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Abstract

Contact geometry become a more important issue in the mathematical world with the works
which had done in the 19th century. Many mathematicians have made studies on contact
manifolds, almost contact manifolds, almost contact metric manifolds and contact metric
manifolds. Many different studies have been done and papers have been published on Sasaki
manifolds, Ké&hler manifolds, the other manifold types and submanifolds of them. In our
previous studies we get the characterization of indefinite Sasakian manifolds. In order to get
the characterization of indefinite Sasakian manifolds, firstly we defined sliced contact metric
manifolds and then we examined the features of them. As a result we obtain a sliced almost
contact metric manifold which is a wider class of almost contact metric manifolds. Thus, we
constructed a sliced which is a contact metric manifold on an almost contact metric manifold
where the manifold is not a contact metric manifold. Sliced almost contact metric manifolds
generalized the almost contact metric manifolds. Then, we study on the sliced Sasakian
manifolds and the submanifolds of them. Moreover we analyzed some important properties of
the manifold theory on sliced almost contact metric manifolds.

In this paper we calculated the ¢,-sectional curvature and the Riemannian curvature tensor of
the sliced almost contact metric manifolds. Hence we think that all these studies will
accelerate the studies on the contact manifolds and their submanifolds.
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Bir Dilimlenmis Kontak Metrik Manifoldun Riemann Egriligi
Ozet

Kontak geometri 19. yiizyillda yapilan galismalar sonucunda gittik¢e artan bir 6neme sahip
olmustur. Birgok matematik¢i kontak manifoldlar, hemen hemen kontak manifoldlar, hemen
hemen kontak metrik manifoldlar ve kontak metrik manifoldlar iizerine c¢alismalar
yapmislardir. Ayrica, Sasaki manifoldlarin, Kdhler manifoldlarin ve diger manifold tiirlerinin
lightlike altmanifoldlar1 Ttizerine ¢ok sayida calisma yapilmis ve farkli makaleler
yayimlanmigtir.  Yapilan  Onceki  ¢alismamizda  belirsiz  Sasaki  manifoldlarin
karakterizasyonunu elde ettik. Bu karakterizasyonu yapmak i¢in once dilimlenmis kontak
metrik manifoldlar tanimladik ve 6zelliklerini inceledik. Sonu¢ olarak, kontak metrik
manifoldlarin ve digerlerinin daha genis bir sinifi olan dilimlenmis hemen hemen kontak
metrik manifoldlar: elde ettik. Boylece, kontak metrik manifold olmayip hemen hemen kontak
metrik manifold olan bir manifold tizerinde kontak metrik manifold olacak sekilde bir dilim
olusturduk. Dilimlenmis hemen hemen kontak metrik manifoldlar, hemen hemen kontak
metrik manifoldlart genellestirmistir. Daha sonra dilimlenmis Sasaki manifoldlart ve bu
manifoldlarin altmanifoldlarin1 ¢alistik. Ayrica, dilimlenmis hemen hemen kontak metrik
manifoldlarda manifoldlar teorisinin bazi 6nemli 6zelliklerini inceledik.

Bu makalede ise dilimlenmis kontak metrik manifoldlarin ¢,-kesitsel egriligi ile Riemann
egrilik tensoriinii hesapladik. BoOylece bu calismalarin kontak manifoldlar ve onlarin
altmanifoldlar {izerine ¢aligmalara yeni bir ivme kazandiracagini diisiiniiyoruz.

