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Frequency-Based State-Feedback Controller Design for 3-DOF Tower Cranes 

Under Aerodynamic Disturbances 

 
A R T I C L E  I N F O  

 
A B S T R A C T  

 

This study presents a novel state-feedback controller for a three-degree-of-

freedom (3-DOF) tower crane system, optimized via frequency-domain cost 

function minimization. Tower cranes are complex, underactuated systems 

highly susceptible to external perturbations, particularly aerodynamic wind 

loads. The proposed Frequency-Domain Cost Function Minimization-Based 

State-Feedback Controller (FCFM-SFC) approach leverages spectral 

analysis to refine the closed-loop response by shaping the plant's dynamic 

characteristics. Unlike the classical Linear Quadratic Regulator (LQR) and 

Linear Quadratic Integral (LQI) approaches, which are governed by time-

domain constraints, the FCFM-SFC framework employs a frequency-based 

objective function to attenuate the harmonic components associated with 

wind disturbances. Comprehensive simulations under varying wind 

intensities demonstrate that the FCFM-SFC achieves superior trajectory 

tracking and robust disturbance rejection, while the benchmark LQR/LQI 

exhibits substantial performance degradation and tracking deviations under 

intense aerodynamic stress. 
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1.  Introduction 

Tower cranes are indispensable assets in global 

industrial sectors, including construction, transport, 

shipping, and the cargo industry (Gutiérrez et al., 

2021; Muddassir et al., 2025). Despite their critical 

role, the safe and efficient operation of these systems 

remains a significant challenge due to their inherently 

non-linear and underactuated dynamics (Bai & Ren, 

2018; Huang et al., 2025). A primary concern in crane 

control is the suppression of payload oscillations and 

the elimination of steady-state errors, which are often 

exacerbated by human error or external 

environmental factors. Recently, the demand for 

wind-sensitive, super-high tower cranes has 

increased, making them more vulnerable to stochastic 

wind fields and aerodynamic disturbances, which can 
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compromise structural reliability and operational 

safety (Liu et al., 2024; Hou et al., 2024). 

Various control strategies have been developed in the 

literature to address the aforementioned complexities. 

Traditional approaches, such as LQR described in 

technical manuals, provide a foundational benchmark 

for positioning and sway reduction (Quanser, n.d.; 

Samin et al., 2013). Within this framework, gain 

scheduling is effectively implemented to compute the 

feedback gains of an LQR to account for varying 

structural dynamics (Rauscher & Sawodny, 2021). 

Furthermore, optimal control methods are proposed 

for high-degree-of-freedom crane models to ensure 

precise operation. For instance, a two-cable 

hammerhead tower crane is modelled to capture 

realistic sway motions, where optimal controller 

gains are computed by optimizing a linear quadratic 

cost function (Carmona & Collado, 2016). Similarly, 

nonlinear optimal control for 4-DOF underactuated 

systems is achieved through the use of a quadratic 

cost function that incorporates terms for disturbance 

effects, often referred to as H∞ method (Rigatos et al., 

2022).  

However, conventional controllers often struggle 

with the uncertainties and external perturbations 

present in practical systems (Bai & Ren, 2018). To 

enhance robustness, researchers have explored 

advanced methods including adaptive sliding mode 

control to estimate unknown disturbances, and neural 

network-based adaptive feedback to compensate for 

mechanical friction (Hua & Fang, 2018). In some 

cases, variations in rope length are considered as an 

external disturbance, and it is demonstrated that 

adaptive controllers can effectively compensate for 

these changes during controlled motion (Zhang et al., 

2020).  

Furthermore, nonlinear control strategies are utilized 

to handle complex operating environments. For 

example, a switching logic-based nonlinear feedback 

control is developed for offshore ship-mounted 

cranes, where a disturbance observer-based approach 

and enhanced-coupling terms in linearized dynamics 

are employed to improve transient response and 

compensate for unmodeled disturbances (Qian & 

Fang, 2019). Model Predictive Control (MPC) also 

serves as a powerful tool for real-time path following 

(Böck & Kugi, 2014). Specifically, MPC algorithms 

for polytopic linear parameter-varying (LPV) 

systems are suggested to ensure stability and 

feasibility, where tower crane dynamics are 

transformed into a polytopic LPV model using tensor 

product model transformation (Ileš et al., 2021).  

Additionally, vision-based monitoring systems 

(Gutiérrez et al., 2021) and hybrid input shaping 

techniques (Samin et al., 2013) have been 

implemented to improve displacement tracking and 

oscillation damping. Recent advancements also 

include non-singular fast terminal sliding mode 

schemes designed to handle unknown payload masses 

and wind disturbances (Hou et al., 2024), alongside 

amplitude-saturated nonlinear control methods for 

double-pendulum effects (Huang et al., 2025). 

In the context of frequency-domain optimization, 

specialized methods are developed particularly for 

friction compensation in high-precision systems. For 

instance, frequency-domain approaches are utilized 

to design feedforward friction compensators for 

industrial motion stages, providing a tool for 

orthogonal tuning of controller parameters and 

defining optimal performance notions (Rijlaarsdam et 

al., 2012). Similarly, the Higher-Order Sinusoidal 

Input Describing Function (HOSIDF) technique is 

employed to model nonlinearities and assist in the 

design of feedforward compensators for motion 

platforms requiring precise low-velocity control 

(Ucun & Salášek, 2014). Beyond friction 

compensation, this frequency-based approach is also 

applied to improve reference tracking and overall 

system performance in electric vehicles by utilizing 

Chebyshev polynomials within the speed control loop 

to minimize a cost function related to system 

harmonics (Kaptan et al., 2023).  

Regarding disturbance attenuation, a 2-DOF 

controller design is proposed where an H∞ controller 

ensures initial stability, while a HOSIDF-based 

compensator is implemented as a secondary 

controller to enhance the suppression of norm-

bounded uncertainties and actuator nonlinearities 

(Erol et al., 2019).  

Different from the existing literature, this study 

introduces a novel state-feedback controller design 

optimized via frequency-domain cost function 

minimization for a 3-DOF tower crane system. While 

many contemporary studies rely on secondary 

compensators or complex disturbance observers to 

handle uncertainties (Erol et al., 2019), our approach 

integrates robustness directly into the primary control 

law. Notably, while existing literature predominantly 

addresses wind-induced oscillations through time-

domain strategies, the application of a frequency-

based optimization framework specifically tailored to 

suppress aerodynamic wind disturbances in crane 

systems remains unexplored. By utilizing a stable 

LQR-controlled system as a baseline (Quanser, n.d.), 

this approach iteratively refines the state-feedback 
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gains to shape the system's sensitivity function. This 

ensures that the controller specifically targets the 

spectral components of aerodynamic disturbances, 

providing a more streamlined yet effective solution 

for high-precision tracking and enhanced disturbance 

rejection under environmental stress. 

The remainder of this paper is organized as follows. 

In Section 2, the proposed methodologies are 

detailed. Specifically, the mathematical modelling of 

the 3-DOF crane system tower under aerodynamic 

wind disturbances is presented in Subsection 2.1. The 

controller design procedures are then elaborated in 

Subsection 2.2, starting with the formulation of a 

benchmark LQR and LQI. This is followed by the 

development of the state-feedback controller via 

frequency domain cost function minimization, where 

the optimization framework is established to enhance 

spectral performance. In Section 3, the effectiveness 

of the proposed control strategies is evaluated through 

comprehensive simulation results. These analyses are 

conducted under both low-impact and high-impact 

wind disturbance scenarios to verify the robustness of 

the framework against varying aerodynamic 

conditions. Furthermore, a robustness analysis is 

performed under parametric uncertainties to evaluate 

the controller's resilience against modelling 

inaccuracies and fluctuating operational conditions. 

