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Solutions of the Rational Difference Equation  
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Abstract: In this paper the solutions of the following difference equation is examined, 
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where the initial conditions are positive real numbers. 
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Rasyonel Fark Denkleminin Çözümleri 
 
Özet: Aşağıdaki Rasyonel fark denkleminin çözümlerini incelendi. 
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Burada başlangıç şartları reel sayılardır. 
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1. INTRODUCTION 
Difference equations are always attracting very much interest, because these equations appear in 
the mathematical models of some problems in biology, ecology and physics, and numerical 
solutions of differential equations [29]. Recently there has been a lot of studies on the periodic 
nature of nonlinear difference equations. We refer readers to [1, 5, 18], for some recent results 
concerning among other problems and the periodicity of scalar nonlinear difference equations. 
Cinar, studied the following problems with positive initial values: 
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for 0,1, 2,...n =  in [ ]2,3,4 , respectively. 

Simsek et. al., studied the following problems with positive initial values: 
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for 0,1, 2,...n =  in [ ]20,21,22,25 , respectively. 

In this paper  the folloving nonlinear difference equation 
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where 23 22 1 0, ,..., , (0, )x x x x− − − ∈ ∞  is investigated. 

 

2. MAIN RESULT 

Let x  be the unique positive equilibrum of the (1), then clearly, 
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0x =  can be obtained. 

Theorem 1. Consider the difference equation (1). Then the following statements are true. 
a)  The sequences  

24 23( ),  nx − 24 22( ),nx − 24 21( ),nx − 24 20( ),nx − 24 19( ),nx − 24 18( ),nx − 24 17( ),nx − 24 16( ),nx − 24 15( ),nx −

24 14( ),nx − 24 13( ),nx − 24 12( ),nx − 24 11( ),nx − 24 10( ),nx − 24 9( ),nx − 24 8( ),nx − 24 7( ),nx − 24 6( ),nx −

24 5( ),nx − 24 4( ),nx − 24 3( ),nx − 24 2( ),nx − 24 1( ),nx − 24( )nx  

are decreased and  1 2 24, ,..., 0a a a ≥  is existed in such that:  

24 23 1 24 22 2 24 21 3 24 20 4 24 19 5

24 18 6 24 17 7 24 16 8 24 15 9 24 14 10

24 13 11

lim ,  lim , lim , lim ,  lim ,

lim , lim ,  lim , lim , lim ,

 lim , lim

n n n n nn n n n n

n n n n nn n n n n

nn n

x a x a x a x a x a

x a x a x a x a x a

x a

− − − − −→∞ →∞ →∞ →∞ →∞

− − − − −→∞ →∞ →∞ →∞ →∞

−→∞ →

= = = = =

= = = = =

= 24 12 12 24 11 13 24 10 14 24 9 15

24 8 16 24 7 17 24 6 18 24 5 19 24 4 20

24 3 21 24 2 22 24

, lim ,  lim , lim ,

 lim ,  lim , lim , lim ,  lim ,

lim , lim ,  lim

n n n nn n n

n n n n nn n n n n

n nn n n

x a x a x a x a

x a x a x a x a x a

x a x a x

− − − −∞ →∞ →∞ →∞

− − − − −→∞ →∞ →∞ →∞ →∞

− −→∞ →∞ →∞

= = = =

= = = = =

= = 1 23 24 24, lim .n nn
a x a− →∞

= =

 

b) 1 2 24 1 2 24( , ,..., , , ,..., ,...)a a a a a a  is a solution of  (1) of period 24. 

c) 

24 23 24 17 24 11 24 5

24 22 24 16 24 10 24 4

24 21 24 15 24 9 24 3

24 20 24 14

lim . lim .lim . lim 0,

lim . lim .lim . lim 0,

lim . lim .lim . lim 0,

lim . lim .li

n n n nn n n n

n n n nn n n n

n n n nn n n n

n nn n

x x x x

x x x x

x x x x

x x

− − − −→∞ →∞ →∞ →∞

− − − −→∞ →∞ →∞ →∞

− − − −→∞ →∞ →∞ →∞

− −→∞ →∞

=

=

=

24 8 24 2

24 19 24 13 24 7 24 1

24 18 24 12 24 6 24

m . lim 0,

lim . lim .lim . lim 0,

lim . lim .lim . lim 0

n nn n

n n n nn n n n

n n n nn n n n

x x

x x x x

x x x x

− −→∞ →∞

− − − −→∞ →∞ →∞ →∞

− − −→∞ →∞ →∞ →∞

=

=

=

 

or 

1 7 13 19 2 8 14 20 3 9 15 21

4 10 16 22 5 11 17 23 6 12 18 24

. . . 0, . . . 0, . . . 0,

. . . 0, . . . 0, . . . 0.

a a a a a a a a a a a a

a a a a a a a a a a a a

= = =

= = =
 

 

d)  If there exist 0n ∈¥  such that 1 17n nx x+ −≤  for all 0n n≥ , then  

lim 0nn
x

→∞
= . 

e)  The following formulas can be generated:  
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65 11 17
24 1 23

0 15 11 17 6 5 6 11 6 17

64 10 16
24 2 22

0 14 10 16 6 4 6 10 6 16

3 9 15
24 3 21

3 9 1

. . 11 ,
1 . . 1 . .