Anahtar Kelimeler: dilimlenmis hemen hemen kontak metrik manifoldlar, dilimlenmis
kontak metrik manifoldlar, desitsel egrilik, kontak geometri, riemann egriligi

1. Introduction

Contact geometry and its applications are important for 3-dimensional physical world, optics,
solutions of differential equations and our world. The first works on contact geometry were
started in the 19th century. In 1900s many mathematicians worked on contact geometry. In
the 20th century, the works of researchers (Sasaki, 1962; Gray, 1959; Ogiue,1964 and
Bootby, 1986) were took an important role in contact geometry. After 1960s mathematicians
have started to study on the main properties of the manifolds and their submanifolds. We can
see some of these in the works of Blair, 1976, Yano Kon, 1984 and Chen, 1973. The
curvatures are important for manifolds because we can understand the characteristic
properties of the geometric objects with them. In 1960s, Ogiue, 1964 calculated the
Riemannian curvature tensor for Sasakian manifolds. Riemannian curvature, sectional
curvature and the other curvature tensors are important characteristic properties of manifolds.
In the present paper, we calculated the Riemannian curvature tensor for sliced almost contact
metric manifolds.

2. Preliminaries

In differential geometry if M is a (2n + 1) —dimensional differantiable manifold and 7 is a 1-
form on M which satisfies

nA(dn)™ # 0 (2.1)
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everywhere on M, then M is called a contact manifold and » is named as a contact form.

On a contact manifold M, contact distrubition denoted by D, and it is defined by the set

D, = {X € T,M | n(X) = 0}. (2.2)
It satisfy

n) =1landdn(X,§) =0 (2.3)
forall X on M. If ¢, &, n satisfy

P*X =—-X+nX)§, ¢ =0andne¢p =0 (2.4)

then M is called an almost contact manifold with an almost contact structure (¢, &, ).

M becomes an almost contact metric manifold with an almost contact metric structure

(¢, &1, 9) if

(900, () = g(X,Y) — n(X)n(Y), (2.5)
g(X, () = —g(p(X),7), (2.6)
nX) =gX <) (2.7)

where X,Y € x(M) and g is a Riemannian tensor of M (Blair, 2002). Also, in 3-dimensional
almost contact metric manifold, (Olszak, 1986) showed that

(VxP)Y = g(@Vx$, Y)E —n(Y)PpVxS (2.8)
forall X,Y € x(M).

Definition 2.1 Let (M, g) be a semi-Riemannian manifold. The tensor R defined by
following equation

R(X,Y)Z = VyVyZ — VyVyZ — Viy yZ VX,Y,Z € x(M) (2.9)
is called the curvature tensor of the connection V (Yano Kon, 1984).

Definition 2.2 Let (M, g) be a semi-Riemannian manifold. The tensor R of type (0,4)
defined by

R:x(M) X x(M) X x(M) X x(M) - C*(M, R)
(W,Z,X,Y) > RW,Z,X,Y) = g(R(X,Y)Z,W) (2.10)
is called the Riemann Christoffel curvature tensor (Yano Kon, 1984).
Theorem 2.1 Let (M, ¢,n,&) be an almost contact metric manifold. (M, ¢,n,¢) is
Sasakian if and only if the following equation is satisfied (Sasaki, 1962).

(Vxp)Y = g(X,Y)¢ —n(V)X

3
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3. Sliced Almost Contact Metric Manifolds

Gumiis, 2018 defined the sliced almost contact manifolds as a wider class of almost contact
manifolds by the following definition in doctoral thesis.

Definition 3.1 Let M be a manifold and TM be the tangent bundle of the manifold M.
Assume that H is a distrubition on TM and ¢ € H. We define the projection m, w tensor field
of type (0,1) and ¢, tensor field of type (1,1) by the following, m, ¢,: TM - H and w: TM —
C* (M, R). If these tensor fields satisfy the following conditions,

P2X = —n(X) + w(X)¢ (3.1)
w($) =1 3.2)
then (M, ¢, w, T, &) is called a sliced almost contact manifold (Giimiis, 2018).

Definition 3.2 Let (M, ¢, n, &) be an almost contact manifold and H is a distrubition on
M. If (M, ¢, wy, , §) is a sliced almost contact manifold and the equalities

Dom= ¢, (3.3)
ii)nem = w, (3.4)

are satisfied then the manifold (M, ¢,;, w,, , &) is called compatible sliced almost contact
manifold with (M, ¢, n, &) (Gliimiis, 2018).