Finally, the findings of this study are summarized in 

Section 4. 

2.  Methods 

This chapter delineates the theoretical framework and 

methodologies employed for the advanced control 

synthesis of the plant under study. It commences with 

a rigorous mathematical derivation of the 3-DOF 

tower crane model, establishing the foundational 

dynamics for subsequent controller development. 

Following the plant modelling, the implementation of 

a benchmark LQR is detailed. This established 

optimal control strategy serves as a performance 

baseline, facilitating robust reference tracking by 

minimizing a conventional time-domain quadratic 

objective function. The primary contribution of this 

research, a state-feedback controller optimized via 

frequency-domain cost function minimization, is then 

introduced. This novel framework provides an 

alternative synthesis paradigm by mapping specific 

performance criteria into a frequency-domain 

objective function, thereby enabling precise spectral 

shaping of the closed-loop characteristics. 

2.1. Three-Degree-of-Freedom Crane System 

Tower Model under Wind Disturbances 

The architectural configuration of the 3-DOF crane 

system is presented in Figure 1. The assembly 

comprises a tower (1) capable of bidirectional 

rotation, a trolley (2) that undergoes translational 

motion along the horizontal jib, and a payload (3) 

whose vertical position is adjustable. The crane tower 

constitutes the primary load-bearing component. The 

horizontal jib, mounted atop the tower, executes yaw 

rotations via a dedicated actuator. This jib supports a 

trolley mechanism connected to a hoisting cable; the 

suspended payload can thus be displaced vertically 

through a specialized pulley system. 

 
Figure  1 : 3-DOF crane system: (1) tower, (2) trolley, and 

(3) payload (Quanser, n.d.). 

A joint-based position control method has been 

developed for a 3-DOF crane system. This system is 

decomposed into three distinct subsystems: (1) tower, 

(2) trolley, and (3) payload. A separate controller 

design can be implemented for each subsystem. This 

study focuses specifically on controlling the angular 

position of the tower. The tower subsystem is 

modelled as a rotating portal crane under the 

assumptions that the position of the traveling trolley 

is fixed, the payload swing angle in the lateral 

direction is always assumed to be zero, and the load 

height does not change. Based on these assumptions, 

the only moving joints in the system are the horizontal 

jib rotating around the tower and the radial payload 

swing angle. This section summarizes the linear state-

space representation of the crane system with 3-DOF 

relative to the tower subsystem. 
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Figure  2 : Kinematics of tower system (Quanser, n.d.) 

As shown in Figure 2, the jib is modelled as a rigid 

rotating arm and is assumed to be positioned at the 

end of the traveling carriage such that its distance 

from the vertical tower remains constant. The load is 

modelled as a pendulum suspended and fixed at a 

height 𝑙𝑝 from the trolley's flange. The tower system 

has two measurable states: the rotating arm angle 

𝜃(𝑡) and the pendulum deflection angle α(𝑡). Under 

these definitions, the load moves in a three-

dimensional space. When the input current applied to 

the tower motor is positive (𝐼𝑚,𝑡(𝑡)  >  0), the 

rotating arm moves counter-clockwise, and this 

direction is defined as the positive direction. 

Similarly, as shown in Figure 2, the pendulum angle 

is considered positive when it rotates counter-

clockwise. 

To facilitate a control strategy, the complex spatial 

motion of the 3-DOF crane system is first translated 

into a formal mathematical structure where the global 

transformation matrix, defining the payload's position 

relative to the O𝑥0𝑦0𝑧0 coordinate system, is 

formulated as:

𝑇0,4 =

[
 
 
 
 
cos(θ(𝑡)) − sin(θ(𝑡)) cos(α(𝑡)) sin(θ(𝑡)) sin(α(𝑡)) − sin(θ(𝑡)) sin(α(𝑡)) 𝑙𝑝 + cos(θ(𝑡)) 𝑙𝑗

sin(θ(𝑡)) cos(θ(𝑡)) cos(α(𝑡)) − cos(θ(𝑡)) sin(α(𝑡)) cos(θ(𝑡)) sin(α(𝑡)) 𝑙𝑝 + sin(θ(𝑡)) 𝑙𝑗

0 sin(α(𝑡)) cos(α(𝑡)) − cos(α(𝑡)) 𝑙𝑝

0 0 0 1 ]
 
 
 
 

 
(1) 

 

by taking the vertical distance 𝑙𝑝 and the trolley 

distance 𝑙𝑗 into account. From this kinematic 

foundation, the Cartesian coordinates of the load's 

center of mass provide the necessary mapping 

between the joint angles and the physical workspace 

through the following relations  

𝑥2(𝑡) ∶= −𝑙𝑝 sin(𝜃(𝑡)) sin(𝛼(𝑡)) + 𝑙𝑗cos(𝜃(𝑡)), 

(2) 𝑦2(𝑡) ∶= 𝑙𝑝cos(𝜃(𝑡)) sin(𝛼(𝑡)) + 𝑙𝑗 sin(𝜃(𝑡)), 

𝑧2(𝑡) ∶= −𝑙𝑝 cos(𝛼(𝑡)) 

which describe the 3D trajectory of the payload. 

To obtain the state-space representation, the nonlinear 

equations of motion are first derived by applying the 

Euler-Lagrange formulation to the system's total 

kinetic and potential energies. However, the resulting 

equations contain transcendental terms and second-

order nonlinearities that complicate the control 

design. With the state vector defined as  

𝑥𝑇(𝑡) = [𝜃(𝑡), 𝛼(𝑡), 𝜃̇(𝑡), 𝛼̇(𝑡)] (3) 

and, to facilitate a linear control strategy, the system 

is linearized around the stable equilibrium point, 

defined by the quiescent state: 𝑥0 =

[θ(0), α(0), θ̇(0), α̇(0)]
𝑇

= [0,0,0,0]𝑇. Under the 

assumption of small-angle oscillations, the 

trigonometric terms in the kinematic relations in 

Equation (2) are approximated using a first-order 

Taylor series expansion, such that sin(α) ≈ 𝛼  and 

cos(α) ≈ 1. Furthermore, higher-order terms and 

products of velocities (e.g., 𝛼̇2and 𝜃̇𝛼̇), which 

represent centrifugal and Coriolis forces, are 

neglected as they are considered insignificant near the 

operating point. 

The trolley position 𝑙𝑗 is assumed to be constant 

during the tower's rotational motion to decouple the 

subsystems. By incorporating the actuator dynamics, 

which relate the motor voltage to the generated torque 

through the motor resistance 𝑅𝑚, back-EMF constant 

𝐾𝑚, and gear ratio  𝐾𝑔, the linearized equations are 

rearranged into the state-space form. The linear state-
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space matrices for the tower subsystem are given as 

(Quanser, n.d.) 

