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Abstract: In this work, we investigate the order of growth of the modulus of an arbitrary algebraic
polynomials in the weighted Bergman space, where the contour and the weight functions have
some singularities. In particular, we obtain pointwise Berstein-Walsh -type estimation for
algebraic polynomials in the unbounded regions with piecewise Dini-smooth boundary having
exterior zero angles.
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Pargali Dini-Diizgiin Egri ile Sinirli Bolgelerde noktasal Bernstein-Walsh Tipi
Esitsizlikler

Ozet: Bu ¢alismada, egri ve agirlik fonksiyonlarinin bazi tekilliklere sahip oldugu durumlarda, keyfi
bir cebirsel polinomlarin modiiliiniin biiytime hizimi agirlikli Bergman uzayinda inceliyoruz.
Ozellikle, par¢ali Dini-diizgiin dis sifir agilara sahip olan simirsiz bolgelerde cebirsel polinomlar
i¢in noktasal Berstein-Walsh-tipi degerlendirmeler elde edilmistir.
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1. INTRODUCTION AND MAIN RESULTS
Let C be a complex plane, and @::Cu{oo};G c C be the bounded Jordan region, with 0 G
and the boundary L:=6Gbe a closed Jordan curve, Q;=C\G=extL. A= {w:|vv| >1} (with

respect to C). Let function W=<D(z) be the univalent conformal mapping of Q onto the A

: . D(z
normalized by @ (o0)=oo,lim,_, ()>O, and W¥=®"' For R>1 let us set
z

LRZ={ZZ|¢)<Z)|=R}, Gp=intL,, Q. =extl,., For zeC and McC, we set
d(z,M)=dist(z,M)=inf {|z-¢]: eM}.

m

Let {Zj}jzle L be a fixed system of distinct points. Consider a so-called generalized Jacobi

weight function h(z) being defined as follows:

h(z):zn‘z—zjr", 2eGy, Ry >1, (1.1)
j=1

where 7; >-2 forevery j=1,2,...,m.

Denote by §, the class of all complex algebraic polynomials P, (Z) of degree at most ne N.
For any p >0 and for Jordan region G, let’s define:

IR, =1R e = ([, ()

Pn(Z)lpdGZ)%<oo,0< p <oo; (1.2)

IR =Rl o) = IRl - P =22
where o, is the two-dimensional Lebesgue measure. Clearly, H”p is the quasinorm (i.e. a norm

for 1< p<ooandap-norm for 0< p<1).
Well-known Bernstein-Walsh Lemma [17], (for more see also [28]) says that for any R >1

P, (z)|<R" IPle@): 2 (1.3)

where

[Pl = max

P, (2))- (1.4)

In [6, Theorem 1.1] was studied a similar problem in A, (1,G) for p >0 and for arbitrary Jordan

region was obtained the following result: for any p>0, P, eg,, R =1+1 and arbitrary R,
n

R>R,, the following is true:

Ga1) ’

2
n+=
Rl <cRFIRl,, s
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1
where c:(ijp 1+O(lj , N>,
eP -1 n

Following [22, p.97], [25], the Jordan curve (or arc) L is called K -quasiconformal (K >1), if

there is a K - quasiconformal mapping f of the region D > Lsuch that f (L)is a circle (or line
segment).
For the regions G with quasiconformal boundary and weight function h(z), as defined in (1.1)

with 7; > —2 forany p>0 was found in [5] as follows:

1
S
”P””Ap(h,GR) <c-R" 7| P””Ap(h,G) , (1.6)

where R":=1+c,(R-1),¢, >0 and ¢, :=¢,(G, p,c,) >0 constants, independent from n and R .