. . 11 ,
1 . . 1 . .
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1 . .
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x x x x x x

x x xx x
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− − −
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6 25 17 23
24 13 11

0 15 11 17 6 5 6 11 6 17
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∑ ∏

 
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 
= − + + 

= −
+

6 2

0 19 15 6 3 6 9 6 15

6 22 14 20
24 16 8

0 12 8 14 6 2 6 8 6 14

6 21 13 19
24 17 7

11 7 13 6 1 6 7 6 13

1 ,
. 1 . .

. . 11 ,
1 . . 1 . .

. . 11
1 . . 1 . .

jn

j i i i i

jn
n

j i i i i

j
n

j i i i i

x x x x

x x xx x
x x x x x x

x x xx x
x x x x x x

+

= =− − − − −

+− − −
+ −

= =− − − − − −

+− − −
+ −

= =− − − − − −
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 
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 
= − + + 

= −
+ +0

6 20 12 18
24 18 6

0 10 6 12 6 6 6 6 12

,

. . 11 ,
1 . . 1 . .

n

jn
n

j i i i i

x x xx x
x x x x x x

+− −
+ −

= =− − − −

∑

∑ ∏

 
 
 

 
= − + +   

 

6 311 17 23
24 19 5

0 15 11 17 6 5 6 11 6 17

6 310 16 22
24 20 4

0 14 10 16 6 4 6 10 6 16

9 15 21
24 21 3

3

. . 11 ,
1 . . 1 . .

. . 11 ,
1 . . 1 . .

. .1
1 .

jn
n

j i i i i

jn
n

j i i i i

n

x x xx x
x x x x x x

x x xx x
x x x x x x

x x xx x
x

+− − −
+ −

= =− − − − − −

+− − −
+ −

= =− − − − − −

− − −
+ −

−
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 
= − + + 

 
= − + + 

= −
+

6 3

0 19 15 6 3 6 9 6 15

6 38 14 20
24 22 2

0 12 8 14 6 2 6 8 6 14

6 37 13 19
24 23 1

11 7 13 6 1 6 7 6 13

1 ,
. 1 . .

. . 11 ,
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 
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f)  If 24 1 1 24 7 7 24 13 130, 0, 0n n nx a x a x a+ + +→ ≠ → ≠ → ≠ , then 24 19 0nx + →  as n →∞ . 

If 24 2 2 24 8 8 24 14 140, 0, 0n n nx a x a x a+ + +→ ≠ → ≠ → ≠ , then 24 20 0nx + →  as n →∞ . 

If 24 3 3 24 9 9 24 15 150, 0, 0n n nx a x a x a+ + +→ ≠ → ≠ → ≠ , then 24 21 0nx + →  as n →∞ . 
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If 24 4 4 24 10 10 24 16 160, 0, 0n n nx a x a x a+ + +→ ≠ → ≠ → ≠ , then 24 22 0nx + →  as n →∞ . 

If 24 5 5 24 11 11 24 17 170, 0, 0n n nx a x a x a+ + +→ ≠ → ≠ → ≠ , then 24 23 0nx + →  as n →∞ . 

If 24 6 6 24 12 12 24 18 180, 0, 0n n nx a x a x a+ + +→ ≠ → ≠ → ≠ , then 24 24 0nx + →  as n →∞ . 

Proof. a) Firstly, we consider the (1). From this equation we obtain: 

1 5 11 17 23.(1 . . )n n n n nx x x x x+ − − − −+ = . 

If 5 11 17. . (0, )n n nx x x− − − ∈ +∞ , then 5 11 17(1 . . ) (1, )n n nx x x− − −+ ∈ +∞ . Since 1 23,  n nx x n+ −< ∈¥ , we 
obtain that results: 

24 23 1 24 22 2 24 21 3 24 20 4 24 19 5

24 18 6 24 17 7 24 16 8 24 15 9 24 14 10

24 13 11

lim ,  lim , lim , lim ,  lim ,

lim , lim ,  lim , lim , lim ,  

lim , lim

n n n n nn n n n n

n n n n nn n n n n

nn n

x a x a x a x a x a

x a x a x a x a x a

x a

− − − − −→∞ →∞ →∞ →∞ →∞

− − − − −→∞ →∞ →∞ →∞ →∞

−→∞ →

= = = = =

= = = = =

= 24 12 12 24 11 13 24 10 14 24 9 15

24 8 16 24 7 17 24 6 18 24 5 19 24 4 20

24 3 21 24 2 22 24

, lim ,  lim , lim ,

lim ,  lim , lim , lim ,  lim ,

lim , lim ,  lim

n n n nn n n

n n n n nn n n n n

n nn n n

x a x a x a x a

x a x a x a x a x a

x a x a x

− − − −∞ →∞ →∞ →∞

− − − − −→∞ →∞ →∞ →∞ →∞

− −→∞ →∞ →∞

= = = =

= = = = =

= = 1 23 24 24, lim .n nn
a x a− →∞

= =

 

b) 1 2 24 1 2 24( , ,..., , , ,..., ,...)a a a a a a  is a solution of the (1) of period 24 . 

c) In view of the (1), we obtain: 

24 23
24 1

24 5 24 11 24 171 . .
n

n
n n n

xx
x x x

−
+

− − −

=
+

. 

