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1. INTRODUCTION

Difference equations are always attracting very much interest, because these equations appear in
the mathematical models of some problems in biology, ecology and physics, and numerical
solutions of differential equations [29]. Recently there has been a lot of studies on the periodic
nature of nonlinear difference equations. We refer readers to [1, 5, 18], for some recent results
concerning among other problems and the periodicity of scalar nonlinear difference equations.

Cinar, studied the following problems with positive initial values:

Xn—1

X - =
n+1 !
1+ax, X,

Xn—l

X —_
=1+ax,X,4

n+l =

_aX

n+l !
1+bx, X,

for n=0,1,2,... in [2,3,4], respectively.

Simsek et. al., studied the following problems with positive initial values:

Xpy1 =

1+ Xn Xn—1Xn—2 ,
for n=0,1,2,... in [20,21,22,25], respectively.

In this paper the folloving nonlinear difference equation

X
_ n—23 _
Xn+1—1 ] n_ollizl"' (1)
+ Xn_5Xn-11%Xn-17

where X_,3,X_95,..., X_1, X5 € (0,0) is investigated.

2. MAIN RESULT

Let X be the unique positive equilibrum of the (1), then clearly,

X = SX+X'=Xx=x*=0=>%x=0

1+ XXX
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X =0 can be obtained.
Theorem 1. Consider the difference equation (1). Then the following statements are true.
a) The sequences

(Xaan-23)s  (X2an-22)s (X2an-21)s (X2an-20)s (Xaan-10)s (Xaan-18)s (X2an-17)s (X2an16)s (X24n-15);
(Xaan-14)s (X2an-13)s (Xoan-12)s (X2an11)s (Xaan-10)s (Xaan-9)s (Xaan-g)s (X2an-7)s (X2an_g)
(Xoan-5)s (Xoan_4)s (Xagn_3)s (Xaan_2)s (Xaan1)s (Xon)

are decreased and &;,a,,...,a,, >0 is existed in such that:

lim X5, o3 =2, lim X24n 2 =, lim X24n 21 =8, lim X24n 20 =8y, 1M Xy, 19 =25,
n—oo n— n— n— n—o

lim X54n18 = =3 I'm N Xoan-17 = 87, lim N Xaan-16 = 8¢ lim X415 =89, 1M Xp4, 44 = 4,
n— n—o0 n—oo

N—oo

|'_r)n Xoan13 = A1, “m X24n _12 = 4, |'m X24n 11 = Q3 “m X24n ~10 = Y4, r!'m Xoan—g9 = 5,

lim Xo4n g =@y, 1IM Xog 7 =847, liM Xop, 6 = yg, IM Xy, 5 =g, 1iM Xy, 4 =8y,
nN—o0 nN—0 N—o0 nN—0 nN—0

I'_r)n X24n-3 = a1, r!'m Xoan-2 = 822, r!'m Xoan-1 = 823, “m N Xoan = 8aq-
b) (a,8,,...,8y4,8,8y,...,8y,...) iSasolution of (1) of period 24.
Ilm X24n_23. Ilm X24n_17.||m X24n_11. Ilm X24n_5 = 0,
n—oo n—oo n—o0 n—o
Ilm X24n_22. Ilm X24n_16.||m X24n_10. Ilm X24n_4 = 0,
n—o n—oo n—oo n—o
Ilm X24n_21. Ilm X24n_15.||m X24n_9. Ilm X24n_3 = O,
n—oo n—o n—oo n—oo
Ilm X24n_20. Ilm X24n_14.||m X24n_8. Ilm X24n_2 = O,
n—oo n—oo n—o n—ow
Ilm X24n_19. Ilm X24n_13.||m X24n_7. Ilm X24n_1 = 0,
n—oo n—oo nN—o0 n—o
Ilm X24n_18. Ilm X24n_12.||m X24n_6. Ilm X24n = O
n—w n—oo n—co n—c0
or
8.87.843.819 = 0, 8y.85.814.89 = 0, 83.89.8y5.8, =0,

d) If there exist n, € ¥ such that x,,; <X,; forall n>n,, then

n+1

limx, =0.

nN—o0

e) The following formulas can be generated:
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X 5.X_11-X_17 n EH 1