In [26], by replaced the norm ||Pn||C(6)with norm |BR,|, ., were gives a new version of the

A(G)
Bernstein-Walsh Lemma as following: for any rectifiable quasiconformal curve L there exists a
constant ¢ =c(L) >0 depending only on L such that

g

R (Z)| < C3(L)mnpn||,az(e) |(D(Z)

holds for every P, e g, where ¢, (L)> 0constant independent from nand z.

|n+l

, 2e€Q),

So, in general, we can express the problem as follows: find an estimate of the type

|Pn (z)| <c-a,(L.h,d(zL), p)||Pn||p |d>(z)|n+l, zeQ, p>0, 1.7
where c=c(L,p)>0is a constant independent from n,z,P, and «,(L,h,d(zL),p)—>o (in
general!) asn — oo, depending on the geometrical properties of curve L, weight function h and
parameter p .

Analogous results of (1.7)-type for some norms, weight function h(Z)and for dicerent
unbounded regions were obtained by Lebedev, Tamrazov, Dzjadyk (see, for example, [18,
pp.418-428.]), Abdullayev and et all [8], [9], [13], [7], [12] and others.

In this work, we investigate similar problem in unbounded region € with piece-wise Dini-
smooth boundary having interior angles (also cusps) for weight function h defined in (1.1),
through ||, )" quasinormand p>0.

Let us give some definitions and notations that will be used later in the text. In what follows,
we always assume that p>0 and the constants c,c,,c,,cC,,..., are positive and constants

&y & E,0-.., are sufficiently small positive (generally, are different in different relations),

which depends on G in general and, on parameters inessential for the argument, otherwise,
the dependence will be explicitly stated. Also note that, for any k >0and m > k, notation
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j=k,m denotes j=k,k+1,...,m.

Let S be a rectifiable Jordan curve or arc and z=z(s), SeI:O.|S|:|, |S|:=mes S, denote
the natural representation of S .
Definition1.1. [24, p.48] (see also [16, p.32]) We say that a Jordan curve or arc S called Dini-
smooth, if it has a parametrization z=z(s), 0<s<|S|,such that z'(s)=0, 0<s<|S|and

2'(5,)—2'(5,)| < 9(5,—5): 8, <,

where g is an increasing function for which

1
J‘de<oo.
0 X

Definition1.2. [8] We say that Jordan region GePDS(4,...4,),0<4, <2, j=1m, if

L=0G consists of the union of finite Dini-smooth arcs{L, }._,, such that L is locally Dini-

smooth at z, € L\{ZJ}T:1 and have exterior (with respect to G ) angels 4,7, 0<4,<2, at

the comer points {z,}", e L, where two arcs meet.

Without loss of generality, we assume that these points on the curve L =0G are located in the
positive direction such that, G has exterior 4,7z, 0<A4, <2, j=1,m, angle at the points {z,}

m
j=1

, M <m, and interior zero angle (i.e. A; =2 -interior cusps) at the points {z, }T:mlﬂ'

It is clear from Definition1.2. the each region G ePDS(4,...4,), 0<A <2, j=1m, may
have exterior nonzero A;z, 0<A4; <2, angles at the points {z, }L e L, and interior zero angles

(/1j = 2) at the points {z }rj”zml e L. If m =m=0, then the region G doesn’t have such angles,

and in this case we will write:G e Ds; if m =m>1then G hasonly A7, 0<A <2, i :1,_ml,
exterior nonzero angels, and in this case we will write: G € PDS (2)

Throughout this work, we will assume that the points{zJ }rj“:l e L, defined in (1.1) and Definition
1.2 are identical and w; =®(z;).

For simplicity of exposition, without loss of generality, we will take m =1, m=2. Then, after
this assumption, in the future we will have region G ePDS(4,,2),0< 4 <2,such that at the

pointz, e L region G have exterior nonzero 4z, 0< A, <2,and at the point Z, € L - interior zero
angle 2z, ie. 4, =2.
Now we can state our new results.