Taking limit as n →∞  on both sides of the above equality, we get: 

24 23
24 1

24 5 24 11 24 17
lim lim

1 . .
n

nn n n n n

xx
x x x

−
+→∞ →∞ − − −

=
+

. 

Then 

1
1 1 1 7 13 19 1 1 7 13 19

7 13 19
. . . . . . 0.

1 . .
aa a a a a a a a a a a

a a a
= ⇒ + = ⇒ =

+
 

Similarly, 

24 22
24 2

24 4 24 10 24 161 . .
n

n
n n n

xx
x x x

−
+

− − −

=
+

. 

Taking limit as n →∞  on both sides of the above equality, we get: 

24 22
24 2

24 4 24 10 24 16
lim lim

1 . .
n

nn n n n n

xx
x x x

−
+→∞ →∞ − − −

=
+

. 

Then 
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2
2 2 2 8 14 20 2 2 8 14 20

8 14 20
. . . . . . 0.

1 . .
aa a a a a a a a a a a

a a a
= ⇒ + = ⇒ =

+
 

Similarly, 

24 21
24 3

24 3 24 9 24 151 . .
n

n
n n n

xx
x x x

−
+

− − −

=
+

. 

Taking limit as n →∞  on both sides of the above equality, we get: 

24 21
24 3

24 3 24 9 24 15
lim lim

1 . .
n

nn n n n n

xx
x x x

−
+→∞ →∞ − − −

=
+

. 

Then 

3
3 3 3 9 15 21 3 3 9 15 21

9 15 21
. . . . . . 0.

1 . .
aa a a a a a a a a a a

a a a
= ⇒ + = ⇒ =

+
 

Similarly, 

24 20
24 4

24 2 24 8 24 141 . .
n

n
n n n

xx
x x x

−
+

− − −

=
+

. 

Taking limit as n →∞  on both sides of the above equality, we get: 

24 20
24 4

24 2 24 8 24 14
lim lim

1 . .
n

nn n n n n

xx
x x x

−
+→∞ →∞ − − −

=
+

. 

Then 

4
4 4 4 10 16 22 4 4 10 16 22

10 16 22
. . . . . . 0.

1 . .
aa a a a a a a a a a a

a a a
= ⇒ + = ⇒ =

+
 

Similarly, 

24 19
24 5

24 1 24 7 24 131 . .
n

n
n n n

xx
x x x

−
+

− − −

=
+

. 

Taking limit as n →∞  on both sides of the above equality, we get: 

24 19
24 5

24 1 24 7 24 13
lim lim

1 . .
n

nn n n n n

xx
x x x

−
+→∞ →∞ − − −

=
+

. 

Then 

5
5 5 5 11 17 23 5 5 11 17 23

11 17 23
. . . . . . 0.

1 . .
aa a a a a a a a a a a

a a a
= ⇒ + = ⇒ =

+
 

Similarly, 

24 19
24 5

24 1 24 7 24 131 . .
n

n
n n n
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x x x

−
+

− − −

=
+
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Taking limit as n →∞  on both sides of the above equality, we get: 

24 19
24 5

24 1 24 7 24 13
lim lim

1 . .
n

nn n n n n

xx
x x x

−
+→∞ →∞ − − −

=
+

. 

Then 

5
5 5 5 11 17 23 5 5 11 17 23

11 17 23
. . . . . . 0.

1 . .
aa a a a a a a a a a a

a a a
= ⇒ + = ⇒ =

+
 

 

d) If there exist 0n ∈¥  such that 1 17n nx x+ −≤  for all 0n n≥ , then  

1 7 13 19 1a a a a a≤ ≤ ≤ ≤  since 1 7 13 19. . . 0a a a a = , 2 8 14 20 2a a a a a≤ ≤ ≤ ≤  since 2 8 14 20. . . 0a a a a = , 

3 9 15 21 3a a a a a≤ ≤ ≤ ≤  since 3 9 15 21. . . 0a a a a = , 4 10 16 22 4a a a a a≤ ≤ ≤ ≤  since 4 10 16 22. . . 0a a a a = , 

5 11 17 23 5a a a a a≤ ≤ ≤ ≤  since 5 11 17 23. . . 0a a a a = , 6 12 18 24 6a a a a a≤ ≤ ≤ ≤  since 6 12 18 24. . . 0a a a a =  

we can obtain the results. 

e) Subracting 23nx −  from the left and right-hand sides of the (1) we obtain: 

1 23 5 29
5 11 17

1 ( )
1 . .n n n n

n n n
x x x x

x x x+ − − −
− − −

− = −
+

 

and the following formula: 

( )

( )

( )

( )

6
6 35 6 59 1 23

1 6 5 6 11 6 17

6
6 34 6 58 2 22

1 6 4 6 10 6 16

6
6 33 6 57 3 21

1 6 3 6 9 6 15

6 32 6 56 4 20
6 2 6 8

1 ,
1 . .