X =X 1
24n+1 —-23 A~
1+ X_5.X_11.X_17 J:O|=ll+ X6|—5'X6|—11'X6|—17

X_4-X_19-X_g6 N 6i 1
4:7-10""-16 Z H

Xoansz = X g2 | 1=

X 2.X_q.X_ n 6j 1
39215 4

X =X_y |1~
24n+3 —21 =
l+ X_3.X_9.X_15 j:0|:11+ X6|—3'X6|—9'X6|—15

X_p.X_g.X_ n 6j 1
8 14 Z 1—[

Xoanta =X 0| 1-

X_1.X_5.X n 6j 1
_ 1 X 7-X g3
Xoanss = X9 | 1— 2 11

1+ X_l.X_7.X_13 ]=0 |:11+ X6|_1.X6|_7.X6|_13

Xo-X_g-X_ n 6j 1
06712 Z l—[
1+ XO'X—G'X—].Z j=0i=1 1+ X6I .X6i_6.X6i_12

Xoans6 = X 18| 1=

X_5.X_11.X n 6j+l 1
_ 5-X_11-X 23
Xoans7 = X_17| 1= 2

1+ X5 X g X g7 120 i1 14 Xg; 5-Xgi 13- Xgi 17

X 4. X q0.X_ n 6j+ 1
4 10 22 S 0l

14+ X 4. X 40-X 16 =0 i=1 1+ Xg;_4-Xgi_10-X6i_16

Xoansg = X 16| 1=

X 2.X_g.X n 6j+ 1
_ 3-X g-X 5
Xoanyo = X g5 | l-————— %

l+ X_3.X_9.X_15 J:O |:l 1+ X6|—3'X6|—9'X6|—15

X_p.X_g-X_og n 6 Hl 1

Xoans10 = X34 | 1—

X_1.X_5.X_ n 6j+ 1
1 7 19 > 0l

X =X_43|1-
24n+11 -13 . :

Xo. Xz X_ n 6j+ 1
0 18 5

Xoans12 = X12| 1-

14 Xg-X_g-X_g5 i=0 i=1 14 Xg;-Xgi_g-Xsi_12
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1-KsXarX a3
1+ X_5.X_11.X_17 J:0 |=1 1“{‘ X6|—5'X6|—11'X6|—17

n 6j+2 1
> I

Xoana3 = X_11

X_g-X_16-X 22 n 6j+2 1

X =X 1- I1
24n+14 -10 s !

X 2. X qe.X_ n 6j+2 1
15 21 D

X =X l-— =2 = I1
24n+15 —9 : . !
1+ X_3.X_9.X_15 j=0 i=1l 1+ X6|—3'X6|—9'X6|—15

1 XaXaaXp D012 1

Xoani16 = X_g

X_1.X_q3-X_qg N 6j+2 1
113719 Z H

Xogns17 = X 7| 1=

X0 X_10.X n 6j+2 1
B 0-X_12-X_1g
Xoan+18 = X6 1_1—-2 11 1 ’
+ Xg-X_g-X_1p 120 i=L L+ Xg;.Xgi_g-Xgi_12
X X X n 6j+3 1
B _11-X_17-X 93
Xoans19 = X5 | 1— x '

1+ X_5.X_11.X_17 J:0 |=1 1+ X6|_5.X6|_11.X6|_17

110X 16X 22
14X 4. X 10X g6 1=0 =0 14 Xgi_4-Xsi_10-X6i_16

n 6j+3 1
Xoan+20 = X4 X I

X_g-X_15-X_91 n 6j+3 1

X =X 1-——=2 == IT
24n+21 -3 o !
1+ X_3.X_9.X_15 j=0 i=1 1+ X6|—3'X6|—9'X6|—15

1 K8X1aX a0

n 6j+3 1
Xoant22 = X2 2 11

X_7.X_413-X_19 n 6j+3 1

X =X, |1-—=—= IT
24n+23 -1 . : !

1+ XO'X—6'X—12 J:0 IIl 1+ X6I'X6|—6'X6|—12

X_g-X_19.X n 6j+3 1
_ —12-X 18
Xoansza = Xo| L-m——=——- X 1l

f) If Xpup01 = & #0, Xo00,7 > 87 20, Xop013 = 243 70, then X,4,10 >0 @S N— 0.
If Xop00 285 #0, X408 = 85 £ 0, Xog004 = 844 20, then X,4,,,0 >0 @S N — o0,

If Xou003 = 83 %0, X540, = 89 # 0, X405 = a5 =0, then X,,,0, >0 as n— 0.
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If Xopnia = 84 #0, Xoun010 = &40 # 0) Xouni16 = g 0, then Xou,,00 >0 8 N—> 0.
If Xopn05 = & #0, Xopn001 = 841 0, Xo4n97 = 87 20, then X,,,03 >0 as n— 0.
If Xounie = 85 %0, Xogni00 = Ap # 0, Xoups1g = g # 0, then Xy4,04 =0 as n— oo,
Proof. a) Firstly, we consider the (1). From this equation we obtain:
Xna1-(L+ X5 X011 X0_17) = Xo_z3 -