Definition 3.3 Let (M, ¢,;, w,, , &) be a sliced almost contact manifold. If there exists a
Riemannian metric g:TM X TM — C*(M, R) defined on M which satisfies

9(@X, YY) = g(@X, 1Y) — w(X)wr(Y) (3.5)
then (M, ¢, w,, 1, g, §) is called a sliced almost contact metric manifold (Giimiis, 2018).

Example 3.1 Let the coordinate functions be (x;, X5, ¥1, V2, 2) in R, If we define the

tensor field w: TR® - C*(R>, R) and the characteristic vector field & on R as

1
w = > (dz — y,dxq)

§= 0z

then it is easily seen that w(§) =1. If we choose the subspace H in R®> as

H = Sp{dx,, dy,, 0z} then the projection & becomes:

m: R> > H
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Xq X1
X, 0
| X3

X=|X;|->nX= .
\X4 \0
Xs Xs

On the other hand let the tensor field ¢,: TR> — H be the following.

0 0 10 0
/0 oooo\
¢n=k—1ooo 0|
0 0 00 0
003’100/

If we make the necessary computations, we get ¢2X = —m(X) + w(X)&. As a result, the
structure (RS>, ¢, w,m,&) is a sliced almost contact manifold. If we define the semi-

Riemannian metric g on R> by the following,
g = —i(dxl2 + dy?) + i(dxz2 +dy)+wQw (3.6)
then, we get the following equations

9(@nX, br¥) = =7 (X3 + X, 17) (3.7)

gmx, 1Y) = — 2 (X1Y1 + X3¥3) + 0 (X)w (V). (3.8)

From the equations (3.7) and (3.8) we get g(¢. X, ¢p,Y) = g(nX,nY) — w(X)w(Y). Thus, we
say that the structure (R3, ¢, &, w, m, g) is a sliced almost contact metric manifold.

Definition 3.4 Let (M, ¢, w,, , §) be a compatible sliced almost contact manifold with
(M, ¢,n,&). If g is a Riemannian metric and (M, ¢,n, g,¢) is an almost contact metric
manifold which satisfy

g(@X, oY) = gXY) —nX)n(Y) (3.9)

then (M, ¢, w,,m, g,&) is called compatible sliced almost contact metric manifold with
(M, ¢,n,g,¢&). Here if we use g|y = g then we get

9(@rX, prY) = g(nX, mY) — w(X)w,(Y) (3.10)
where w,(X) = g(nX, &) (Glimiis, 2018).
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Definition 3.5 Let (M, ¢, w,, 7, g, &) be a sliced almost contact metric manifold. Then
@, is called second fundamental form and it is defined in the following sense (Giimiis, 2018).

P, (X Y) = g(@X, ¢, Y) (3.11)

Definition 3.6 Let (M, ¢, w,, 7, g,&) be a sliced almost contact metric manifold. If
(M, ¢y, wy, T, g, &) satisfies the equation edw, = & then (M, ¢, wy, m, g, &, €) is called an
e-sliced contact metric manifold (Giimiis, 2018).

Let F be a tensor field of type (1,1) on manifold M. If we define the tensor field Ny by
Ng: x(M) X x(M) = x(M)
X,Y) » Np(X,Y) as
Np(X,Y) = F2[X, Y] + [F(X), F(Y)] — F[F(X),Y] — F[X, F(Y)] (3.12)
then Ng is a tensor field of type (1,2) (Yano Kon, 1984).

Definition 3.7 If ] is a sliced almost complex structure on manifold M and N; = 0
then J,; is integrable on M (Giimiis, 2018).

Definition 3.8 Let ], be a sliced almost complex structure on M x R. If ], is integrable
then (¢, w, ) is called a sliced normal structure (Giimiis, 2018).

Definition 3.9 Let (M, ¢, m, w;, g,&) be a compatible sliced almost contact metric
manifold with (M, ¢,n, 9,&). If (M, ¢,n, g, &) is a Sasakian manifold then (M, ¢,;, T, W, g, &)
is a sliced Sasakian manifold (Giimiis, 2018).