Theorem 1.1. Let G e PDS(4,,2), for some 0<A <2;h(z) be defined as in (1.1). Then, for
any B e@,, neN, andy, >-2, j=1,2, we have:
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n+l

o (2)
P.(2)<¢ (L) AslRll 2y, (1.8)

wherec, =¢,(G,7,7,,4, p) >0 is the constant, independent from 2 and N,

A
ne, if y-1>1,
1
A.=1(nlnn)e, if y-A=1 ; (1.9
n', if y-a<l

and Ai :=max{0;4}, i=12.

i_:{max{l;ﬂl}, if 0<A4 <2, A, if0<A <2
2 if 4,=2, Jayif A, =2,

We can take individual cases when the curve L in the both points have the same type of angle:
exterior nonzero or interior zero angle. In this case, from Theorem 1.1, we obtain the following:

Corollary 1.1. Let GePDS(4,4,), for some 0< 2, <2, j=12; h(z) be defined as in (1.1).
Then, forany P, egp,, neN, and y; >-2, j =12, we have:

n+l

[(2)
@) e vy e IR, 2 %an (1.10)

where ¢, =¢,(G,7,,7,.4, p) >0 is the constant, independent from z and n,

ra
ne, if y-A>1
1
A =s(nlnn)e, if y-a=1 ; (1.11)
n', if y-2<1,

and ' =max{0,7,7,}, A =max{Li,41}.

Corollary 1.2. Let GePDS(2,2), h(z) be defined as in (1.1). Then, for any P, € o,, neN,
andy; >-2, j=1,2, we have:

n+1

R (2)<c

()]
LG N Q. (1.12)
dZ/p(Z'L1+1/n) ' >

where ¢, =¢;(G, 7,,7,, 4, p)>0is the constant, independent fromz and n, and
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2
n*, if y>1/2,
1
As=s(nlnn)e, if y=1/2, ; (1.13)
n’, it <12

The sharpness of the estimations (1.8)-(1.13) for some special cases can be discussed by
comparing them with the following result:

Remark 1.1. For any neN, there exists a polynomial P eg@., region G"cC, compact
F*€Q/G and constant c, = ¢s(G",F")>0 such that

_
d(2 L)

2. SOME AUXILIARY RESULTS

n+l

, forallzeF". (1.14)

Pn*(z)z‘c5

P

AZ(G*) ‘CD(Z)

Throughout this work, for the nonnegative functions a>0 and b >0, we shall use the notations
"a<b" (order inequality), if a<cband "a~b" are equivalent to C,a<h<cC,a for some

constants C,C;,C, (independent of d and b), respectively.
Lemma 2.1. [1] Let L be a K - quasiconformal curve, Z €L,
2,,2,eQn{z:|z-2]<d(z,L,)}; w,=®(z;), j=12,3. Then

a) The statements |2, —Z,| <[z, —z,| and [w, —w,| < |w, —w;| are equivalent.

So statements |z, — z,| |z, — z;| and |w; —w,| ~ |w, —w,| also equivalent;

b) If |z,-2,|<|z,— 2z, then

K2 K2
< Z1_23|_< W —W,

Z,—1, Wl_WZ‘

W — Wy
Wl_WZ‘

where 0<r, <1, R,:=r, " are constants, depending on G .
Corollary 2.1. For Z; €L, (z,eL, )
KZ K72
W, —w, | <z, =z, < |y, —w,|

Recall that for 0<9; <4, ::%min{‘zi —zj\:i, i=12,...m,i=# j},we put

m

Q(zj,5j):=Qm{z:‘z—zj‘sdj}; §:=mins;, Q(8)=JQ(z;.5). Q:=0Q/Q(5). Additionally,

<ij<
1<j<m e}
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let A, =0(2(2,,5)), A(8)=J0(Q(z,,5)), A(5)=4/A(5).

j=1
The following lemma is a consequence of the results given in [24, pp.41-58], [16, pp.32-36], and
estimation for the |‘I"| (see, for example, [15, Th.2.8]):

(<) ~O'(%_)1L) 2.1)

Lemma 2.2. Let a Jordan region G € PDS (/11.;0), 0<A <2, | =1,m, . Then,

) forany weay i (w)—w (v =[] = o [
i) forany wea/a;, [¥(w)-¥(w, )| = |w—w|, ¥ (w)~1.