1 ,
1 . .

1 ,
1 . .

for 6 
1

1 . .

n
n n

i i i i

n
n n

i i i i

n
n n

i i i i

n n
i i

x x x x
x x x

x x x x
x x x

x x x x
x x x

n
x x x x

x x

−
− − −

= − − −

−
− − −

= − − −

−
− − −

= − − −

− − −
− −

∏

∏

∏

− = − =
+

− = − =
+

− = − =
+

≥

− = − =
+

( )

( )

6

1 6 14

6
6 31 6 55 5 19

1 6 1 6 7 6 13

6
6 30 6 54 6 18

1 6 6 6 6 12

,

1 ,
1 . .

1 ,
1 . .

n

i i

n
n n

i i i i

n
n n

i i i i

x

x x x x
x x x

x x x x
x x x

−

= −

−
− − −

= − − −

−
− − −

= − −

∏

∏

∏
















 − = − =

+



− = − = +

 (2) 

holds. Replacing n   by 6 j   in ( )2  and summing from 0j =  to j n= , we obtain: 
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6
24 1 23 1 23

0 1 6 5 6 11 6 17

6
24 2 22 2 22

0 1 6 4 6 10 6 16

6
24 3 21 3 21

0 1 6 3 6 9 6 15

1( )   ( 0,1, 2,...),
1 . .

1( )   ( 0,1, 2,...),
1 . .

1( )   ( 0,
1 . .

jn
n

j i i i i

jn
n

j i i i i

jn
n

j i i i i

x x x x n
x x x

x x x x n
x x x

x x x x n
x x x

+ − −
= = − − −

+ − −
= = − − −

+ − −
= = − − −

∑ ∏

∑ ∏

∑ ∏

− = − =
+

− = − =
+

− = − =
+

6
24 4 20 4 20

0 1 6 2 6 8 6 14

6
24 5 19 5 19

0 1 6 1 6 7 6 13

6
24 6 18 6 18

0 1 6 6 6 6 12

1,2,...),

1( )   ( 0,1, 2,...),
1 . .

1( )   ( 0,1, 2,...),
1 . .

1( )   
1 . .

jn
n

j i i i i

jn
n

j i i i i

jn
n

j i i i i

x x x x n
x x x

x x x x n
x x x

x x x x
x x x

+ − −
= = − − −

+ − −
= = − − −

+ − −
= = − −

∑ ∏

∑ ∏

∑ ∏

− = − =
+

− = − =
+

− = −
+

( 0,1, 2,...).n =

 (3) 

Also, replacing n   by 6 1j +  in ( )2  and summing from 0j =  to j n= , we obtain:  

6 1
24 7 17 7 17

0 1 6 5 6 11 6 17

6 1
24 8 16 8 16

0 1 6 4 6 10 6 16

6 1
24 9 15 9 15

0 1 6 3 6 9 6 15

1( )   ( 0,1, 2,...),
1 . .

1( )   ( 0,1, 2,...),
1 . .

1( )  
1 . .

jn
n

j i i i i

jn
n

j i i i i

jn
n

j i i i i

x x x x n
x x x

x x x x n
x x x

x x x x
x x x

+

+ − −
= = − − −

+

+ − −
= = − − −

+

+ − −
= = − − −

∑ ∏

∑ ∏

∑ ∏

− = − =
+

− = − =
+

− = −
+

6 1
24 10 14 10 14

0 1 6 2 6 8 6 14

6 1
24 11 13 11 13

0 1 6 1 6 7 6 13

24 12 12 12 12
6 6 6 6

 ( 0,1, 2,...),

1( )   ( 0,1, 2,...),
1 . .

1( )   ( 0,1, 2,...),
1 . .

1( )
1 . .

jn
n

j i i i i

jn
n

j i i i i

n
i i i

n

x x x x n
x x x

x x x x n
x x x

x x x x
x x x

+

+ − −
= = − − −

+

+ − −
= = − − −

+ − −
−

∑ ∏

∑ ∏

=

− = − =
+

− = − =
+

− = −
+

6 1

0 1 12
  ( 0,1, 2,...).

jn

j i
n

+

= = −

∑ ∏ =

 

Also, replacing n   by 6 2j +  in ( )2 and summing from 0j =  to j n= , we obtain:  

(4) 
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6 2
24 13 11 13 11

0 1 6 5 6 11 6 17

6 2
24 14 10 14 10

0 1 6 4 6 10 6 16

6 2
24 15 9 15 9

1 6 3 6 9 6 15

1( )   ( 0,1, 2,...),
1 . .

1( )   ( 0,1, 2,...),
1 . .

1( )
1 . .

jn
n

j i i i i

jn
n

j i i i i

j
n

j i i i i

x x x x n
x x x

x x x x n
x x x

x x x x
x x x

+

+ − −
= = − − −

+

+ − −
= = − − −

+

+ − −
= = − − −

∑ ∏

∑ ∏

∏

− = − =
+

− = − =
+

− = −
+0

6 2
24 16 8 16 8

0 1 6 2 6 8 6 14

6 2
24 17 7 17 7

0 1 6 1 6 7 6 13

24 18 6 18 6
6 6 6 6 1

  ( 0,1, 2,...),

1( )   ( 0,1, 2,...),
1 . .