Theorem 3.1 Let (M, ¢, w,, 1, g,¢) be a sliced almost contact metric manifold. If the
structure (M, ¢, w, m, g, ) is sliced Sasakian manifold if and only if the following equation
is satisfied (Glimiis, 2018).

(Vxp)Y = g(nX,w¥)§ — w, (V)X

4. Riemannian Curvature of a Sliced Contact Metric Manifold

Let (M, ¢, wy, 7, g, &) is a sliced contact metric manifold. In this section we introduce the
curvature properties of M. For this aim we started with some usual definitions.

Definition 4.1 Let (M, ¢,n,g,¢) be a (2n + 1) —dimensional contact metric manifold
and the unit vector field X € x(M) is perpendicular to the characteristic vector field &. If the
set {X, pX} is the base of a plane section then k given with the equation under is called the
¢ —sectional curvature (Yano Kon, 1984).

K(X, 9X) = g(R(X, pX)$X, X)

Definition 4.2. Let the structure (M, ¢, w,, 7, g, ) be a sliced contact metric manifold
and the unit vector field X € y(M) is perpendicular to the characteristic vector field &. If the

set {mX, ¢, X} is a base for a plane section then
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K (X, ¢ X) = g(R(nX, $r X)X, MX) (4.1)

the value x;; is called as ¢, -sectional curvature.
In this work we used the methods in the doctoral thesis of (Camci, 2007) to define new
tensors to calculate the Riemannian curvature tensor for sliced contact metric manifolds. In
order to calculate the Riemannian curvature tensor, we define the tensor B similar to the
Definition 3.4.2 (Camci, 2007).

Definition 4.3 Let (M, ¢, w,,m, g,&) be a (2n+ 1) —dimensional sliced contact
metric manifold and B is a tensor of type (0,4) and defined as

B:x(M) x x(M) x x(M) x x(M) - C*(M,R)

Assume that B satisfies the conditions at the below for all X,Y,Z, W € x(M) and X,Y,Z,W €
D

1) B(nW,nZ,nX,nY) = —B(nZ,nW,nX,nY) = —B(nW,nZ, Y, nX)
2) B(nW,nZ,nX,nY) = B(nX,nY,nW,nZ)
3) B(nW,nZ,nX,nY) + B(nW,nX,nY,nZ) + B(nW,nY,nZ,nX) =0

4) B(nW,nZ,nX,nY) = B(¢p,W,p,Z,nX,nY) = B(nW,nZ, ¢ X, p,Y)
5) B¢, nZ,nX,nY) = B(nW,&,nX,nY) = B(nW,nZ, & nY) =
B(nW,nZ,nX,§) = B(nX,&,nY,&) = 0.

Theorem 4.1 Let B and T be two tensors of type (0,4) and satisfy the all conditions
from 1 to 5 in Definition 4.3. In this case, if the following equation is satisfied VX, Y € x(M)

B(nX, Y, nX,nY) = T(nX, Y, nX, 7Y) (4.2)
then the following equation
B(nW, nZ, nX,nY) = T (ntW, nZ, nX, Y) 4.3)

istrue VX, Y, Z, W € x(M).

Proof. If B and T satisfy the all conditions from 1 to 5 in Definition 4.3 then it is clear
that the tensor B — T satisfies the all conditions too. From the assumption we can conclude
that

(B—-T)(nX,nY,nX,nY) =0

is true VX, Y € x(M). If we write vector field Y+ W instead of the vector field Y in the
equation then we get the following equation.

(B—=T)(#nX,rY + W, X, Y + tW) = 0

7
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Although, the equation
(B-T)(@X,nY + W, X, 7Y + W) = (B — T)(nX, Y, nX, Y) +
(B =T)(@X,nY,nX,tW) + (B — T)(nX, nW, X, TY)
+(B — T)(nX, W, X, W)
= (B —T)(nX, Y, nX,nW) + (B — T)(nX, W, X, Y)
= 2(B — T)(nX, Y, nX,tW)
is true for all X, Y, W € x(M) we get

(B —T) (X, Y, nX,tW) =Now in this equation when we write the vector field X + Z instead
of the vector field X then we get the following

(B—-T)(nX+ nZ, nY,nX + nZ, W) = 0.