Let {z,}" be a fixed system of the points L and the weight function h(z)

=1
defined as in (1.1).
Lemma 2.3. [4] Let L be a K - quasiconformal curve; h(Z)is defined in (1.1).

Then, for arbitrary P, (z) € ,, any R>1and n=12,..., we have

1
[Flyiey <R "IRlly e P>0 2.2)

Where R =1+ c(R—-1)and Cis independent from N and R .

Lemma 2.4. Let GePDS(4,...4,), 0<4, <2, j=Lm, Then, for arbitrary P,(z)egp,,we
have:

(LA AP L A (2.3)
2.1. Proof of Theorem 1.1.
Proof. Suppose that GePDS(4;2), for some 0<A<2;h(z) be defined as in (1.1). Let
{&}, 1< j<m<n, be the zeros (if any) of P,(z) lying on Q. Lets define the function Blashke
with respect to the zeros {&,} of the polynomial P, (z):
®(2)-0 (&)

B;(2)= , 2eQ), 2.4
g 1_(1)(51)@(2) @4
and let

Bm(z):zﬁéj(z), 7eQ. (2.5)

According to the well known properties of the Blaschke function (2.4), we have:
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Bm(gj):o, B,(z)=1 zel; |[B,(z)<l zeQ (2.6)

&
Then, for each ¢, 0<g <1, there exists circle {a) |a)| =R :=1l+¢,, O<g,< #} such that for
any j=1,2 the following is holds:
B, (¢)>1-¢, Cely

Then, the following estimate holds:
B.(&)|>(1-&)" -1 <el, (2.7)
Forany p>o0 and z (), we define:

Qup(2)= [ﬁ}% (2.8)

Z)q)n+1

The function Q, ,(z) is analytic in Q, continuouson €,  Q,,()=0 and does not have

zeros in Q. We take on arbitrary continuous branch of the Q, ,(z) and for this branch, we

maintain the same designation. According to Cauchy integral representation for the unbounded
region O , we have:

1 d
() =—57] Qn,,,(g)g—i, zey, (29)
From (2.4) — (2.8), we get:
n+l % % n+l %
v [B. ()™ (2) P.(¢) ™ (2) %
P = d ——||P d 2.10
oot m@eE) Ry RO

Multiplying the numerator and the denominator of the last integral by h%(g“), replacing the
variable W= ®(z) and applying the Holder inequality, we obtain: (2.11)

MANAS Journal of Engineering, Volume 5 (Issue 3) © 2017 www.journals.manas.edu.kg
42



Ozkartepe, Pointwise bernstein-walsh-type inequalities in regions with piecewise dini-smooth boundary

i) < . o .
L{l R.(<)" |d¢ IJ —t_Ith(V/(t)) P (v () v (1) |dt|'[th1—h(W(t))J‘
Pl | dtf | p bt |,
o0 o0 e [J@W(t)ﬂ i 'dt'][tf&\h(w(t))ﬂ AD,

2

e 2
where f,  (t):=h?(w(t))(w (1)), [t|=R.
Analogously to |8, (2.5) | and from Lemma 2.4, we get:
A <RI (2.12)

To estimate the integral B, (W), denote by w, :=®(z;), ¢, :=argw;, for any sixed p>1, we

introduce:
Al(p):={t=re“’:r>p, %2%393%2%},
(2.13)
A,(p)= {t=re‘9:r> P, %;% <f< %;%};
A=Ai(1), Q =y (A)), Q) =¥(A;(p));
U=LnQ', Lul, U=Ln0Q, L =LLul, j=12
and
2 2 _ 2 3
<D(LR1):<D[UL;1]:_ ®(L§1):UUK§(R1),
j=1 j=1 j=li=1
where
K/ (R):= {teq)(LJR) ‘t—w1‘<%}
KJ(R):= {teCD(LJRl): %s\t wj\<c2}
Ki(R):={ted(L}): ¢, <|t-o,|<diamG}, j=12
Then, we get
dt 2 dt 2 dt 2
D\ - Mumsz TR Jl e YR
=R =1 D(L%)H‘l//(t)—l//(wj )‘ 1= (1, H‘l//(t)—l//(wj )‘ = :
j=1 j=1
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since the points {zj}rjn:l e L are distinct. It remains to estimate the integrals