𝐴 =

[
 
 
 
 
 
0 0 1 0
0 0 0 1

0
𝑚𝑝

2𝑙𝑝
2𝑙𝑗𝑔

𝐽𝛼𝐽𝜃+𝐽𝜃𝑚𝑝𝑙𝑝
2+𝑚𝑝𝑙𝑗

2𝐽𝛼
0 0

0 −
𝑚𝑝𝑙𝑝𝑔(𝑚𝑝𝑙𝑗

2+𝐽𝜃)

𝐽𝛼𝐽𝜃+𝐽𝜃𝑚𝑝𝑙𝑝
2+𝑚𝑝𝑙𝑗

2𝐽𝛼
0 0

]
 
 
 
 
 

, 

(4) 
𝐵 = [0   0 

𝜂𝑔,𝑡𝐾𝑔,𝑡𝜂𝑚,𝑡𝐾𝑡,𝑡(𝐽𝛼+𝑚𝑝𝑙𝑝
2)

𝐽𝛼𝐽𝜃+𝐽𝜃𝑚𝑝𝑙𝑝
2+𝑚𝑝𝑙𝑗

2𝐽𝛼

−
𝑚𝑝𝑙𝑝𝜂𝑔,𝑡𝐾𝑔,𝑡𝜂𝑚,𝑡𝐾𝑡,𝑡𝑙𝑗

𝐽𝛼𝐽𝜃+𝐽𝜃𝑚𝑝𝑙𝑝
2+𝑚𝑝𝑙𝑗

2𝐽𝛼

]
Τ

, 

C= [
1 0 0 0
0 1 0 0

],  

𝐷 = [
0
0
] 

The linearized state-space representation, as defined 

by 𝐴, 𝐵, 𝐶, and 𝐷 matrices in Equation (4), utilizes a 

specific set of variables to characterize the coupled 

dynamics of the crane tower and the suspended 

payload. To ensure clarity in the physical 

interpretation of these mathematical expressions, it is 

essential to define each symbol within the context of 

the 3-DOF crane system’s mechanical architecture. In 

this regard, the complete nomenclature and 

descriptions of the parameters utilized in the tower 

subsystem model are systematically detailed in Table 

1. 

Table 1 : 3-DOF crane system parameters 

(Quanser, n.d.).  

Parameter Description 

𝐾𝑡,𝑡 Tower motor torque constant 

𝐾𝑔,𝑡 Tower motor gear ratio 

𝜂𝑔,𝑡 Tower motor gearbox efficiency 

𝜂𝑚,𝑡 Tower motor efficiency 

𝑚𝑝 Mass of the payload 

𝑙𝑝 
Vertical distance from the payload's jib 

axis 

𝑙𝑗 Distance from the pivot point of the trolley 

𝐽𝜃 
Equivalent moment of inertia of the tower 

motor 

𝐽𝛼 
Equivalent moment of inertia about the 

gimbal angle α 

 

To evaluate the system under realistic environmental 

stressors, aerodynamic wind loading is integrated into 

the dynamic model. Following the dynamic wind 

loading and structural safety evaluation 

methodologies discussed in the literature (Chen et al., 

2020) and in accordance with international standards 

such as ISO 4302 (ISO 4302, 2016) and EN 13001-2 

(EN 13001-2, 2014), its effect on the system 

dynamics is expressed by 

𝐹𝑤(𝑡) =
1

2
𝜌𝐶𝑑𝐴𝑡𝑉(𝑡)2 

(5) 

where 𝜌 is air density, 𝐶𝑑 is the drag coefficient of the 

tower surface (representing the tower’s aerodynamic 

profile), 𝐴𝑡 is the effective aerodynamic area exposed 

to wind and 𝑉(𝑡) is the wind velocity. In this study, 

the wind velocity is modelled as a quasi-steady 

stochastic process to capture real-world atmospheric 

conditions, defined as 

𝑉(𝑡) = 𝑣̅ + 𝐴𝑝 sin(𝜔𝑝𝑡) + 𝜎𝜉(𝑡) (6) 

where 𝑣̅ represents the mean wind velocity, 𝐴𝑝 and  

𝜔𝑝 denote the amplitude and frequency of the 

periodic wind variations respectively, 𝜎 is the 

turbulence intensity (standard deviation), and 𝜉(𝑡) is 

a zero-mean stochastic process representing the rapid 

fluctuations. The resulting aerodynamic moment 

𝑑(𝑡) generated around the tower’s rotational axis is 

defined as 

𝑑(𝑡) = 𝐹𝑤(𝑡)𝑙 =
1

2
𝜌𝐶𝑑𝐴𝑡𝑙𝑉(𝑡)2 (7) 

where 𝑙 denotes the moment arm between the wind 

force application point and the rotation axis. To 

analyze the system's sensitivity to stochastic wind 

fluctuations, small deviations ∆𝑉 around a nominal 

wind velocity 𝑉0  are considered. To analyze the 

system's sensitivity to high-frequency fluctuations 

around a specific operating point, small deviations ∆𝑉 

around a nominal wind velocity 𝑉0 are considered. 

While sustained wind forces can introduce steady-

state equilibrium shifts, this study focuses on the 

dynamic regulation and robustness of the controller 

within the linear operating region of the crane. By 

applying a first-order Taylor expansion to Equation 

(7), the incremental change in the aerodynamic 

moment ∆𝑑 is obtained as 

∆𝑑 ≈
𝜕𝑑

𝜕𝑉
|
𝑉0

∆𝑉 = 𝜌𝐶𝑑𝐴𝑡𝑙𝑉0∆𝑉 (8) 

Since this wind torque enters the rotational dynamics 

as an additive moment, its direct influence is observed 

on the tower's angular acceleration. By dividing the 

incremental moment by the tower inertia 𝐽𝜃, the 

perturbation in the angular acceleration ∆𝜃̈ due to 

wind speed fluctuations is given as 
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∆𝜃̈  =  
𝜌𝐶𝑑𝐴𝑡𝑙𝑉0

𝐽𝜃
∆𝑉 

(9) 

In the state-space description where 𝑥𝑇(𝑡) =

[θ(𝑡), α(𝑡), θ̇(𝑡), α̇(𝑡)], this disturbance is 

represented as an external input signal. The physical 

interaction dictates that the wind primarily acts on the 

large surface area of the tower mast. Consequently, 

the disturbance enters the model exclusively through 

the third state equation, which corresponds to the 

tower’s rotational acceleration. This entry point is 

defined by the second column of the expanded 𝐵new 

matrix.  

It is imperative to note that while the wind 

disturbance is explicitly applied to the tower's 

rotational axis, its impact is dynamically transmitted 

to the payload through the coupling terms present in 

the 𝐴new matrix. Thus, any wind-induced deflection 

in the tower structure is mathematically propagated to 

the pendulum's swing angle 𝛼(𝑡) via the 

interconnected dynamics of the system. When these 

aerodynamic effects are incorporated, the resulting 

linearized state-space matrices become. 