Although we have the following result,
(B—T)(nX+ nZ,nY,nX + nZ,7W) = (B — T)(nX, Y, X, tW)

+(B — T)(nX, nY, wZ, W) + (B — T)(nZ, Y, X, W)

+(B — T)(nZ, nY,nZ,tW)

= (B —-T)(nX,nY,nZ, W) + (B —T)(nZ, Y, X, tW)

=B —-T)(X,rnY,nZ, W) — (B —T)(X,nW, Y, nZ)
From the equation above we see that

(B —=T)(nX,nY,nZ,tW) = (B — T)(nX,nW, Y, nZ)
is true. Since
3(B —T)(nX,nY,nZ, W) = (B — T)(nX,nY,nZ, W) + (B — T) (X, nZ, W, Y)
+(B — T)(nX,nW, Y, Z)

and from the third condition in the Definition 4.3 we have (B — T)(nX,nY,nZ W) =0
VX,Y,Z, W € x(M). On the other hand we have

(B —=T)(nX,nY,nZ,tW) = (B —T)(nZ,7W,nX,nY) = —(B — T)(tW, nZ, nX, Y).

From these results we conclude that (B — T)(nW, nZ, X, tY) = 0 is true VX, Y,Z, W € x(M)
and we reach the following result.

B(nW, nZ, nX,nY) = T (W, nZ, nX, Y) VX, Y,Z,W € x(M).

Theorem 4.2 Let B and T be two tensors of type (0,4) and satisfy the all conditions
from 1 to 5 in Definition 4.3. In this case, if the following equation is satisfied VX,Y € D

B (nz ¥, mX, n?) = T(nY, ¥, mX, n?) (4.4)

then the following equation is true VX,Y,Z, W € y(M)
8
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B(nW,nZ,nX,nY) =T(nW,nZ, nX,nY) (4.5)

Proof. Assume that B(nX,nY,nX,nY) = T(xX,nY,nX,Y) is true VX,Y € D. Also
we know that for all X,Y € y(M) we can write

X=X+ w;(X)¢
Y =Y + wy(Y)é

where X, Y € D. Since B and T satisfy the all conditions from 1 to 5 in Definition 4.3 then it is
clear that the tensor B — T satisfies the all conditions too. So we have the following equation,

(B —T)(X,nY,nX,nY) = (B — T)(X + w;(X)&, Y + w,(Y)E, X + wy(X)E, Y
+wr(Y)$).
From the fifth condition we get (B — T)(nX, nY,nX,nY) = (B — T)(nX,nY, X, nY). On the
other hand from the assumption we can say that (B — T)(nX, Y, nX,mY) = 0 is true. Hence
vX,Y € (M) we have (B —T)(nX,nY,nX,nY) = 0 which means that the the following
equation is true.
B(nX,nY,nX,nY) = T(nX,nY,nX, nY).

From the Theorem 4.1. we can say that B(nW,nZ,nX,nY) =T@W,nZ, X, nY)
VvX,Y,Z,W € y(M) is true.

Theorem 4.3 Let B and T be two tensors of type (0,4) and satisfy the all conditions
from 1 to 5 in Definition 4.3. In this case, if the following equation is satisfied VX € D

B(niX, pp X, X, Pz X) = T(nX, P X, X, o X) (4.6)
then the following equation is true VX,Y € D.
B (nz Y, X, n?) = T(HY, Y, nX, n?) 4.7

Proof. Assume that
B(nX, ¢nX, X, $rX) = T(nX, pr X, 7X, prX)

is true for all X € D. So we have (B — T) (X, ¢ X, wX, $,X) = 0. Now in this equation let’s
write X +Y instead of X where Y € D. From the assumption if we open the following
equation

I=B-T)X +nY, ¢, (X +Y),nX+ 7Y, ¢, (X +Y)) =0

forall X,Y € D then we get the following.