D, ;= il 7 (2.15)
oft o (0)=w ()|
foreach j=1,2. Now, we define
0,=> [ — % ___p, (2.16)
=i [y (1) =y (W)
for j=1,
S dt i
ou=F | vy e
for j=2,and let’s estimate they separately.
Case 1.1. Applying Lemma 2.2, we get:
i A > L
SR SN R Y P o

ey =W

1 if —2<p4 <1,

if »,>0,and

D= [ ¥ ()% (w)

Ki(R) Ki(R)

if 7, <O.

Case 1.2. Analogously, we obtain:

ni-1

if »,>0,and

_ _ (—71)31
( 71)|dt|_< J' |t—Wl|( n)i |dt|<(%j .mesKll(Rl).<1’ (219)

if y, 4, >1,
dt dt )
Dn2,1 = I | | —= J' |—|M< Inn, if 4 =1 (2.20)
P O-FW)" wwt-w™ | o 7 <1,
D4 = | f-w <1 (2.21)
KE(R)

If 5, <O.

Case 1.3. For all cases of y,, we have:
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d| _
D}, = | <c, " -meskK}(R) <1 299
ST S o

Case 2.1. According to the estimation [27, p.181] for arbitrary continuum with simple connected
complementary

|‘I’(t)—‘P(W2)|>—|t—W2|2,

we get:
n#t if 2y, >1,
2
Dy, +DZ,=> j ot —< |d—t|2h< Inn, if2y, =1, (2.23)
TP O-Y W) ekt | e _alp, <1
if y,>0,and
(-12)
Do 4D, = [ [W(t)-w(w)[ <1 (2.24)
K{(R)UKZ(Ry)
if », <O0.
Case 2.2. For all cases of y,, we have:
dt
D, = | il —<1. (2.25)

‘P(t)—‘l’(wz)

KE(R)

Therefore, comparing (2.14)-(2.25), we obtain:

n71&171’ if 71>i' n271_l, if ?/2>11 2 ~
A 2 Nt A >,
<qInn, ity =—, + Jlnn, ify,==, <{Inn, if yi=1, :
D, <1l if 7, - | if 7, L | if yA=1 (2.26)
4 2 .
1 ) 1 1, if —2<yA<1,
l' if _2<7/1<_' 1, |f—2<Y2<§,

where

A LAY, if0<A<2, , IF0<A<2, .
{max{} if 0<A<2, _{7/1 if0< A< = max ()i —12

2, if 1=2. V., 1fA=2.

Combining relations (2.10), (2.11), (2.12) and (2.26), we complete the proof.
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2.1.1. Proof of Remark 1.1.

Proof. Let the region G bounded by Dini-smooth curve L=0G. According to the “three-
point” criterion [14, p.100], every piecewise Dini-smooth curve (without any cusps) is

quasiconformal. Let {Kn (Z)} deg K, =n, denote of the system of Bergman polynomials for
region G . According to [2], [3] for arbitrary quasidisk, we have

K,(2)=a,p™®"(2)®'(2)A (2), zeFEQ,

n+1 n+1
‘/— <a p™ SCl,/—,
Vs Vs

where

for some ¢, =¢,(G)>1 and

C
c, <|A (2)| s1+ —=2—,
for some ¢; =¢;(G)>0, i=2,3. Therefore, since ||Kn||A2(G) =1, according to (2.1), we have
n+1 n CD(Z)‘_]- \E n+l 1 \m n+1
K (z)>c,, |—|® > @ 1-— |>¢, " _|p
4O B bl e w1 U R e R rrean [ O

and we complete the proof.
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