𝐴new =

[
 
 
 
 
 
 
0 0 1 0
0 0 0 1

0
𝑚𝑝

2𝑙𝑝
2𝑙𝑗𝑔

𝐽𝛼𝐽𝜃 + 𝐽𝜃𝑚𝑝𝑙𝑝
2 + 𝑚𝑝𝑙𝑗

2𝐽𝛼
0 0

0 −
𝑚𝑝𝑙𝑝𝑔(𝑚𝑝𝑙𝑗

2 + 𝐽𝜃)

𝐽𝛼𝐽𝜃 + 𝐽𝜃𝑚𝑝𝑙𝑝
2 + 𝑚𝑝𝑙𝑗

2𝐽𝛼
0 0

]
 
 
 
 
 
 

 

(10) 

𝐵new =

[
 
 
 
 
 
 

0 0
0 0

𝜂𝑔,𝑡𝐾𝑔,𝑡𝜂𝑚,𝑡𝐾𝑡,𝑡(𝐽𝛼 + 𝑚𝑝𝑙𝑝
2)

𝐽𝛼𝐽𝜃 + 𝐽𝜃𝑚𝑝𝑙𝑝
2 + 𝑚𝑝𝑙𝑗

2𝐽𝛼

1

𝐽𝜃

−
𝑚𝑝𝑙𝑝𝜂𝑔,𝑡𝐾𝑔,𝑡𝜂𝑚,𝑡𝐾𝑡,𝑡𝑙𝑗

𝐽𝛼𝐽𝜃 + 𝐽𝜃𝑚𝑝𝑙𝑝
2 + 𝑚𝑝𝑙𝑗

2𝐽𝛼
0

]
 
 
 
 
 
 

 

 𝐶new = [
1 0 0 0
0 1 0 0

] 

 𝐷new = [
0 0
0 0

] 

where the term 𝐽𝛼𝐽𝜃 + 𝐽𝜃𝑚𝑝𝑙𝑝
2 + 𝑚𝑝𝑙𝑗

2𝐽𝛼 represents 

the common denominator derived from the system's 

coupled dynamics. Within this integrated framework, 

it is important to emphasize that while the system 

matrix 𝐴new and the output matrix 𝐶new remain 

identical to the baseline model without wind effects, 

the input matrix 𝐵new and the feedthrough matrix 

𝐷new are specifically expanded to define the entry 

point of the linearized aerodynamic torque into the 

tower's rotational acceleration channel via the second 

column of 𝐵new.  

2.2. Controller Design 

The control strategy development begins with the 

implementation of the LQR design. Serving as the 

performance benchmark, LQR is employed to 

minimize a standard time-domain quadratic cost 

function, thereby deriving optimal constant gain 

matrices that establish a foundational performance 

metric for the system. Following this baseline, the 

primary contribution of this study, Frequency-

Domain Cost Function Minimization-Based State-

Feedback Controller (FCFM-SFC), is thoroughly 

presented. This novel synthesis method moves 

beyond traditional time-domain approaches by 

formulating a cost function directly based on desired 

frequency-domain specifications. This framework 

allows for the precise shaping of the closed-loop 

system's characteristic response, offering a direct 

mechanism to achieve targeted robustness and 

dynamic performance improvements over the LQR 

baseline. 

2.2.1 Linear Quadratic Regulator Design 

The closed-loop control structure of the system is 

illustrated in the block diagram depicted in Figure 3. 

The architecture is designed to regulate the tower 

angle (𝜃(𝑡)) by processing the error between the 

reference trajectory (𝑟(𝑡)) and the system states.  The 

implementation of the LQR control law is illustrated 

in Figure 3, where the control input is generated as 

𝑢(𝑡) = −𝐾ζ(𝑡). Here, the state-error vector ζ(𝑡) is 

constructed as [𝑟(𝑡) −

𝜃(𝑡), −𝛼(𝑡), −𝜃̇(𝑡),−𝛼̇(𝑡)]
𝑇
 to regulate the tower 

angle θ(𝑡) towards the reference 𝑟(𝑡). At the core of 

the feedback loop, the LQR method generates the 

necessary control signals to actuate the tower model. 

A critical component of this model is the inclusion of 

the aerodynamic wind moment, represented as the 

external disturbance 𝑑(𝑡), which directly perturbs the 

tower dynamics. The LQR method gain matrix is 

determined by minimizing a quadratic cost function, 

which is formulated to balance tracking performance 

and control energy consumption, expressed as 

𝐽 = ∫ (𝑥𝑇(𝑡)𝑄𝑥(𝑡) + 𝑢𝑇(𝑡)𝑅𝑢(𝑡))d𝑡
∞

0

 
(11) 

where Q is a positive semi-definite weighting matrix 

that penalizes state deviations, while R is a positive 

definite matrix that penalizes excessive control effort. 

The optimal solution for LQR is derived through the 

solution of the continuous-time algebraic Riccati 

equation. 
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Figure  3 : LQR block diagram. 

2.2.2. Linear Quadratic Integral Controller 

Design 

To provide a more rigorous benchmark and address 

the limitations of the classical LQR in terms of 

disturbance rejection, an LQI controller is 

implemented. The LQI structure augments the 

standard state-space model by incorporating the 

integral of the error between the reference and the 

measured output, thereby ensuring zero steady-state 

error and enhancing robustness against constant or 

low-frequency disturbances such as wind loads. The 

architectural implementation of the LQI controller is 

visualized in Figure 4.  

 

Figure  4 : LQI controller block diagram. 

Unlike the standard LQR structure, this configuration 

includes an integral action path, where the tracking 

error 𝑒(𝑡) = 𝑟(𝑡) − θ(𝑡) is integrated and scaled by 

the integral gain 𝐾𝑖. This internal model principle 

approach, as shown in the block diagram, provides 

the system with the necessary authority to eliminate 

steady-state offsets caused by the aerodynamic 

disturbance 𝑑(𝑡). 

The augmented state vector is defined as 𝑥𝑎(𝑡) =
[𝑥𝑇(𝑡) 𝑒(𝑡)]𝑇 , where 𝑒 (𝑡) = ∫  (𝑟(𝑡)  −  𝜃(𝑡)) 𝑑𝑡   
represents the integral of the tracking error. The 

resulting augmented state-space representation is 

given by 

[
𝑥̇(𝑡)
𝑒̇(𝑡)

] = [
𝐴 0

−𝐶 0
] [

𝑥(𝑡)
𝑒(𝑡)

] + [
𝐵
0
] 𝑢(𝑡) (12) 

The control law for the LQI is formulated as 

𝑢(𝑡) = −𝐾𝑥(𝑡) − 𝐾𝑖𝑒(𝑡) = −𝐾𝑎𝑥𝑎(𝑡) (13) 

where the optimal gain matrix 𝐾𝑎 = [𝐾 𝐾𝑖] is 

obtained by minimizing the quadratic cost function, 

defined as 

𝐽𝑎 = ∫ (𝑥𝑎
𝑇(𝑡)𝑄𝑎𝑥𝑎(𝑡) + 𝑢𝑇(𝑡)𝑅𝑢(𝑡))𝑑𝑡

∞

0

 
(14) 

2.2.3. Frequency-Domain Cost Function 

Minimization-Based State-Feedback Controller 

Design 

The design process of the proposed FCFM-SFC is 

governed by an iterative optimization framework, as 

detailed in the flowchart in Figure 5. The synthesis is 

initialized using the existing LQR framework, which 

provides a well-conditioned starting point for the 

optimization.  By utilizing the LQR solution as the 

initial vector, the optimizer begins its search within a 

stable region of the parameter space, which 

significantly enhances convergence reliability and 

avoids suboptimal local minima. The algorithm then 

proceeds into an iterative loop where the tower model 

is simulated under a sinusoidal reference signal to 

evaluate its dynamic response.  

 

Figure  5 : Flowchart of the state-feedback controller 

design via frequency domain cost function 

minimization. 
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A critical step in this methodology is the calculation 

of the frequency-based cost function. The proposed 

control synthesis utilizes a frequency-domain 

objective function to mitigate harmonic distortion and 

enhance tracking robustness. The theoretical 

justification for this specific formulation lies in its 

ability to act as a normalized spectral energy penalty. 

By isolating the energy of higher-order harmonics 

relative to the fundamental frequency power, the cost 

function forces the controller to concentrate the 

system's energy at the target tracking frequency while 

penalizing parasitic oscillations caused by unmodeled 

dynamics or aerodynamic disturbances. The 

frequency-domain representation of the steady-state 

output is obtained via the Fast Fourier Transform 

(FFT). The single-sided amplitude spectrum of the 

tower angle output is denoted as Θ(k), where 𝑘 

represents the discrete harmonic index.  

