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SOME INEQUALITIES FOR POSITIVE MULTILINEAR
MAPPINGS

IBRAHIM HALIL GUMUS$ AND MUSTAFA AKIC

ABSTRACT. This paper devoted to obtaining some inequalities for positive mul-
tilinear mappings. More precisely, we present some Kantorovich and arithmetic-
geometric mean inequalities for this kind of mappings. Our results improve
earlier results by Kian and Dehghani.

1. INTRODUCTION

Let M, (C) = M, be the algebra of all n x n complex matrices and assume
that M and m are scalars and I denotes the identity matrix. We write A > 0 to
mean that the matrix A is positive semidefinite matrix and identify A > B with
A — B > 0. Likewise, we write A > 0 to refer that A is a positive definite matrix.
The operator norm is denoted by ||-|| .

A linear map ® : M, (C) — M (C) is called positive if ®(A) > 0, whenever
A > 0. Also @ is strictly positive if ®(A) > 0, whenever A > 0 and ® is called
unital if ®(I) = I. A real-valued continuous function f defined on [0,00) is called
matrix monotone if f(A4) > f(B) for A > B > 0. It is well known that f(t) = ¢"
(0 <r < 1) is a matrix monotone function, namely

A>B=— A?>BP for0<p<l1.

Although,
A>B=— AP>BP forl1<p
is not true in general.

If ® : M,, — M, is a unital positive linear mapping, then Kadison’s inequality
states that ®2 (4) < @ (AQ) for every Hermitian matrix A and Choi’s inequality
says that @' (4) < ® (A™!) for every strictly positive matrix A, see [4]. There
have been a lot of works in which counterparts of these inequalities are presented.
Especially see [8 [9].
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A mapping ® : M,’f = M, x...x M, — M, is said to be multilinear if it is linear
in each of its variable. A multilinear mapping & : Mr’i — M, is called positive
if ®(Ay,...,Ar) > 0 whenever A; > 0 for 4 = 1,..., k. Tt is called strictly positive
if A; > 0fori=1,..,k implies that ® (Ay,..., Ax) > 0 and ® is called unital if
®(1,....,I) =1I; see [A].

Recently, Dehghani et al. [5] obtained an extension of the Choi’s inequality and
Kadison’s inequality for positive multilinear mappings:

Lemma 1. If ®: MF — M, is a unital positive multilinear mapping, then
O (Ar, ., Ap) <@ (AT LAY (1)
and
% (Ay, ..., Ap) < @ (47, ..., 47) (2)
for all strictly positive matrices A; € M,, (i =1,...,k).

In the same paper, the authors presented an Pdélya—Szegt type inequality for
strictly positive multilinear mappings as follows: If (A1, ...A) and (B, ..., Bi) are
k—tuples of positive matrices with 0 < mI < A;, B; < MI (i =1,...,k) for some
positive real numbers m < M, then

MF +mF
< —— @ (AulBy, ..., AklBy) (3)

® (A1, ., A) t® (B, .o By) < ——
(Ay k) 1 (B k) YL

where AfB = Az (A’%BA’%> ® A% s called geometric mean of A, B. In [3], Kian
and Dehghani presented a Kantorovich type inequality for positive multilinear map-
pings which is a counterpart of as follows:

Lemma 2. If A; € M, (i =1,..., k) are positive matrices with 0 < ml < A; < MT
for some scalars m < M and ® : MF — M, is a unital positive multilinear
mapping, then

(M* + mh)?

4MFEmE
With the same assumptions of Lemma [2] Kian and Dehghani obtained

P (AT, ., A0 < O (A, Ay). (4)

MF E\2\ 7
P (AT, ALY < (zﬂ O P (Ay,...,A) forp>2. (5)
47 Mkmk
Notice that the inequality
D (Ar, ..., Ap) + Mm@ (ATH, L ALY < (MF+mP) 1 (6)

holds for every unital positive multilinear mappings. By taking 0 < m?I < A% <
M?] in the inequality @ and using inequality , we can write the following
inequality which will be a important tool for getting our results

2 (Ay, ..., Ap) + MFm 02 (AT, L ALY < (M +m?F) I (7)
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In the paper [3], Kian and Dehgani proved that if (A, ..., Ax) and (B, ..., Bg)
are k—tuples of positive matrices with 0 < mI < A;,B; < MI (i=1,....k) for
some positive real numbers m < M, then

(1)2 A1+Bl Ak+Bk < (Mk—|—mk
2 T 2 - AMFEmE

2\ 2
) ) ®2 (A1#By, ..., AxiBr) . (8)

In this paper, we will present some operator inequalities for positive unital multi-
linear mappings which are generalization of the inequality and improvement of
the inequality for p > 4. Our idea throughout the paper is similar to the study
of Fu and He [I0] and Zhang [6] for positive linear maps . Moreover, we will give a
squared version of the inequality .