1( )   ( 0,1, 2,...),
1 . .

1( )
1 . .

n

jn
n

j i i i i

jn
n

j i i i i

n
i i i

n

x x x x n
x x x

x x x x n
x x x

x x x x
x x x

+

+ − −
= = − − −

+

+ − −
= = − − −

+ − −
− −

∑

∑ ∏

∑ ∏

=

− = − =
+

− = − =
+

− = −
+

6 2

0 1 2
  ( 0,1, 2,...).

jn

j i
n

+

= =
∑ ∏ =

          

(5) 

Also, replacing n   by 6 3j +  in ( )2 and summing from 0j =  to j n= , we obtain:  

6 3
24 19 5 19 5

0 1 6 5 6 11 6 17

6 3
24 20 4 20 4

0 1 6 4 6 10 6 16

6 3
24 21 3 21 3

0 1 6 3 6 9 6 15

1( )   ( 0,1, 2,...),
1 . .

1( )   ( 0,1, 2,...),
1 . .

1( )  
1 . .

jn
n

j i i i i

jn
n

j i i i i

jn
n

j i i i i

x x x x n
x x x

x x x x n
x x x

x x x x
x x x

+

+ − −
= = − − −

+

+ − −
= = − − −

+

+ − −
= = − − −

∑ ∏

∑ ∏

∑ ∏

− = − =
+

− = − =
+

− = −
+

6 3
24 22 2 22 2

0 1 6 2 6 8 6 14

6 3
24 23 1 23 1

0 1 6 1 6 7 6 13

6
24 24 0 24 0

1 6 6 6 6 12

 ( 0,1, 2,...),

1( )   ( 0,1, 2,...),
1 . .

1( )   ( 0,1, 2,...),
1 . .

1( )
1 . .

jn
n

j i i i i

jn
n

j i i i i

j
n

i i i i

n

x x x x n
x x x

x x x x n
x x x

x x x x
x x x

+

+ − −
= = − − −

+

+ − −
= = − − −

+
= − −

∑ ∏

∑ ∏

=

− = − =
+

− = − =
+

− = −
+

3

0
  ( 0,1, 2,...).

n

j
n

+

=
∑ ∏ =

 (6) 

Now, we obtained of the above formulas:  
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65 11 17
24 1 23

0 15 11 17 6 5 6 11 6 17

64 10 16
24 2 22

0 14 10 16 6 4 6 10 6 16

3 9 15
24 3 21

3 9 1

. . 11 ,
1 . . 1 . .

. . 11 ,
1 . . 1 . .

. .1
1 . .

jn
n

j i i i i

jn
n

j i i i i

n

x x xx x
x x x x x x

x x xx x
x x x x x x

x x xx x
x x x

− − −
+ −

= =− − − − − −

− − −
+ −

= =− − − − − −

− − −
+ −

− − −

∑ ∏

∑ ∏

 
= − + + 

 
= − + + 

= −
+

6

0 15 6 3 6 9 6 15

62 8 14
24 4 20

0 12 8 14 6 2 6 8 6 14

61 7 13
24 5 19

0 11 7 13 6 1 6 7 6 13

24

1 ,
1 . .

. . 11 ,
1 . . 1 . .

. . 11 ,
1 . . 1 . .

jn

j i i i i

jn
n

j i i i i

jn
n

j i i i i

n

x x x

x x xx x
x x x x x x

x x xx x
x x x x x x

x

= = − − −

− − −
+ −

= =− − − − − −

− − −
+ −

= =− − − − − −

∑ ∏

∑ ∏

∑ ∏

 
 + 

 
= − + + 

 
= − + + 

60 6 12
6 18

0 10 6 12 6 6 6 6 12

. . 11 ,
1 . . 1 . .

jn

j i i i i

x x xx
x x x x x x

− −
+ −

= =− − − −

∑ ∏
 

= − + +   
 

(7) 

6 15 11 23
24 7 17

0 15 11 17 6 5 6 11 6 17

6 14 10 22
24 8 16

0 14 10 16 6 4 6 10 6 16

3 9 21
24 9 15

3 9

. . 11 ,
1 . . 1 . .

. . 11 ,
1 . . 1 . .

. .1
1 .

jn
n

j i i i i

jn
n

j i i i i

n

x x xx x
x x x x x x

x x xx x
x x x x x x

x x xx x
x x

+− − −
+ −

= =− − − − − −

+− − −
+ −

= =− − − − − −

− − −
+ −

− −

∑ ∏

∑ ∏

 
= − + + 

 
= − + + 

= −
+

6 1

0 115 6 3 6 9 6 15

6 12 8 20
24 10 14

0 12 8 14 6 2 6 8 6 14

6 11 7 19
24 11 13

0 11 7 13 6 1 6 7 6 13

1 ,
. 1 . .

. . 11 ,
1 . . 1 . .