If X, &.X, 41.X,47 € (0,+0), then (1+ X, _5.X, 11.X,47) € (1, +0) . Since X ,; < X,_,3, N€¥ , we
obtain that results:

lim Xo4n 03 =81, 1M Xp5 55 =8y, iM Xogy 51 =85, IM Xp4 59 =8y, 1M Xy 49 = &5,
n—w n—w n—oo n—o0 n—oo

lim Xp4n 45 = 86, 1M X447 =87, 1M Xp5, 16 =8, 1M X435 =89, 1M X4, 44 =2y,
n—o n—o n—o n—o

n—oo
lim X413 = 83, 1M Xo40 05 =8, 1M Xp0 49 = @13, 1M X4 10 =g, 1IM Xy o =245,
n—w n—ow n—o n—o n—»w
lim X4 g =836, 1iM X4y 7 =847, iM Xpyy 6 = Bgq, IM Xpgy 5 =19, 1IM Xy, 4 = g0,
n—w n—owo n—w n—oo n—oo

lim Xpgn 3 =851, 1iM X 5 =855, 1IM Xpg 4 = g, 1M X4 = .

nN—o0 N—o0 N—o0 nN—o0
b) (a;,8,,...,8y,,8,8,,...,8y,...) isSasolution of the (1) of period 24.
c) In view of the (1), we obtain:

Xo4n—23

X = .
24n+1
1+ X24n75 'X24n711'X24n717

Taking limit as n — « on both sides of the above equality, we get:

Xoan-23

lim x = lim
24n+1 :
n—eo - 14+ Xo4n_5-Xoan-11-X2an-17

Then

Q

=
+a7.813.99

Similarly,

Xoan—22

X = .
24n+2
1 X24n74 'X24n710 'X24n716

Taking limit as n — o« on both sides of the above equality, we get:

Xoan-22

lim x = lim
24n+2
n—e > 14+ Xo4n_4-Xoan-10-X24n-16

Then
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Q

8= T
+ 859449y

= 8, +a,.85.84.8y) = Ay = A,.85.84.8 =0.

Similarly,

Xoan-21

X = .
24n+3
1+ X24n—3'X24n—9'X24n—15

Taking limit as n — o on both sides of the above equality, we get:

- M X —
lim %, = lim 24n-21 .
oo N0 1+ Xo4n 3-Xo4n_9-Xoan_15

Then

a3

By =

= 85 + 83.89.8y5.8y; = 83 = 83.89.85.8,; = 0.

Similarly,

X24n-20

X = .
24n+4 1
X24n—2 'X24n—8 'X24n—14

Taking limit as n — o on both sides of the above equality, we get:

X24n-20

lim X,4,,4 = lim

n—>o0 % 14 Xoan—2-Xoan-8-X24n-14
Then
=M ia,anAed, =8, = a8 83, =0
4_1 4 4%1016°%22 — Y4 4+%10*6%22 — V-
+849.846.8p7
Similarly,

Xo4n-19

X = .
24n+5
1 X24n71'X24n77 'X24n713

Taking limit as n — o« on both sides of the above equality, we get:

Xoan-19

lim x =lim
24n+5 :
n—e® > 14+ Xo4n_1-Xoan-7-X24n-13

Then

8

Similarly,

Xo4n-19

X = .
24n+5
1+ Xo4n-1-X24n-7-X24n-13
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Taking limit as n — o« on both sides of the above equality, we get:

. ) X
lim X,,,.5 = lim 24n-19 :
1+x X X
n—e n—e 24n-1-%24n-7-%24n-13
Then
e & A 4aa.8.8,, =8 = 8 Adn. =0
as 5 +385.811.87.8p3 = 85 5.0q1.8y7.8p3 = U.

d) If there exist n, € ¥ such that x,,, <X, ,; forall n>n,, then

a <a;, <ay<ay<q since a.a;.a35a,=0, &, <a;<a, <a, <a, since a,.85.8,4.a,, =0,

a3 <8y < <8, <4, since a;.89.85.8,; =0, 8, <ay <az<a,, <a, since a,.8y.8,4.8,, =0,
85 < ay; <@y <8,; <85 SINCe 85.8,.847.8y3 =0, a5 <@, <ag<a,, <a; Since a;.8,,.85.8y, =0
we can obtain the results.