The optimization problem seeks to identify the 

optimal state-feedback gain matrix 𝐾 by minimizing 

the following cost function 𝐽, expressed as 

𝐽(𝐾) =
1

𝑁 − 1
√

∑ |𝛩(𝑖)|2 − |𝛩(𝑘0)|2𝑖𝜖ℋ

|𝛩(𝑘0)|2
 (15) 

where the variables and symbols are defined as: 

𝐽(𝐾) : The scalar cost value to be minimized as a 

function of the state-feedback gains 𝐾. 

Θ(𝑘) : The single-sided amplitude spectrum of the 

system output. 

𝑘0 : The frequency index corresponding to the 

fundamental (main) harmonic (the target frequency of 

the sinusoidal reference). 

𝑁: The total number of harmonics considered in the 

evaluation (e.g., the maximum harmonic order). 

ℋ : The set of frequency indices spanning from the 

fundamental frequency up to the 𝑁-th harmonic. 

|Θ(𝑘0)|
2: The power of the primary signal 

component, serving as a normalization factor to 

evaluate harmonic content relative to the reference 

tracking amplitude. 

In this framework, the cost function 𝐽(𝐾) acts as a 

weighted measure of spectral impurity, specifically 

designed to attenuate the energy associated with 

unmodeled dynamics and aerodynamic disturbances 

by focusing on the summation over a defined set of 

harmonics ℋ. By normalizing the objective function 

with the fundamental power, the optimizer prioritizes 

maintaining the target trajectory while 

simultaneously suppressing higher-order oscillations. 

To minimize this objective, the design parameters are 

systematically updated via Sequential Quadratic 

Programming (SQP), an approach selected for its 

high efficiency in solving non-linear constrained 

optimization problems. This gradient-based approach 

is chosen for its high efficiency in solving non-linear 

constrained optimization problems by linearizing the 

constraints and approximating the Hessian of the 

Lagrangian. This iterative cycle—comprising system 

simulation, frequency-domain cost calculation, and 

SQP-based parameter updating—continues until a 

predefined terminating condition, such as 

convergence tolerance or maximum iterations, is 

satisfied. Crucially, the optimization process 

incorporates a stability check at each iteration; the 

candidate parameters are evaluated against closed-

loop stability criteria, defined as 𝑅𝑒 (λ𝑗(𝐴 − 𝐵𝐾)) <

0, to ensure that every iterative update remains within 

the feasible stable region of the state-space. By 

treating stability as a primary constraint, the 

algorithm effectively filters out destabilizing gain 

configurations during the search. The convergence is 

governed by a function tolerance of 10-6, ensuring that 

the final gain matrix 𝐾 achieves a precise balance 

between tracking accuracy and spectral purity. This 

integrated approach allows the SQP solver to 

converge on an optimal gain matrix 𝐾 that balances 

tracking precision with spectral attenuation. Once 

optimized, the resulting state-feedback gains ensure 

that the system achieves maximum tracking accuracy 

with minimal control effort, as evidenced by the 

subsequent simulation results. 

2.3. Stability Analysis 

The dynamic behavior of the system is investigated 

based on the state-space representation defined by the 

matrices  𝐴new, 𝐵new, 𝐶new, and 𝐷new in Equation 

(10). The system is characterized by the generalized 

representation given as 

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢𝑢(𝑡) + 𝐵𝑤𝑤(𝑡),     𝑥(𝑡0) = 𝑥0 

(16) 
[
𝑦1(𝑡)

𝑦2(𝑡)
] = [𝐶1 𝐶2]𝑥(𝑡) + [

𝐷1,𝑤 𝐷1,𝑢

𝐷2,𝑤 𝐷2,𝑢
] [

𝑤(𝑡)

𝑢(𝑡)
] 

where 𝑤(𝑡) represents the external input, while 𝑦1(𝑡) 

and 𝑦2(𝑡) are the measured outputs of the system. To 

evaluate the local linearity, the system is subjected to 

a sinusoidal input 𝑤 ∈ 𝑆̃𝜉0
 with frequency ξ0. The 

assessment of local linearity relies on the equivalence 

between the harmonic response of the outputs and the 

existence of a Linear Time-Invariant (LTI) 

realization. For a given amplitude bound 𝑣 ∈ ℝ>𝟘, 

the system is characterized as linear if and only if the 

steady-state outputs 𝑦̅1,𝑤(𝑡) and 𝑦̅2,𝑤(𝑡) are 
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dominated by their fundamental sinusoidal 

components (Rijlaarsdam et al., 2013). Under this 

condition, there exists an equivalent LTI state-space 

realization, given as  

𝑥̇̃(𝑡) = 𝐴̃𝑥̃(𝑡) + 𝐵̃𝑤(𝑡) 
(17) 

𝑦̃(𝑡) = 𝐶̃𝑥̃(𝑡) + 𝐷̃𝑤(𝑡) 

such that for all initial conditions and inputs 

satisfying |𝑦2(𝑡)|∞ ≤ 𝑣, the solution and output of 

the actual system satisfy 𝑥(𝑡) = 𝑥̃(𝑡) and 𝑦(𝑡) =
𝑦̃(𝑡) for all 𝑡 ∈ ℝ≥𝕥𝟘 .  

This methodology provides a robust framework for 

stability and performance evaluation through the 

following insights: 

The results indicate that using a sinusoidal input 

allows for a conclusive assessment of the local 

linearity of the dynamics from output measurements 

only. If the steady-state response remains sinusoidal 

at either output, it serves as formal evidence that the 

system operates within a linear regime of the state 

space.  

This approach allows for the detection of nonlinear 

effects without requiring exhaustive a priori 

knowledge about the system’s internal dynamics. 

Any deviation from a sinusoidal output (i.e., the 

presence of higher harmonics) indicates the onset of 

nonlinear behavior. Identifying the boundaries of this 

linear-like regime provides a stepping stone towards 

the compensation of performance-degrading 

nonlinear effects by means of linearization based 

strictly on output measurements.  

Finally, the analysis is supported by the assumption 

of uniform convergence and the condition |𝐶𝑙(𝑠𝐼 −

𝐴)−1𝐵𝑢 + 𝐷𝑙,𝑢| ≠ 0 ∀ 𝜉 ∈  ℝ for 𝑙 = 1,2, ensuring 

that the steady-state outputs are non-zero and the 

linear approximation is well-posed (Tacal & Ucun, 

2022). 

3.  Simulation Results 

This section presents a comprehensive evaluation of 

the proposed control framework through a series of 

simulation studies conducted under varying 

disturbance intensities and reference signal types. To 

ensure mathematical consistency with the theoretical 

derivations, the dynamic model of the 3-DOF crane 

system is parameterized using the physical and 

mechanical properties detailed in Table 2, which 

characterize the tower, jib, and payload assembly. 

Table 2 : Physical and mechanical parameters of the 3-DOF 

crane system (Quanser, n.d.). 