0=1=4(B —T)(nX, .Y, X, .Y) + 2(B — T)(nX, p X, Y, Y )
+4(B — T) (X, pu X, X, oY) + 4(B — T) (7Y, P Y, Y, o X)
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If we put the vector field X — Y instead of the vector field X where Y € D then similarly we
get

II:=(B-T)(nX —nY,¢p,(X —Y),nX —1Y,¢p,(X —Y)) =0

and
0=1II:=4(B—T)(nX, .Y, nX,$.Y) + 2(B — T) (X, p X, Y, P, Y)

—4(B = T)(nX, ¢ X, X, p,Y) — 4(B — T)(nY, p,Y, Y, p.X)

From these equations | and 11 we get
2(B — T)(nX, ¢Y, X, . Y) + (B — T) (X, p X, 7Y, p,Y) = 0
If we use the conditions and (1), (3) and (4) we can easily see that
(B—T) (n)_( , (;bnf, Y, (l),,?) —(B-T) (n)_( Y, X, n?) —(B-T) (nY , ¢n7, X, (j)n?) =0
Is true. If we subtract these side by side we reach the following equation.
3(B —T)(nX, ¢,Y,nX,p,Y) + (B —T)(nX,nY,nX,nY) = 0

If we write the vector field ¢, Y instead of the vector field Y in this equation we get the
following equation.

3(B —T)(#X,nY,nX,nY) + (B — T)(nX, ¢p,Y,nX,p,Y) = 0

If we subtract the last two equations side by side we reach the following equation.
(B = T)(nX,nY,nX,nY) + (B — T)(nX, p,Y, X, p,Y) = 0

As aresult (B — T) (X, nY, X, nY) is equal to zero. Thus we get

B (nY, n?, X , n?) = T(nf, n?, X , n?)
is true VX,Y € D.

Example 4.1 Let (M, ¢, w,, 7, g,¢) be a (2n + 1) —dimensional sliced contact metric
manifold and the unit vector field X € y(M) is perpendicular to the characteristic vector field
&. Also if we define the folllowing (0,4) tensors B and B, then it is clear that they are tensors
4 — linear.

3
BW,Z,nX,nY) =R(W,Z,nX,nY) — Z(g(nY,Z)g(nX, W) —g(mX,Z)g(nY,W))

+ i (wr(X)wr(Z)g(@Y, W) — wr (V) wr(Z)g(nX, W)
+w; (V) (W)g(mX, Z) — w,(X)w,(W)g(nY,Z)
+g (d)n'Y' Z)g(d)n'X' W) - g(¢nX' Z)g(¢ny' W)
+29(X, ¢rY)g(PrZ, W))

10
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and
Bo(W,Z,nX,ntY) = %(g(nY,Z)g(nX, W)—gnX,Z)g(nY, W) + w;(X)w,(Z)g(rY, W)

—a),T(Y)wn(Z)g(nX, W) + wn(y)wn(W)g(nX' Z)
_(‘)n(X)(‘)n(W)g(T[Y; Z) + g(d)nyﬁ Z)g(qan, W)
-9 (d)nX' Z)g(d)nY' W) + Zg(X' d’ny)g(d)nzi W)

If we calculate B(X,Y,nW,nZ) forall X,Y,Z, W € y(M) then we get the following

B(X,Y,nW,nZ) = R(X,Y,nW,nZ) —Z(g(nZ, Ng(nW,X) —g@mW,Y)g(rnZ, X))
+ (@ (W) (V) g(MZ, X) = wr(Z)wr (Y) g (xW, X)
twr (2w (X)g@W,Y) — o, (W)w,(X)g(®Z,Y)

+g ((anL'Z' Y)g(qan, X) - g(d)n'W' Y)g((;an, X)
+29(W, ¢Z)g(¢rY, X))

It is easy to see that B(W,Z, X, nY) = B(X,Y,nW,nZ) is true. By similar operations we can
show that the other properties are satisfied. Define K* for te orthonormal base {X,Y} as
follows.