e) Subracting X,_,; from the left and right-hand sides of the (1) we obtain:

B 1
1+ Xy _5-Xn_11-X0 17

Xnt1 ~ Xn-23 (Xa-5 = Xn_29)

and the following formula:

X X (% —x ) nﬁe -
6n-35 — 6n-59 — \M T A23) T
i=1 1+ X6i75-x6i7]_1'X6i—17

X —X =({X,—X =
6n-34 — ~6n-58 2 =22 i ’
i=1 1+ Xgi_4-Xgi_10-Xgi_16

(X=X 31) =T -
X aa—Xe 7 =(Xa =X o1 ) = ,
6n—-33 6n-57 3 21 i 1+ X6i_3-x6i_9-X6i_15

forn>6 (2
n-6 1

X —X =(Xy =X p0)=1II
6n-32 ~ X6n—56 4~ X)) = '
i=1 1+ Xgi_p-X6i_g-Xgi-14

X =X (X X ) nﬂe + l
6n-31 "~ "6n-55 — (75 ~ A-19 ) = ,
i=1 1+ Xg;_1-Xgi_7-X6i_13

X X (% —X_15) T L
6n-30 — "6n-54 —\ "6 — A-18) = | '

holds. Replacing n by 6j in (2) and summing from j=0 to j=n, we obtain:
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n6j 1
X —X 3 =X =X 3) X II n=0,12,..),
24n+1 23 ( 1 23)j=0i:11+X5i_5-X6i_11-X5i_17 ( )
X X 0 = (X, = X_,,) 5 ?‘f L (n=0,1,2,..)
e T T A Xy g X0 Xeias
X X 51 = (X3 =X 51) 3 (151J L (n=0,1,2,..)
24n+3 21 — 3 -21 j:()i:ll-i- X6i_3_X6i_9.X6i_15 T Vi &g )y
. ©)
X — X o9 = (X4 — X )%EH L (n=0,1,2,..)
24n+4 — 220 4~ A0 2011+ Xg p X1 g X1 10 1 &)y
X X_19 = (Xs — X_49) 3 {H L (n=0,12,..)
24n+5 -19 — \"5 -19 j=0i=11+Xeifl.X6i77.X6i713 —YUh &)y
X X_1a = (Xs — X )EGFf L (n=0,1,2,..)
24n+6 -18 7 \"%6 -18 j:0i=11+ XGi-XGi_S.X6i_12 =YL 4.
Also, replacing n by 6j+1 in (2) and summing from j=0 to j=n, we obtain:
( R 1 (N=012,..)
X —X_q7 = (% — X n=0,12,..),
T T i L Xy X1 Xt
( RE 1 (n=0,12,..)
X _X = X _X n: y==y ey )y
T T 0 14 14 Xy Xioa0 Xeiote
(% —x35) 2 T (1=012...)
X _X_ = _X_ H n= gy Ly enn )y
S i=0 i=L 1+ Xgi_3-Xgi_g-X6i_15
n 6j+l 1 (4)
X —X =X —X4) X I n=012,..),
24n+10 14 ( 10 14)j=0 i1 14 XGi_z-XGi_S-XGi_M ( )
( )8 O L (n=0,12,.)
X —X_ 13 =(X;; — X n=0,12,..),
24n+11~ 213 e = 14 X 1 Xe1-7 Xei 13
n 6j+1 1
Xoansiz = X120 = (Xp = Xgp) X 11 (n=0,1,2,..).