Parameter Value Unit 

𝐾𝑡,𝑡 8.93 N∙m/A 

𝐾𝑔,𝑡 100 - 

𝜂𝑔,𝑡 1 - 

𝜂𝑚,𝑡 1 - 

𝑚𝑝 0.147 kg 

𝑙𝑝 0.8636 m 

𝑙𝑗 0.8065 m 

𝐽𝜃 0.8872 kg∙m2 

𝐽𝛼 0.00 kg∙m2 

Building upon this structural foundation, the 

robustness of the controller is tested against two 

distinct wind disturbance scenarios: low-impact and 

high-impact. The state-space matrices formulated in 

Equation (10) incorporate the aerodynamic effects 

and serve as the mathematical basis for the 

subsequent analyses. To differentiate between the 

environmental conditions of each scenario, the 

specific aerodynamic variables, including nominal 

wind speed, air density, and drag coefficients, are 

summarized in Table 3.  

Table 3 : Aerodynamic wind parameters corresponding to 

the low-impact and high-impact disturbance 

models used in the simulation studies. 

Parameter Unit 

Low-

Impact 

Wind 

Disturbance 

High-

Impact 

Wind 

Disturbance 

𝜌 
kg

m3⁄  1.225 1.225 

𝐶𝑑 - 0.8 1.2 

𝐴𝑡 m² 0.05 0.2 

𝑙 m 1 1.5 

𝐴𝑝 m/s 0.8 2 

𝜔𝑝 rad/s 0.2 0.2 

𝑣̅ m
s⁄  5 5 

𝜎 − 0.15 0.5 

The high-impact scenario is specifically designed to 

reflect extreme operational conditions within the 

scale of the laboratory-type 3-DOF crane model. By 

increasing the drag coefficient (𝐶𝑑 = 1.2) and 

effective area (𝐴𝑡= 0.2 m2), this scenario simulates a 

high-drag profile subjected to severe turbulence. 

Although implemented on a prototype scale, these 

parameter selections are inspired by the 'Out-of-

Service' and 'Extreme Gust' load assumptions defined 
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in industrial standards such as ISO 4302 (Muddassir 

et al., 2025). This approach ensures that the proposed 

FCFM-SFC controller is validated not only for 

nominal operation but also for the severe physical 

limits of aerodynamic stress, demonstrating its 

robustness against worst-case disturbance scenarios. 

This parametrization enables a systematic 

comparison of controller performance across 

different disturbance intensities. Following this, the 

simulation results are presented and discussed to 

illustrate the system response under each scenario, 

together with the associated tracking performance. 

A critical aspect of the benchmark LQR controller 

design is the optimal selection of the weighting 

matrices, 𝑄 and 𝑅, which directly govern the trade-

off between tracking precision and energy 

expenditure. Given the previously defined state 

vector consisting of the tower angle, pendulum 

deflection, and their respective derivatives, the 𝑄 

matrix is strategically configured to balance the 

regulation of both tower and pendulum dynamics. 
The selection of these weighting matrices follows 

established tuning conventions found in the literature 

for 3-DOF tower crane systems (Quanser, n.d.), 

providing a standardized and well-proven baseline for 

stability and performance. For the purposes of this 

simulation, the values for the 𝑄 and R matrices are 

assigned as  

𝑄 = [

2 0 0 0
0 1 0 0
0 0 0.25 0
0 0 0 0.25

]  and 𝑅 = 0.05.
 (18) 

Here, specifically the weights associated with the first 

and third states are fine tuned to prioritize the 

regulation of the tower angle and its angular velocity, 

ensuring precise positioning under wind disturbances. 

Simultaneously, significant emphasis is placed on the 

second and fourth states to maintain effective anti-

sway performance, which is important for the 

operational safety of the crane. By carefully selecting 

these diagonal elements, the controller is forced to 

minimize the most critical state deviations with high 

priority. While various combinations of Q and R 

could be considered, the chosen parameters represent 

a balanced tuning that is widely accepted in the field, 

ensuring that the benchmark results are both 

physically realistic and comparable to existing 

studies. In LQI controller design, to ensure a fair 

performance evaluation, the augmented weighting 

matrices are selected as R = 0.05 and 𝑄𝑎 = diag([2, 1, 

0.25, 0.25, 2]), where the first four diagonal elements 

match the design constraints of the standard LQR 

used in the literature, and the final weight (set to 2) is 

assigned to the integral of the error. This integral 

weight is specifically tuned to achieve an optimal 

balance between settling time and overshoot. 

On the other hand, the 𝑅 matrix is meticulously 

chosen to maintain the control effort within the 

physical saturation limits of the tower motor 

actuators. Given the coupled and underactuated 

nature of the 3-DOF crane system, the selected 𝑄 and 

𝑅 values represent an optimal balance, providing a 

robust baseline for disturbance rejection. The weights 

are kept constant throughout the comparative analysis 

to ensure a fair evaluation against the proposed 

frequency-domain-based controller. 

The tracking performance of the system is illustrated 

in Figure 6, where Figure 6(a) presents the results for 

the LQR framework and Figure 6(b) evaluates the 

LQI controller. In Figure 6(a), the yellow dashed line 

represents the sinusoidal reference trajectory, while 

the blue, red, and green solid lines correspond to the 

no-wind, low-impact, and high-impact wind 

scenarios, respectively. In the absence of wind 

disturbances (blue solid line), the LQR approach is 

able to follow the reference signal, albeit with a 

noticeable phase delay primarily attributed to the 

specific characteristics of the provided sinusoidal 

reference. However, the introduction of aerodynamic 

loads reveals the limitations of this baseline approach. 

In the case of the low-impact wind scenario (red solid 

line), the tracking precision begins to degrade, and 

this trend becomes critical during the high-impact 

wind scenario (green solid line). In this case, the 

angular response deviates significantly from the 

target, reaching approximately double the amplitude 

of the reference signal. These results indicate that 

while the LQR framework maintains a basic level of 

tracking under nominal conditions, it lacks the 

necessary disturbance rejection capabilities to handle 

intense aerodynamic interference.
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Figure  6 : System response comparison under high-impact wind disturbance, low-impact wind disturbance, and no-

disturbance scenarios, presented alongside the reference trajectory (a) LQR-controlled crane and (b) LQI-controlled 

crane.

The tracking performance of the LQI controller is 

presented in Figure 6(b). Compared to the standard 

LQR framework, the LQI approach exhibits 

improved disturbance rejection across the simulated 

wind scenarios. Under low-impact wind conditions, 

the LQI controller effectively mitigates the 

aerodynamic influence, maintaining a trajectory close 

to the reference with minimal deviation. This 

improvement is primarily due to the inclusion of the 

integral term, which helps compensate for the steady-

state components of the wind-induced torque. 

However, the performance of the LQI controller is 

notably affected during the high-impact wind 

scenario, particularly in the initial period of the 

simulation. During this phase, the controller exhibits 

significant transient deviations and large overshoots 

before eventually converging toward the reference. 

While the LQI framework demonstrates better overall 

regulation than the LQR framework, these results 

indicate that the integral action alone is insufficient to 

ensure high-precision stability under severe, wind 

fluctuations. The observed performance degradation 

in the first period suggests that more advanced 

frequency-domain optimization is required to 

maintain robust tracking in extreme environments. 

To further analyze the specific behaviour of the 

system under different environmental conditions, the 

simulation results are detailed in the following cases. 

3.1. Case 1: Low-Impact Wind Disturbance 

Scenario 

To evaluate the effectiveness of the proposed control 

framework, its performance is compared against the 

classical LQR and LQI controllers regarding both 

sinusoidal and sigmoid reference signals. Figure 7 

illustrates this comparison specifically in the case of 

the low-impact wind disturbance scenario for a 

sinusoidal input. The proposed FCFM-SFC (green 

dash-dotted line), synthesized according to the 

algorithm detailed in the Figure 5 flowchart, 

demonstrates superior tracking accuracy with 

minimal deviation from the reference trajectory 

(black dotted line). While the LQI controller (red 

dashed line) exhibits improved performance over the 

LQR by reducing steady-state errors, it still cannot 

match the high-fidelity precision of the proposed 

method. In contrast, the LQR response (blue solid 

line) shows significant phase lag and amplitude 

distortion even under this moderate disturbance. 