2. MAIN RESULTS

Let’s give some well known lemmas before we give the main theorems of this
paper.

Lemma 3. (i) [2, Theorem 1] Let A,B > 0. Then the following norm in-
equality holds:

1 2
14B] < H)A+ B
(ii) [I Theorem 3] Let A and B be positive operators. Then

|A" + B"|| < [(A+ B)"||  for1<r<cc.

Theorem 4. Let A; € M,, with 0 <m < A; < M for some positive real numbers
m< M (i=1,..,k). If ® : M* — M, is a unital positive multilinear mapping,
then for 4 < p < oo

M2k + m2k

P (A7h, . ALY < ( ETyou

>pq>—p (A, . Ay). (9)

Proof. The matrix inequality @ is equivalent to

(NS

(M2k + ka)
YV

, . 1
Hqﬁ (A7Y,.. A7) % (Al,...,Ak)H <1
2 1m 2
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Compute
5 550 e
= in)% (A177Ak)+M%m%q)g (AI17_._’A;1)H2
(by Lemma (7))
2
L@ () 202 (47 A7)
(by Lemma (it))
= L (A A 2 (a0
1 ) X p
< Do em 1) o @
1 b
S 1 (Mzk + ka) 2
So
) B - B M2k+m2k g
o (a7 ) 08 ot < D)
Thus inequality @D holds. -

Remark 5. [t is obvious that inequality @ 1s tighter than inequality forp > 4.

Now, let’s give the generalization of the inequality .

Theorem 6. Let A;, B; € M, with 0 < m < A;, B; < M for some positive real
numbers m < M (i=1,....k). If ® : Mk — M; is a unital positive multilinear
mapping, then for 2 <p < 0o

2
PP Ay + By A, + By < (Mk—i-mk)
2 T 9 S\ ikt

)@P(AlﬁBl,...,AkﬁBk). (10)

Proof. The claimed inequality is equivalent to

1
< 1 (Mk-i-mk)p.

@g Al +Bl Ak; +Bk-
9 g oeey 2

) M*mFe% (A1fB1, .. AgtiBy)
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By computation, we have

B
H<1>’5<A1;Bl, A’f‘; k) Pt o8 (A4B,, ..., ALtBy)

2

M
1 A+ B A.+ B l J ,g
< s ( S ’“) Em 0% (ABy ... AyiBy)
(by Lemma [3] (i)
P 2
A +B A + B _ 2
< (@( 1oLk k>+M’“ AlﬁBl) L (AtBy) 1))

2
y Lemma [3] (i4))

A+ By Ay +B B B
@( 1 . L . ’“) + M*mbo ((AlljBl) U (AgtBy) 1)

By operator arithmetic-geometric mean inequality

P

ol e W

1 A+ By A + By bk AI1+Bf1 A;1+Bk_1 P
< - MrEm*®
4H®(2”2 M T

11 } T o
- ka |® (A1 + Bi, ..., Ay + Bi) + M*m*® (AT" + By Y, . A+ B Y|
< 42pk H(IJ (A1, Az, oy Ag) + Mm@ (Afl’Agl""7A1;1)+¢’(317A2,--.,Ak)+

+MFmE® (BTt Ay, ALY + o+ @ (B, Ba, ., By)

+Meme (B By B |

L1k ok p
< o2 (ME+mB)T (by @)

S E(Mk-i‘mk)p
So
A B A B ] 1 Mk k\P
H@S( 1+ B At k)@‘g(AlﬂBl,.. Ayt By) ,(]_ﬂ.
2 2 4 MFmF
Thusholds. 0

Remark 7. Inequality s a special case of Theorem |§| by taking p = 2. Thus

s a generalization of (8)) .

Finally, let’s give squared version of . For our object, we need the following
lemma (see [7, Theorem 6]).

Lemma 8. Let A,B € M,, such that 0 < A< B and0<m < A< M. Then
A% < K (h) B?,
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where K (h) = % with h = .

Theorem 9. Let A; and B; be positive matrices with 0 < mI < A;,B; < MI
(i=1,....,k) for some positive real numbers m < M and ® be a strictly positive
unital multilinear map. Then

2 (Mkerk)z i 2
((P(A17...,Ak)ﬂ®(Bl,...,Bk)) S W @ (AlﬁBl,,AkﬁBk) (11)
Proof. We have
MF +mF
D (A, ..., Ap) 8P (By, ..., By) < 72M§m% O (A1tBy, ..., AciBy) .

Since mF < ® (Ay, ..., Ap)#® (B, ..., Bx) < M*, by applying Lemmawe get the
inequality . (I
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