=0 i=1 14 Xgi.Xgi_g-Xgi_12

Also, replacing n by 6j+2 in (2)and summing from j=0 to j=n, we obtain:
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= SN L n=0,1,2
Xoans13 — X11 = (Xig X—11)j§0 il;ll T+ X, o Xer 11 Xer 00 (n=0,12,..),
Xoans14 — X_10 = (X4 —X_30) > GHZ : (n=0,1,2,..),
i=0 i=1 14 Xgi_4-Xgi-10-X6i-16
n 6j+2 1
Xoans1s — X9 = (X5 — X—g)jzo ir:Il 1+ X X o Xerze (n=0,12,..),
B n 6j+2 1 o010 ®)
X4n+16 — X8 = (X6 X‘B),Eo il;ll T+ %, 3 %o 3 %01 (n=0,12,..),
Xoans7 — X7 = (X7 = X7) > GHZ L (n=0,12,..),
J=0 151 14 Xgi 9 Xgi7-X6i 13
Xoans18 — X_g = (X5 — X_g) > BHZ - (n=012,..).
J=0 1= 14 Xg; Xgi_6-X6i 12
Also, replacing n by 6j+3 in (2)and summing from j=0 to j=n, we obtain:
Xoans19 — X5 = (X9 —Xs5) % 653 1 (n=0,12,..),
30 =1 1+ Xg; 5-X6i11-Xgi-17
Xoans20 = X_g = (Xo0 =X 4) % 6{{3 1 (n=0,1,2,..),
i=0 =1 14 Xgi_4-X5i_10-Xsi16
~ n 6j+3 1 012
Xoans21 ~ X3 = (Xg X—3)j§0 I 1+ X2 X o Xer 20 (n=012,..),
B n 6j+3 1 012 ©)
Xoani22 = X2 = (X X‘Z),Eo il;ll 1T+ %, 3 %era %o 1 (n=012,..),
Xoans2s = X1 = (X3 = X4) > GH3 L (n=012,.),
J=0 i=1 14 Xg; 4 X6 7-X6i 13
n 6j+3 1
Xoans2a = X0 = (Xo4 = %) £ 11 (n=0,1,2,..).

j=0 i=1 14 Xg;.Xgi_g-Xgi_12

Now, we obtained of the above formulas:
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X c.X_q1.X n 6j 1
_ 5-X 193X 47
Xoans1 = X 03| 1 21

1+ X_5.X_11.X_17 J:O |=11+ X6|—5'X6|—11'X6|—17

X 4. X 10.X_ n 6j 1
4 10 16 S

14+ X_4.X_49-X_16 i=0i=114 Xgi_4-X5i_10-X6i_16

Xoansz = X g2 | 1=

X 2.X_q.X_ n 6j 1
39215 4

X =X_y |1~
24n+3 —21 =
l+ X_3.X_9.X_15 j:0|:11+ X6|—3'X6|—9'X6|—15

XpXgXy 1] 1 (7)

X =X |1
24n+4 —20 R

X_1.X_5.X n 6j 1
_ 1 X 7-X g3
Xoanss = X9 | 1— 2 11

1+ X_l.X_7.X_13 ]=0 |:11+ X6|_1.X6|_7.X6|_13

Xq.X_a.X n 6j 1

B 0-X6-X_12

Xoans6 = X 18| 1= 1 z Il 1 '
+ XO'X—G'X—lz j=0i=11+ X6I .X6i_6.X6i_12

X 2. X 11.X_ n 6j+1 1
5 11 23 S 1

X =X,47/1
24n+7 -17 E E
1+ X_5.X_11.X_17 J:0 i=1 1+ X6|_5.X6|_11.X6|_17

X_4-X_10-X n 6j+ 1
Xoansg = X 16| 1 1 2 1
T X g X g0 X g6 J=0 =L L+ Xgi_4-Xgi_10-X6i-16

X_3.X_g-X_pq n 611{1 1

Xoanso = X_35| 1-

1+ X 5.X g.X 45 i=0 i=1 1+ Xgi_3.-Xgi_g-Xgi_15

(8)

X_5.X_q.X n 6j+l 1
_ —2-7-8-"-20
Xoan+10 = X 14 1——1 > I 1
+ X—Z'X—S'X—14 J= i=1 + X6|—2'X6|—8'X6|—14

X_1.X_7.X_4g n 6j+1 1

X =X_43|1-
24n+11 -13 . .
1+ X_l.X_7.X_13 j=0 i=1l 1+ X6|—1'X6|—7'X6|—13

Xo-X_g-X_18 n 611{1 1

X =X_1,|1-
24n+12 -12 k :
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1-KsXarX a3
1+ X_5.X_11.X_17 J:0 |=1 1“{‘ X6|—5'X6|—11'X6|—17

n 6j+2 1
Xoan113 = X_11 2 Il

X 4. X 4a.X n 6j+2 1
Xoans1a = Xg0| 1- 1 R P 1 J’

XX 45X g £6j+2 1
1+ X_3.X_9.X_15 ]:0 |:1 1+ X6|—3'X6|—9'X6|—15

Xoans1s = X 9| 1

X X 10X n 6j+2 1 9)
1- F2XaaXe 80k

Xoani16 = X_g

X_1X_q3:X n 6j+2 1
_ _1:X13-X 19
Xoans17 = X7 1_1—-2 I 1 ’
+ X1 X7:X 13 J=0 i=L L+ Xg; 1. Xgi_7-X5i_13
Xo-X1pXqg D 6J¥2 1
Xoan+18 = X6 1_1—-2 11 1 ’
+ Xg-X_g-X_1p 120 i=L L+ Xg;.Xgi_g-Xgi_12

