1j ={—1J =0 ,
> o\ Ya Ya Ya
0< Xy < Yo <1 oldugu i¢in
f(2n) f (0) 0
Xo X X
IIrny10n+5 _“mL J :(_oj :(_OJ =0,
nN—o0 yO yO yO
0<X_4 <Y_4q <1 oldugu i¢in
f(2n+2) f (o) %
Ilmy10n+6 =lim y = h = h =
n—ow X_4 X_4 X_4
0<Xx_3<y_3<1 oldugu i¢in
f(2n+2) f (0) .
limy,,,, =lim Vs L] B 1) RS
N—00 X73 X73 X73
0< X_p <Y_5 <1 oldugu igin
f(2n+2) f () o
Ilmy10n+8 =lim Yo | L= -| L= =®
n— n—o0 X )(72 X72
0 < x4 <Y <1 oldugu icin

f(2n+2) f () 0
Iimy10n+9 =lim h = h = h =0
n—o n—o X_1 X—l X—l

0< Xy < Yo <1 oldugu igin

elde edilir.

elde edilir.

elde edilir.

elde edilir.

elde edilir.

elde edilir.

f(2n+2) f (0) )
Ilm3/10n+10_||m y = ﬁ = ﬁ =0,
=\ Xo Xy Xy

elde edilir.
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3. TARTISMA VE SONUC
Bu calismada, X_4;X_3;X_2;X_1:X0: Y_4:Y_3:Y_2:Y_1: Yo baslangic sartlar1 sifirdan farkh reel

.. — 1 Yn-4 |. _ 1 Xn-4 .
sayilar olmak {iizere, Xn+1 = Max v Yn+y1 = Max , maksimumlu
Xn-4 Xn-4 Yn-4 Yn-4
fark denklem sisteminin ¢dziimlerinin davranmiglari incelenmistir. Bu fark denklem sisteminde
katsayilar degistirilerek yeni maksimumlu fark denklem sistemleri olusturulabilir. Olusturulacak
yeni maksimumulu fark denklem sisteminin ¢6ziim davranislari incelenebilir.
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