 

Figure  7 : Comparative tracking performance of the LQR, 

LQI and FCFM-SFC exposed to low-impact wind 

disturbance for a sinusoidal reference signal. 

The performance of the controllers is further assessed 

using a sigmoid reference trajectory, as shown in 

Figure 8. In literature, sigmoid-shaped signals are 

frequently preferred for underactuated systems 

because they provide smooth acceleration and 
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deceleration profiles, which are critical for mitigating 

payload oscillations and mechanical stress. The 

tracking response within the context of low-impact 

wind disturbances is presented in Figure 8. The LQR 

approach (blue solid line) exhibits a persistent steady-

state error of approximately 6 degrees. While the LQI 

controller (red dashed line) successfully eliminates 

this steady-state offset, it suffers from significant 

transient overshoots and only manages to converge to 

the reference (black dotted line) around the 8-second 

mark. In contrast, the proposed FCFM-SFC (green 

dash-dotted line) demonstrates remarkable regulation 

capabilities. FCFM-SFC controlled response of the 

system successfully converges to the reference with 

superior speed and minimal overshoot compared to 

both LQR and LQI. 

A critical aspect of this comparative study is the 

evaluation of the control effort relative to the physical 

constraints of the system. For the crane tower motor, 

a maximum current limit of 7 A is defined as the 

operational saturation boundary. In the low-impact 

disturbance case, the FCFM-SFC effectively 

maintains the required control signal within these 

physical limits, demonstrating a balanced trade-off 

between energy consumption and regulation 

performance. Conversely, the LQR and LQI 

frameworks struggle to stay within these boundaries 

while attempting to compensate for aerodynamic 

loads, highlighting the superiority of the proposed 

framework in managing actuator constraints under 

environmental stress. 

 

Figure  8 : Comparative tracking performance of the LQR, 

LQI and FCFM-SFC exposed to low-impact wind 

disturbance for a sigmoid reference signal. 

Given that the proposed FCFM-SFC algorithm is 

fundamentally rooted in frequency-domain 

optimization, performing a spectral analysis is 

essential to validate its design objectives. To this end, 

the single-sided amplitude spectra of the LQR, LQI, 

and FCFM-SFC outputs in the presence of low-

impact wind disturbance are analyzed using Fast 

Fourier Transform (FFT), as illustrated in Figure 9. 

This spectral analysis, conducted for a sinusoidal 

reference input (black circle marker), provides deeper 

insights into the harmonic content of the system 

responses. Consistent with the time-domain results, 

the FCFM-SFC's spectrum (green upward-pointing 

triangle marker) shows a dominant peak at the 

fundamental frequency while significantly 

suppressing higher-order harmonics compared to 

both the LQR and LQI responses. While the LQI 

controller (red square marker) achieves a noticeable 

reduction in harmonic distortion relative to the LQR 

(blue cross marker), it still exhibits higher spectral 

leakage than the proposed method. The rapid 

attenuation of these secondary harmonics in the 

FCFM-SFC output demonstrates a much cleaner 

signal profile and superior tracking stability. This 

spectral purity confirms that the proposed frequency-

domain optimization effectively filters out unwanted 

oscillatory components and aerodynamic noise, 

thereby validating the robustness and high-

performance nature of the FCFM-SFC framework in 

its native domain. 

 

Figure  9 : Single-sided amplitude spectra of the system 

responses (LQR, LQI, and FCFM-SFC) compared 

to the reference input under low-impact wind 

disturbance. 

3.2. Case 2: High-Impact Wind Disturbance 

Scenario 

The robustness of the control frameworks is 

rigorously tested within the context of the high-

impact wind scenario, considering both sinusoidal 

and sigmoid inputs. Figure 10 illustrates the system 

response to a sinusoidal reference subjected to intense 

aerodynamic loading. As observed in Figure 10, the 

LQR approach (blue solid line) exhibits an 

unacceptable performance degradation and fails to 

track the trajectory under these extreme conditions. 
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The LQI controller (red dashed line) offers enhanced 

disturbance rejection relative to the LQR; however, it 

exhibits poor transient characteristics in the first 

period, with peaks exceeding 80° (representing a 20° 

overshoot from the reference).  

 

Figure  10 : Comparative tracking performance of the LQR, 

LQI and FCFM-SFC exposed to high-impact wind 

disturbance for a sinusoidal reference signal. 

In contrast, the proposed FCFM-SFC (green dash-

dotted line) maintains high-precision robustness, 

closely following the reference (black dotted line) 

despite the significantly increased disturbance torque. 

The ability of the FCFM-SFC to suppress such 

intense aerodynamic interference while avoiding the 

large overshoots seen in LQI further validates the 

effectiveness of the proposed frequency-domain 

optimization. 

The most striking disparity between the controllers is 

observed during the evaluation of the sigmoid 

trajectory, as depicted in Figure 11. In the presence of 

high-impact wind, the LQR approach (blue solid line) 

undergoes a critical failure in tracking accuracy; the 

angular displacement surges toward 140° before 

attempting a slow recovery. This response indicates a 

near-total loss of control authority and a failure to 

counteract the aerodynamic torque within the 

expected operational range. The LQI controller (red 

dashed line) also demonstrates insufficient robustness 

in this extreme scenario; unlike its performance in 

low-impact conditions where it eventually converged, 

it now fails to reach the reference trajectory (black 

dotted line) due to the overwhelming disturbance 

magnitude. Conversely, the FCFM-SFC (green dash-

dotted line) provides near-perfect trajectory tracking 

with negligible deviation, demonstrating its 

exceptional disturbance rejection capability and 

maintaining stability where both classical and 

integral-enhanced linear-quadratic regulators fall 

short. 

 

Figure  11 : Comparative tracking performance of the LQR, 

LQI and FCFM-SFC exposed to high-impact wind 

disturbance for a sigmoid reference signal. 

This performance is further validated by the spectral 

analysis presented in Figure 12. Regarding the high-

impact scenario, the FCFM-SFC spectrum (green 

upward-pointing triangle) shows even more 

pronounced harmonic suppression compared to both 

the LQR (blue cross marker) and LQI (red square 

marker) responses. While the LQI controller 

demonstrates an improved ability to mitigate 

disturbances relative to the LQR—which exhibits 

significant spectral noise and uncontrolled frequency 

components—it still fails to reach the high-resolution 

spectral clarity of the proposed method.  

 

Figure  12 : Single-sided amplitude spectra of the system 

responses (LQR, LQI, and FCFM-SFC) compared 

to the reference input under high-impact wind 

disturbance. 

The ability of the FCFM-SFC framework to maintain 

a clean spectral profile even when facing extreme 

environmental stress confirms that the frequency-

domain optimization successfully isolates the system 

dynamics from intense aerodynamic interference. 

Consistent with the time-domain results, the FCFM-
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SFC spectrum shows a dominant peak at the 

fundamental frequency while effectively neutralizing 

higher-order harmonics. This spectral purity confirms 

that the frequency-domain optimization effectively 

filters out undesired oscillatory components, thereby 

ensuring that the crane's structural integrity and 

operational safety are preserved even within the most 

demanding aerodynamic environments. 