Xpan+19 = X5 [1— *urutes g 6{:[3 1 ]
n+. —. K ; 1
1+ X_5.X_11.X_17 J:0 i=1 1+ X6|_5.X6|_11.X6|_17
Xoanv20 = X4 (1_ XaoXae Xz §Of 1 ]
n+ — 5 ; 1
14X X 30X g6 10 1= 1+ Xgi 4 X6 10-X6i 16
Xoans21 = X3 1——X_9'X_15'X_21 s 653 L
n+ — K K 1
(10)
Xoans22 = X 1 Xefutan 3 GH3 3 ]
n+ —, 5 ; 1
1+ X—Z'X—S'X—l4 j=0 i=1 l+ X6i_2.X6i_8.X6i_14
X_7.X_12.X_ n 6j+3 1
Xognsoz = X q| 1- —L 348 5 )

1+ X_l.X_7.X_13 J:0 |=1 1+ X6|_1.X6|_7.X6|_13

X g-X_15.X_qg D 6j+3 1
12 18 z H

Xoani2a = %o | 1

f) Suppose that a, =a; = a3 =a, =0. By e), having:

X_g.X_17-X_ n 6j 1
5 M-117-17 Z H
1+ X_5.X_11.X_17 J=0 |=11+ X6|_5.X6|_11.X6|_17

M X400, = M X 5[ 1-
n—o0 n—oo
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a—x |12 X_5.X_11.X_17 g %1 1
h =X 23 Py ,
1+ X_5.X_11.X_17 J=0 |=11+ X6|_5.X6|_11.X6|_17
1+ X 5.X 41X © 6] 1
a =0 - 5 :
X5 XqpX g7 $=0iL1+ Xgi_5-Xgi_11-Xi17
Similarly,
. . X_g.X_11.X n 6j+l 1
M X4, = lim x ;| 1-—22528 5 7 :
n—e n—e 1+ X5 X 03X g7 120 1= 14+ Xgi 5. X5; 11-Xgi 17
X g.X_17.X_ o 6]+ 1
1+ X_5.X_11.X_17 J:O i=1 1+ X6|_5.X6|_11.X6|_17
a —O:1+ X5 X X 37  ® 6J+ 1
7= =X :
XgX g1 Xy 320 i1 14X 5. X1 13- X6 17
Similarly,
. . X 5. X_47.X n 6j+2 1
lim X043 = lim Xy | 1- 258 5 ) ,
n—e noe 1+ X5 X 33X 47 320 i=L 1+ X6 5.-Xgi 11-Xgi 17
X g.X 17.X o3 ® 6j+2 1
8.13 = X—ll 1_ 5 7 23 Z H )
1+ X_5.X_11.X_17 J:O i=1 1+ X6|_5.X6|_11.X6|_17
1+ X . X 44X w 6j+2 1
3.13 :O:> el ¥ e = Z ; .
X5X 97X 03§20 151 14+ Xgi 5.Xgi 01 X117
Similarly,

. . X q41.-X_q7.X n 6j+3 1
lim Xyy,40 = lim x | 1-—22L223 5
n—e n—e 1+ X5 X g3 X 7 320 i=L 14 Xg; 5-Xgi11-X6i 17

X 11X 47.X_ o 6j+3 1
8 = X g| 1- it 3 | ,
1+ X 5. X g9.X 47 =0 i=1 14 Xg;_5.-Xgi_11-Xpi_17
1+ X c.X 41.X o 6j+3 1
a,=0= s XXy _ §

X_11:X_17-X g 120 i=1 1+ Xgi_5-Xgi_11-X6i17

From the (11) and (12);

1+ X 5.X 41X 47 _ ¢ fﬁj 1 >1+ X5X g3 X7 _ 2 604t
X 5-X_11-X 47 i=0i=11+ Xg;_5-Xgi_11-Xgi_17 X 5-X_11-X 23 i=0 i=1 14 Xgi_5.Xgi_11-Xpi17

thus, X_p3 > X_47.

(11)

(12)

(13)

(14)

(15)
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From the (12) and (13);

1+ X c.X_q9.X o 6j+l 1 1+ X c.X q9.XC © 6j+2 1
sXuXn _ § 0 S sXuXn _ $ 0
X 5-X_11-X 23 i=0 i=1 1+ Xgi_5-Xgi_11-Xgi_17 X 5-X_17-X 23 i=0 =1 14 Xgi_5.Xgi_11-Xpi_17
thus, X_;; > X_y;.
From the (13) and (14);
1+ X e X qq.X o 6j+2 1 1+ X o X qq.X o 6j+3 1
sXuXy _ § S sXuXy _ &

X 5:-X_17-X 3 i=0 i=1 1+ Xgi_5-Xgi_11-Xgi17 X 13X g7:X o3 =0 i=1 14 Xgi_5.Xgi_11-Xgi 17

thus, X_;; > X5
We obtain X_,3 > X 37 > X 47 > Xs.