K*(X,Y) = B(X,Y,X,Y)
If X and Y are two linearly independent vector fields then we can write the following.

B(X,Y,X,Y)
9XX)g¥Y)—g(X,Y)?

K*(X,Y) =

So for a plane IT = sp{X, ¢, X} we have

* — B(de)TL'X'X'd)TEX)
KX, ¢nX) = 9(X.X) (X, PrX)—g(X,PrX)?

— B(X'd)TL'XIde)TL'X)
T 9XX)g( X, PrX)

If X € D then

x v N\ B (}'d)n}'}'qbn})
K*(X, $nX) = IXX)g( DX, P X)—g(X,PrX)?

_ B(X,pnX.X,prX)
T g(XXx)?

From the definations of B and B, we have the following equations.
B (Y: d)nyi Y: ¢TL’Y) = R(Y' ¢T[Y, Y' q-')rry)

BO(Y' ¢TIY' Y' ¢TIY) = g()_(' )_()2
11
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Here if we use the fact |IxIl = |l¢,X]| then we get

R, §:X, X, ¢rX)

K (X'¢TL'X) = g(Y,Y)Z

_RE,$:T,%, 6:5)
Ix11*

X X X X )
X (| g (| 111" || e X

— K(i ﬂ)
XN | x]

We know that {é ¢”f
X1 (| ¢l

} is orthonormal. If the ¢,, —sectional curvature of the space is equal

to ¢ then we have
*rv K74 X ¢11:§
K'X,¢:X) =K(=7=5) = ¢

X1 lpX]|
So we have
B(X, . X, X, X _
KX X bX) _ 1% 0 %
Bo(X, ¢ X, X, P X)
=C

Then we get the following equation.
B(Y, (]5”?,?, ()bn'i) = CBO(Y' ¢77:Y'Y' ¢TL’Y)

If we say T(X,$.X,X, X)) = (cBy) (X, p.X, X, p,X) the 4 —linear tensor T = cB,
satisfies all the conditions. From the Theorem 4.2 we see that VX,Y € D

B(X,Y,X,Y) = (cBy)(X,Y,X,Y)
So from the Theorem 4.2 we say that VX,Y,Z, W € y(M) we have
B(W,Z,X,Y) = (cBy)(W, Z,X,Y).
At the end we get the following.

RWW,Z,nX,nY) — Z(g(nY,Z)g(nX, W) —g(nX,Z)g(nY,W))

+ % (Wr (XN wr(2)g (Y, W) — wr(V)wr(2)g (X, W) + wr (V) wr(W)g(nX, Z)

12
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_wn(X)wn(W)g(nY' Z) + g(gbnY, Z)g(qan, W) - g(¢7rX' Z)g(¢ny' W)
+29(X, 9Y)g(PrZ,W))

= %(g(ﬂY; 2)g(mX, W) — g(nX,Z)g(nY, W) + wp(X)wr(2)g (Y, W)

—Wqg (Y)wn(Z)g(nX, W) + Wy (Y)wn (W)g(ﬂX: Z) — Wy (X)wn (W)g(ﬂ.’Y, Z)

+9(PrY, 2)g(Pn X, W) — g(9n X, 2)g(drY, W) + 29(X, ¢rY)g(PrZ, W)
From these we get

c+3 c—1
R(nX,nY)Z = T(g(nY, Z)ynX — g(nX,Z)nY) +T(a)n(X)wn(Z)7tY

—wr(Vwr(2)nX + g(nX, Z)w,(Y)$ — g(nY, Z) w, (X)§
+g(¢nY: Z)d)n'X - g(d)n'X' Z)d)ny + Zg(X, ¢ny)¢nz)-

13
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