3.3. Case 3: Robustness Analysis Under 

Parametric Uncertainties 

To evaluate the resilience of the proposed FCFM-

SFC against modelling inaccuracies and varying 

operational conditions, a comprehensive robustness 

analysis is conducted. In all scenarios, the system is 

concurrently exposed to high-impact wind 

disturbances to observe the influence of uncertainties 

on tracking performance. In real-world crane 

operations, the system parameters are often subject to 

significant fluctuations that deviate from the nominal 

values used during the control design phase.  

In this study, the two most critical parameters 

affecting the crane's rotational dynamics, the mass of 

the payload (𝑚𝑝) and the vertical distance from the 

payload's jib axis (𝑙𝑝), are treated as uncertain 

variables within a bounded interval. The perturbed 

parameters are defined as follows: 

𝑚𝑝 = 𝑚̅𝑝 (1 + Δ𝑚𝑝
) 

(19) 

𝑙𝑝 = 𝑙𝑝̅ (1 + Δ𝑙𝑝) 

 

where 𝑚̅𝑝 and 𝑙𝑝̅ denote the nominal values, and Δ𝑚𝑝
, 

Δ𝑙𝑝 represent the percentage of parametric 

uncertainty. Following established engineering 

benchmarks in crane control literature (Vu et al., 

2017), the robustness of the controllers is validated 

across a wide uncertainty range, defined by the set Ω: 

Ω = {Δ𝑚𝑝
, Δ𝑙𝑝

∈ ℝ ∣ −0.5 ≤ Δ ≤ +0.5} (20) 

Three distinct operational cases, all subjected to high-

impact wind disturbances, are simulated to observe 

the influence of these uncertainties on the tracking 

performance: 

• Lower Bound: Δ𝑚𝑝
= Δ𝑙𝑝 = −0.5, 

representing a significant reduction in system 

inertia and pendulum frequency. 

• Nominal: Δ𝑚𝑝
= Δ𝑙𝑝 = 0, representing the 

ideal conditions for which the LQR and LQI 

gains are originally tuned. 

• Upper Bound: Δ𝑚𝑝
= Δ𝑙𝑝 = +0.5, simulating 

an extreme loading condition that challenges 

the stability margins of the system. 

 

Figure 13 illustrates the tracking performance of the 

controllers under lower bound parametric 

uncertainties. While the LQR and LQI controllers 

exhibit visible deviations from the sigmoid reference 

signal due to the significant reduction in system 

inertia, the FCFM-SFC demonstrates superior 

robustness. Despite the extreme 50% reduction in 𝑚𝑝 

and 𝑙𝑝 combined with high-impact wind disturbances, 

the FCFM-SFC is remarkably insensitive to 

significant reductions in system inertia and pendulum 

frequency, even when simultaneously challenged by 

high-impact wind disturbances. Specifically, the 

FCFM-SFC maintains its performance consistency 

by effectively decoupling the combined effects of 

wind forces and drastic mass-length variations. This 

confirms that the controller is not only robust against 

external disturbances, as previously demonstrated in 

Figure 11 for the nominal case, but also stays 

remarkably invariant under severe structural plant 

changes. 

 

Figure  13 : Robustness analysis of LQR, LQI, and FCFM-

SFC under lower bound parametric uncertainties 

(50% reduction in 𝑚𝑝 and 𝑙𝑝) for a sigmoid 

reference signal subject to high-impact wind 

disturbance. 

Figure 14 presents the robustness analysis under the 

upper bound scenario, where the system is subjected 

to a 50% increase in both 𝑚𝑝 and 𝑙𝑝. This extreme 

loading condition significantly increases the system 

inertia, posing a severe challenge to the stability 

margins of the controllers. While the LQR and LQI 

controllers exhibit substantial tracking errors and 

sluggish response due to the increased plant gain and 

inertia, the FCFM-SFC maintains its high-precision 

tracking with exceptional fidelity. Even under the 

combined stress of increased mass-length parameters 
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and high-impact wind disturbances, the FCFM-SFC 

ensures that the payload follows the sigmoid 

reference with minimal deviation. This outcome 

validates that the FCFM-SFC effectively 

compensates for the adverse effects of heavy loading 

and external disturbances, demonstrating superior 

parameter-insensitivity compared to the benchmark 

controllers. 

 

Figure  14 : Robustness analysis of LQR, LQI, and FCFM-

SFC under upper bound parametric uncertainties 

(50% increase in 𝑚𝑝 and 𝑙𝑝) for a sigmoid 

reference signal subject to high-impact wind 

disturbance. 

The comparative results demonstrate that while the 

performance of the baseline LQR and LQI 

frameworks significantly degrades as the parameters 

move toward the boundaries of Ω, the proposed 

FCFM-SFC maintains its high-precision tracking. 

This performance consistency confirms that the 

frequency-domain optimization effectively provides 

a robust stability margin, ensuring operational safety 

even under severe structural variations. 

4.  Conclusions 

This study presents a control framework for a 3-DOF 

crane system tower model subjected to varying 

aerodynamic conditions. The proposed FCFM-SFC 

design is rigorously evaluated against a classical LQR 

and LQI benchmark under both sinusoidal and 

sigmoid reference trajectories. The comparative 

simulation results demonstrate that while a basic level 

of tracking is maintained by the LQR and LQI 

controllers under nominal conditions, significant 

phase delays and amplitude distortions are observed 

when wind disturbances are introduced. Most 

notably, in high-impact wind scenarios, the stability 

of the system is compromised under the LQR and LQI 

frameworks, whereas near-perfect trajectory tracking 

with negligible error is achieved by the proposed 

FCFM-SFC.  

The superior performance of the FCFM-SFC 

framework is primarily attributed to its ability to 

directly manipulate the closed-loop frequency 

response. While the LQR remains constrained by a 

time-domain cost function that cannot specifically 

target the spectral characteristics of external 

perturbations, the LQI controller—though showing a 

degree of resilience—exhibits poor transient 

characteristics, with significant overshoots exceeding 

the reference by as much as 20° in the initial period. 

In contrast, the proposed FCFM-SFC design 

successfully attenuates the harmonic components of 

stochastic wind loads and neutralizes the intense 

aerodynamic interference that causes large 

oscillations in the LQR and LQI frameworks. By 

optimizing the state-feedback gains directly within 

the frequency domain, the controller neutralizes 

undesired oscillations and ensures that the system 

output remains tightly coupled with the reference 

signals. 

Furthermore, the robustness analysis confirms the 

resilience of the proposed method under parametric 

uncertainties. The comparative results demonstrate 

that while the performance of the baseline LQR and 

LQI frameworks significantly degrades as the system 

parameters deviate from nominal values, the 

proposed FCFM-SFC maintains its high-precision 

tracking. This performance consistency confirms that 

the frequency-domain optimization effectively 

provides a robust stability margin, ensuring 

operational safety even under severe structural 

variations. 

Finally, the spectral analysis validates that the FCFM-

SFC approach effectively filters out high-frequency 

interference, resulting in a cleaner signal profile and 

reduced mechanical stress on the crane’s structural 

components. The computational efficiency of the 

SQP-based optimization, combined with a well-

conditioned LQR baseline, provides a robust and 

streamlined alternative to complex observer-based 

compensation methods. Ultimately, these findings 

underscore the effectiveness of frequency-domain 

approaches in ensuring operational safety and 

trajectory precision for tower cranes, even when 

subjected to extreme aerodynamic disturbances. 
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