It is supposed that a, =a; = a,, =a,;, =0. From the (16), it is followed as the proof of the (15) is
similar and is omitted:

1+ X 4. X 10-X 16 _ % fli_i 1 S 1+ X4 X_19-X 146 _ g bin 1 |
X 4-X 10X 16 i=0i=11+ Xg;_4-Xgi_10-Xgi-16 X 4-X 30X 22 i=0 =1 1+ Xgi_4-Xgi_10-%6i-16

1+ X 4. X 19-X 46 _ ¥ 611'_[+1 1 >1+ X 4 X 10X 16 _ z GHZ (16)
X 4 Xq0-Xgp 170 it 1+ Xgi 4 Xgigo-Xgias  Xa-XoagXpp 00 i<l 14 Xgi 4 Xgi10-Xgi16

1+ X 4. X _19-X 16 _ % GHZ 1 S 1+ X 4.X 49-X 16 _ % 643 1
X 4-X 16X 22 i=0 i=1 1+ Xgi_4-Xgi_10-Xgite  X_10-X16X o =0 i=L 14 Xgi_4.Xg10-Xsi_1¢

thus, X 5, > X 16 > X 49 > X 4.

It is supposed that a; =ay = a5 =a,, =0. From the (17), it is followed as the proof of the (16) is
similar and is omitted:

1+ X 53X g.X g5 _ ¢ fsrf 1 S 1+ X 3.X g.X 35 _ g bin 1
X73.X79.X715 J=0|=11+ X6|73'X6|*9'X6|*15 X73.X79.X721 J=0 |=1 1+ X6|73'X6|*9'X6|*15
1+ X 3.X g.X 0 6j+1 1 1+ X 5.X g.X © 6j+2 1
e W e e | , (A7
XgXgXp 000 1+ Xg 3 X5 9-Xsias X 3Xgs:Xpp  J=0 i<1 14X 3% 9-Xgi 15
1+ X 3.X g.X_ © 6j+2 1 1+ X 5.X g.X © 6)+3 1
329715 _ 3y > 329215 _ §

XgXg5Xpp 70 0L 14 X5 3. X1 9 Xiq5 X g XgsXpr =0 i<l 14 Xgi 3% 9-%gi 15

thus, X 5 > X 45 > X g > X 5.

It is supposed that a, =a,, = 8,5 =a,, =0. From the (18), it is followed as the proof of the (17) is
similar and is omitted:

1+ X, X gX gy 68 1 >1+ XX gXys _ 28It

. > . 19)
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1+ X,.X g.X o 6j+1 1 1+ X,.X g.X © 6j+2 1
—2-7 8214 _ bl > —2"7-8"7-14 > I ,
XX gXgg =000 I+ Xgi o X g:Xeiaa X 2XqaXgp 170 0= 14X 5. Xgi g-Xgi 14
1+ X ,.X g.X 0 6)+2 1 1+ X ,.X g.X x 6)+3 1
2708714 _ 3 0 > —2' 78714 v

XX 4Xgo 020 11 1+ Xgi 5 Xgi g-Xgi1a  Xg-XqaXgp  J=0 i=1 14 Xgi 5. Xgi g-Xgi 14
thus, X_,0 > X34 > X g > X,,.

It is supposed that a; = a,; = a,; =a,; =0. From the (19), it is followed as the proof of the (18)
is similar and is omitted:

1+ X ,.X 5.X o 6] 1 1+ X ,.X 5.X o 6j+l 1
-1 A 7R3 _ s > 1A 7R3 _ S ,
XX g Xy 0=0i1 1 Xgi g Xgi 7 X6iq3 XX Xgg  0=0 0= 14 Xg 4 X6 7-X6i 13
1+ X 4.X 5.X_ o 6j+ 1 1+ X ,.X 5.X_ o 6j+2 1
127213 _ S > 127213 _ s ’ (19)
1+ X ,.X-.X w 6j+2 1 1+ X ,.X-.X o 6j+3 1
12723 > 127713 3