. . 11
1 . . 1 . .

jn

j i i i i

jn
n

j i i i i

jn
n

j i i i i

x x x x

x x xx x
x x x x x x

x x xx x
x x x x x x

+

= =− − − −

+− − −
+ −

= =− − − − − −

+− − −
+ −

= =− − − − − −

∑ ∏

∑ ∏

∏

 
 + 

 
= − + + 

= −
+ +

6 10 6 18
24 12 12

0 10 6 12 6 6 6 6 12

,

. . 11 ,
1 . . 1 . .

jn
n

j i i i i

x x xx x
x x x x x x

+− −
+ −

= =− − − −

∑

∑ ∏

 
 
 

 
= − + +   

(8) 
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6 25 17 23
24 13 11

0 15 11 17 6 5 6 11 6 17

6 24 16 22
24 14 10

0 14 10 16 6 4 6 8 6 14

3 15 21
24 15 9

3

. . 11 ,
1 . . 1 . .

. . 11 ,
1 . . 1 . .

. .1
1 .

jn
n

j i i i i

jn
n

j i i i i

n

x x xx x
x x x x x x

x x xx x
x x x x x x

x x xx x
x x

+− − −
+ −

= =− − − − − −

+− − −
+ −

= =− − − − − −

− − −
+ −

−

∑ ∏

∑ ∏

 
= − + + 

 
= − + + 

= −
+

6 2

0 19 15 6 3 6 9 6 15

6 22 14 20
24 16 8

0 12 8 14 6 2 6 8 6 14

6 21 13 19
24 17 7

11 7 13 6 1 6 7 6 13

1 ,
. 1 . .

. . 11 ,
1 . . 1 . .

. . 11
1 . . 1 . .

jn

j i i i i

jn
n

j i i i i

j
n

j i i i i

x x x x

x x xx x
x x x x x x

x x xx x
x x x x x x

+

= =− − − − −

+− − −
+ −

= =− − − − − −

+− − −
+ −

= =− − − − − −

∑ ∏

∑ ∏

∏

 
 + 

 
= − + + 

= −
+ +0

6 20 12 18
24 18 6

0 10 6 12 6 6 6 6 12

,

. . 11 ,
1 . . 1 . .

n

jn
n

j i i i i

x x xx x
x x x x x x

+− −
+ −

= =− − − −

∑

∑ ∏

 
 
 

 
= − + +   

 

(9) 

6 311 17 23
24 19 5

0 15 11 17 6 5 6 11 6 17

6 310 16 22
24 20 4

0 14 10 16 6 4 6 10 6 16

9 15 21
24 21 3

3

. . 11 ,
1 . . 1 . .

. . 11 ,
1 . . 1 . .

. .1
1 .

jn
n

j i i i i

jn
n

j i i i i

n

x x xx x
x x x x x x

x x xx x
x x x x x x

x x xx x
x

+− − −
+ −

= =− − − − − −

+− − −
+ −

= =− − − − − −

− − −
+ −

−

∑ ∏

∑ ∏

 
= − + + 

 
= − + + 

= −
+

6 3

0 19 15 6 3 6 9 6 15

6 38 14 20
24 22 2

0 12 8 14 6 2 6 8 6 14

6 37 13 19
24 23 1

11 7 13 6 1 6 7 6 13

1 ,
. 1 . .

. . 11 ,
1 . . 1 . .

. . 11
1 . . 1 . .

jn

j i i i i

jn
n

j i i i i

j
n

j i i i i

x x x x x

x x xx x
x x x x x x

x x xx x
x x x x x x

+

= =− − − − −

+− − −
+ −

= =− − − − − −

+− − −
+ −

=− − − − − −

∑ ∏

∑ ∏

∏

 
 + 

 
= − + + 

= −
+ +0

6 36 12 18
24 24 0

0 10 6 12 6 6 6 6 12

,

. . 11 .
1 . . 1 . .

n

jn
n

j i i i i

x x xx x
x x x x x x

=

+− − −
+

= =− − − −

∑

∑ ∏

 
 
 

 
= − + +   

(10) 

f) Suppose that 1 7 13 19 0a a a a= = = = . By e), having: 

65 11 17
24 1 23

0 15 11 17 6 5 6 11 6 17

. . 1lim lim 1
1 . . 1 . .

jn
nn n j i i i i

x x xx x
x x x x x x
− − −

+ −→∞ →∞ = =− − − − − −

∑ ∏
 

= − + + 
, 
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65 11 17
1 23

0 15 11 17 6 5 6 11 6 17

. . 11
1 . . 1 . .

j

j i i i i

x x xa x
x x x x x x

∞− − −
−

= =− − − − − −

∑ ∏
 

= − + + 
, 

65 11 17
1

0 15 11 17 6 5 6 11 6 17

1 . . 10 .
. . 1 . .

j

j i i i i

x x xa
x x x x x x

∞− − −

= =− − − − − −

∑ ∏
+

= ⇒ =
+

 (11) 

Similarly, 

6 15 11 23
24 7 17

0 15 11 17 6 5 6 11 6 17

. . 1lim lim 1
1 . . 1 . .