XX g3Xg =0 0L 14X g X 7 Xsi03 X7 X3 Xgg 120 171 1+ Xgi 4 Xgi 7 Xgi a3
thus, X_j9 > X 33> X7 >X.
It is supposed that a; =a,, =a,3 =a,, =0. Suppose that X ;3 =X, =X =X, =0. from then
(20), it follows, proof of the (19) is similar and will be omitted:

1+ X,.X 5.X w 6] 1 1+ X, X 2.X o 6j+1 1
0X6X12 _ 3 St XoXeX1p _ £ '
Xo-X_g-X_12 =0i=114 Xg; . Xgi_6-Xgi_12 Xo-X_g-X_1g =0 i=1 1+ Xgi.Xgi_-X5i_12

14+ X,.X <X w 6j+l 1 1+ X, X 2.X © 6j+2 1
0-7-6:2-12 _ b > 0-7-6:7-12 _ >0 (20)
Xg-X_g-X_18 i=0 =1 1+ Xg; - Xgi_g-X5i_12 Xg-X_12-X_18 j=0 i=1 1+ Xg; Xgi_g-Xgi_12
1+ X)X g X gy  x 6j+2 1 S 1+X%9.X 6-X g5 z GH3 1
Xo-X_12-X_13 =0 i=1 14 Xg; . Xgi_6-Xgi_12 X g-X_12-X_1g j=0 i=1 1+ X4 Xgi_g-X5i_12

thus, X ;3> X5, > X4 >X,. It is concluded at a contradiction which completes the proof of
theorem.

3. EXAMPLE

Xn—23
1+ Xn_5Xn-_11Xn-17

Example 3.1. Consider the following equation Xn+1 =
If the initial conditions are selected as follows:

X_p; =0.99999999999999999999999; X ,, = 0.99999999999999999999998;
X_,, =0.99999999999999999999997; X ,, =0.99999999999999999999996;
X ;o =0.99999999999999999999995; X ,, =0.99999999999999999999994 ;
X_;; =0.99999999999999999999993; X ,, =0.99999999999999999999992;
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X ;s = 0.99999999999999999999991; x ,, =0.99999999999999999999999;
X 13 = 0.99999999999999999999998; x ,, =0.99999999999999999999997 ;
X 5; =0.99999999999999999999996 ; x_,, = 0.99999999999999999999995 ;
X ¢ =0.99999999999999999999994 ; x , =0.99999999999999999999993;
X, =0.99999999999999999999992; x , =0.99999999999999999999991 ;
X ¢ =0.9999999999999999999999; x_, =0.9999999999999999999998 ;

X 5 =0.9999999999999999999997; x_, =0.9999999999999999999996 ;

X_; =0.9999999999999999999995; X, =0.9999999999999999999994 .

The following solutions are obtained:

x, ={0.5,0.5,0.5,0.5,0.5,0.5,0.666667,0.666667, 0.666667, 0.666667, 0.666667, 0.666667, 0.75,
0.75,0.75, 0.75, 0.75, 0.75, 0.8, 0.8, 0.8, 0.8, 0.8, 0.8, 0.357143, 0.357143, 0.357143, 0.357143,
0.357143, 0.357143, 0.54902, 0.54902, 0.54902, 0.54902, 0.54902, 0.54902, 0.648305, 0.648305,
0.648305, 0.648305, 0.648305, 0.648305, 0.709774, 0.709774, 0.709774, 0.709774, 0.709774,
0.709774, 0.285114, 0.285114, 0.285114, 0.285114, 0.285114, 0.285114, 0.485345, 0.485345,
0.485345, 0.485345, 0.485345, 0.485345, 0.590325, 0.590325, 0.590325, 0.590325, 0.590325,
0.590325, 0.656173, 0.656173, 0.656173, 0.656173, 0.656173, 0.656173, 0.239995, 0.239995,
0.239995, 0.239995, 0.239995, 0.239995, 0.444063, 0.444063, 0.444063, 0.444063, 0.444063,
0.444063, 0.551741, 0.551741, 0.551741, 0.551741, 0.551741, 0.551741, 0.619732, 0.619732,
0.619732, 0.619732, 0.619732, 0.619732, 0.208358, 0.208358, 0.208358, 0.208358, 0.208358,
0.208358, 0.41453, 0.41453, 0.41453, 0.41453, 0.41453, 0.41453, 0.523709, 0.523709, 0.523709,
0.523709, 0.523709, 0.523709, 0.592913, 0.592913, 0.592913, 0.592913, 0.592913, 0.592913,
0.184597, 0.184597,...}

The graph of the solutions is given below.
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Figure 3.1. x(n) graph of the solutions.
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