jn
nn n j i i i i

x x xx x
x x x x x x

+− − −
+ −→∞ →∞ = =− − − − − −

∑ ∏
 

= − + + 
, 

6 15 11 23
7 17

0 15 11 17 6 5 6 11 6 17

. . 11
1 . . 1 . .

j

j i i i i

x x xa x
x x x x x x

+∞− − −
−

= =− − − − − −

∑ ∏
 

= − + + 
, 

6 15 11 17
7

0 15 11 23 6 5 6 11 6 17

1 . . 10 .
. . 1 . .

j

j i i i i

x x xa
x x x x x x

+∞− − −

= =− − − − − −

∑ ∏
+

= ⇒ =
+

 (12) 

Similarly, 

6 25 17 23
24 13 11

0 15 11 17 6 5 6 11 6 17

. . 1lim lim 1
1 . . 1 . .

jn
nn n j i i i i

x x xx x
x x x x x x

+− − −
+ −→∞ →∞ = =− − − − − −

∑ ∏
 

= − + + 
, 

6 25 17 23
13 11

0 15 11 17 6 5 6 11 6 17

. . 11
1 . . 1 . .

j

j i i i i

x x xa x
x x x x x x

+∞− − −
−

= =− − − − − −

∑ ∏
 

= − + + 
, 

6 25 11 17
13

0 15 17 23 6 5 6 11 6 17

1 . . 10 .
. . 1 . .

j

j i i i i

x x xa
x x x x x x

+∞− − −

= =− − − − − −

∑ ∏
+

= ⇒ =
+

 (13) 

Similarly, 

6 311 17 23
24 19 5

0 15 11 17 6 5 6 11 6 17

. . 1lim lim 1
1 . . 1 . .

jn
nn n j i i i i

x x xx x
x x x x x x

+− − −
+ −→∞ →∞ = =− − − − − −

∑ ∏
 

= − + + 
, 

6 311 17 23
19 5

0 15 11 17 6 5 6 11 6 17

. . 11
1 . . 1 . .

j

j i i i i

x x xa x
x x x x x x

+∞− − −
−

= =− − − − − −

∑ ∏
 

= − + + 
, 

6 35 11 17
19

0 111 17 23 6 5 6 11 6 17

1 . . 10 .
. . 1 . .

j

j i i i i

x x xa
x x x x x x

+∞− − −

= =− − − − − −

∑ ∏
+

= ⇒ =
+

 (14) 

 
From the (11) and (12); 

6 6 15 11 17 5 11 17

0 01 15 11 17 6 5 6 11 6 17 5 11 23 6 5 6 11 6 17

1 . . 1 . .1 1
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 (15) 

thus, 23 17x x− −> . 
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From the  (12) and (13); 
6 1 6 25 11 17 5 11 17

0 01 15 11 23 6 5 6 11 6 17 5 17 23 6 5 6 11 6 17

1 . . 1 . .1 1
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

thus, 17 11x x− −> . 

From the (13) and (14); 
6 2 6 35 11 17 5 11 17

0 01 15 17 23 6 5 6 11 6 17 11 17 23 6 5 6 11 6 17

1 . . 1 . .1 1
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

thus, 11 5x x− −> .  

We obtain  23 17 11 5x x x x− − − −> > > . 

It is supposed that 2 8 14 20 0a a a a= = = = . From the (16), it is followed as the proof of the (15) is 
similar and is omitted: 

6 6 14 10 16 4 10 16

0 01 14 10 16 6 4 6 10 6 16 4 10 22 6 4 6 10 6 16

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

6 1 6 24 10 16 4 10 16

0 01 14 10 22 6 4 6 10 6 16 4 16 22 6 4 6 10 6 16

1 . . 1 . .1 1
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

6 2 6 34 10 16 4 10 16

0 01 14 16 22 6 4 6 10 6 16 10 16 22 6 4 6 10 6 16

1 . . 1 . .1 1
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

( )16
  

thus, 22 16 10 4x x x x− − − −> > > . 

It is supposed that 3 9 15 21 0a a a a= = = = . From the (17), it is followed as the proof of the (16) is 
similar and is omitted: 

6 6 13 9 15 3 9 15

0 01 13 9 15 6 3 6 9 6 15 3 9 21 6 3 6 9 6 15

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

6 1 6 23 9 15 3 9 15

0 01 13 9 21 6 3 6 9 6 15 3 15 21 6 3 6 9 6 15

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

6 2 6 33 9 15 3 9 15

0 01 13 15 21 6 3 6 9 6 15 9 15 21 6 3 6 9 6 15

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

(17) 

thus, 21 15 9 3x x x x− − − −> > > . 

It is supposed that 4 10 16 22 0a a a a= = = = . From the (18), it is followed as the proof of the (17) is 
similar and is omitted: 

6 6 12 8 14 2 8 14

0 01 12 8 14 6 2 6 8 6 14 2 8 20 6 2 6 8 6 14

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 (18) 
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6 1 6 22 8 14 2 8 14

0 01 12 8 20 6 2 6 8 6 14 2 14 20 6 2 6 8 6 14

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

6 2 6 32 8 14 2 8 14

0 01 12 14 20 6 2 6 8 6 14 8 14 20 6 2 6 8 6 14

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

thus, 20 14 8 2x x x x− − − −> > > . 

It is supposed that 5 11 17 23 0a a a a= = = = . From the (19), it is followed as the  proof of the (18) 
is similar and is omitted: 

6 6 11 7 13 1 7 13

0 01 11 7 13 6 1 6 7 6 13 1 7 19 6 1 6 7 6 13

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

6 1 6 21 7 13 1 7 13

0 01 11 7 19 6 1 6 7 6 13 1 13 19 6 1 6 7 6 13

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

6 2 6 31 7 13 1 7 13

0 01 11 13 19 6 1 6 7 6 13 7 13 19 6 1 6 7 6 13

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − − − −

= == =− − − − − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

(19) 

thus, 19 13 7 1x x x x− − − −> > > . 

It is supposed that 6 12 18 24 0a a a a= = = = . Suppose that 18 12 6 0 0x x x x− − −= = = = . from then 
(20), it follows, proof of the (19) is similar and will be omitted: 

6 6 10 6 12 0 6 12

0 01 10 6 12 6 6 6 6 12 0 6 18 6 6 6 6 12

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+∞ ∞− − − −

= == =− − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

6 1 6 20 6 12 0 6 12

0 01 10 6 18 6 6 6 6 12 0 12 18 6 6 6 6 12

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − −

= == =− − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

6 2 6 30 6 12 0 6 12

0 01 10 12 18 6 6 6 6 12 6 12 18 6 6 6 6 12

1 . . 1 . .1 1 ,
. . 1 . . . . 1 . .

j j

j ji ii i i i i i

x x x x x x
x x x x x x x x x x x x

+ +∞ ∞− − − −

= == =− − − − − − − − −

∑ ∑∏ ∏
+ +

= > =
+ +

 

(20) 

thus, 18 12 6 0x x x x− − −> > > . It is concluded at a contradiction which completes the proof of 
theorem. 

3. EXAMPLE 

Example 3.1. Consider the following equation 23
1

5 11 171
n

n
n n n

x
x

x x x
−

+
− − −

=
+ . 

If the initial conditions are selected as follows: 

23 0.99999999999999999999999x− = ;   22 0.99999999999999999999998x− = ;  

21 0.99999999999999999999997x− = ;   20 0.99999999999999999999996x− = ;  

19 0.99999999999999999999995x− = ;   18 0.99999999999999999999994x− = ;  

17 0.99999999999999999999993x− = ;   16 0.99999999999999999999992x− = ; 
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15 0.99999999999999999999991x− = ;   14 0.99999999999999999999999x− = ; 

13 0.99999999999999999999998x− = ;   12 0.99999999999999999999997x− = ; 

11 0.99999999999999999999996x− = ;   10 0.99999999999999999999995x− = ; 

9 0.99999999999999999999994x− = ;   8 0.99999999999999999999993x− = ; 

7 0.99999999999999999999992x− = ;   6 0.99999999999999999999991x− = ; 

5 0.9999999999999999999999x− = ;   4 0.9999999999999999999998x− = ; 

3 0.9999999999999999999997x− = ;   2 0.9999999999999999999996x− = ; 

1 0.9999999999999999999995x− = ;   0 0.9999999999999999999994x = . 

 
The following solutions are obtained: 

={0.5,0.5,0.5,0.5,0.5,0.5,0.666667,0.666667, 0.666667, 0.666667, 0.666667, 0.666667, 0.75, 
0.75, 0.75, 0.75, 0.75, 0.75, 0.8, 0.8, 0.8, 0.8, 0.8, 0.8, 0.357143, 0.357143, 0.357143, 0.357143, 
0.35714

nx

3, 0.357143, 0.54902, 0.54902, 0.54902, 0.54902, 0.54902, 0.54902, 0.648305, 0.648305, 
0.648305, 0.648305, 0.648305, 0.648305, 0.709774, 0.709774, 0.709774, 0.709774, 0.709774, 
0.709774, 0.285114, 0.285114, 0.285114, 0.285114, 0.285114, 0.285114, 0.485345, 0.485345, 
0.485345, 0.485345, 0.485345, 0.485345, 0.590325, 0.590325, 0.590325, 0.590325, 0.590325, 
0.590325, 0.656173, 0.656173, 0.656173, 0.656173, 0.656173, 0.656173, 0.239995, 0.239995, 
0.239995, 0.239995, 0.239995, 0.239995, 0.444063, 0.444063, 0.444063, 0.444063, 0.444063, 
0.444063, 0.551741, 0.551741, 0.551741, 0.551741, 0.551741, 0.551741, 0.619732, 0.619732, 
0.619732, 0.619732, 0.619732, 0.619732, 0.208358, 0.208358, 0.208358, 0.208358, 0.208358, 
0.208358, 0.41453, 0.41453, 0.41453, 0.41453, 0.41453, 0.41453, 0.523709, 0.523709, 0.523709, 
0.523709, 0.523709, 0.523709, 0.592913, 0.592913, 0.592913, 0.592913, 0.592913, 0.592913, 
0.184597, 0.184597,...}
 
The graph of the solutions is given below. 
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Figure 3.1. x(n) graph of the solutions. 
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