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Abstract

In this paper, we give some properties of parallel factorable surface which is obtained by group operations in
Riemannian three dimensional Heisenberg Group Hs. Then, we obtain some characterizetions of parallel factorable
surface according to Levi- Civita connections of Hs.
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0z

Bu c¢alismada ii¢ boyutlu Riemannian Heisenberg grubunda grup islemiyle elde edilen paralel faktorlenebilen
yiizeylerin bazi o6zellikleri verildi. Daha sonra Hs te Levi- Civita konneksiyonlarina gére paralel faktorlenebilen

yiizeylerin bazi karakterizasyonlar: elde edildi.
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1. Introduction

A surface S in the Euclidean 3-space is
r(u,v)={x(u,v),y(u,v),z(u,v)}.

A surface of factorable S in E* can be given as
z=f(x)g(y) or y=f(x)g(z) or x=f(y)g(2),
where f and g are smooth functions on some
interval of R.

In Yu and Liu (2007), a classification and some
fundamental formulas were given for factorable
surfaces in the Euclidean space and in the
Minkowski space. In Meng and Liu (2009),
factorable surfaces in 3- dimensional Minkowski
space studied and some classification of such
surfaces are given.

A surface M " is parallel to M if points of M " are
at a constant distance along the normal from the
surface M. So, there are infinite numbers of
parallel surfaces (Yoon, 2008).

Kiziltug and Yayl studied timelike curves on
timelike parallel surfaces in Minkowski 3-spaces
E:*. They find images of timelike curve which lie
on timelike surface in E:3. Then, they gave some
characterization for its image curve in (Kiziltug
and Yayli, 2012). Unluturk and Ekici (2003),
obtain parallel surfaces of timelike ruled surfaces
which are developable are timelike ruled
Weingarten surfaces. Then, some properties of
that kind parallel surfaces are obtained in
Minkowski 3-space in (Unluturk and Ekici, 2003).
Safiulina investigate the existence and geometry
of such two-dimensional Riemannian
submanifolds (surfaces) and she gives their
complete classification. Moreover, it is shown that
in E_{s}» with s>0 do exist not totally geodesic
minimal semiparallel space-like surfaces in
(Safiulina, 2001). Calvaruso and Van der Veken
completely classified surfaces with parallel
second fundamental form in all non-symmetric
homogeneous Lorentzian three manifolds in
(Calvaruso and Veken, 2010). In Yilmaz (2010),
they investigate singularities of all parallel
surfaces to a given regular surface.

2. Method

The Heisenberg group Heis, is defined as R® with
the group operation

Ex'y’Z) * (X1, Y1,21) = x+x, Yyt 12+ 2 +
E(x}ﬁ — X1y 1)

The left invariant Riemannian metric given by
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2
g =ds® = dx* +dy’ +(dz +%(ydx— xdy)j (2)

Then we have for the left invariant Riemann
metric 9

0 0 0 X0 0
R T I ®3)
Ox 20z oy 20z oz
These vector fields are dual to the coframe
vv1:dx,W2:dy,w3:dz+§dx—gdy 4)
Then, Levi- Civita connections are
0 e -
2v.e,=|-€ 0 ¢ ®)
-e, e O
also, we have the Heisenberg bracket relations.
[61,921293,[6,61]2[62,63]20 (6)

In this paper, we used Riemannian metric and
Levi- Civita connections for obtain mean
curvature.

3. Parallel Surface of the Factorable Surface in
Hs

3.1. Parallel Surfaces of Type 1 Factorable
Surface

Let a(X) = (& (x),a,(x),a5 (X)) and

B(Y)=(8.(y).5.(y). B (y)) be differentiable
nongeodesic curves in Heis, which is endowed
with left invariant Riemannian metric g . Type 1
of the factorable surface parameterized as

(P(x:Y) = (al(x),O, C) * (0' ﬁz(Y):d) =
(@ (), B, (3,5 2 (B () @

Then, the parallel surface of factorable surface
o(x y)=a(x)* A(y) is defined as

O(x,y) = (X, y) + N(x,y) (8)
where N is the unit normal vector field of the
factorable surface.

Theorem 3.1. If the parallel surface of the
factorable surface of type 1 0(x,y) in the Hs is a
minimal surface, then
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where

A= a(_‘?’ﬂzﬂz + (1+ ﬂzz)ﬂz "
@+5,)"
B= :Bz I(]-_ Zﬂzz) + ﬂzﬁz "(1+ ﬂzz)
@+ 5)"

Proof. The parameterization of the parallel factorable suface

af,(y) )

0(X, y) = (al(x) - m

e+ A.(9)e + G a(0A() TRk

9)

(10)

(11

(12)

where a is a non-zero constant. If we take derivatives of the parallel surface of the factorable surface

according to x and y, then we have

1
0,=a'(e + Eﬂzea)

. a 1 a
=B et Gt )

@+ )" W+,

An orthogonal vector at each point of the surface is

3p4,a
2 —5)e, +2€;)

1
N :;(_ﬁ2e1+(al+m

where

— 2 3ﬂ2a 2
p_\/ﬁZ +(al+(l+ﬂ22)3/2) +4

The coefficients of the first fundamental form are
2 1 2
E=a," (145 5;)

_ o ipn a 1, a4 ap
F=a'p ((1+ﬁ22)3l2 + Zﬁz 2 (l+,322)3/2))
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(13)

(14)

(15)

(16)

(17)

(18)
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2 1 ap
G=B, 4 (Coyt— )41 19
ﬁz ((1+ﬂ22)3 +(2a1+(1+ﬂ22)3/2) + ) ( )
Then, components of the second fundamental form are
a I n 1 1 ﬁ (a+2) n
h11 = j(_ﬂzal +§((X1 2 ﬁz (al + (liﬂ22)3/2)+ 2“1 :Bz) (20)
_(zllﬁ2I _nR2 ﬂ ﬂ2(1+a) 2 1
h12 - zp ( ﬁZ +a1( 2 + (1+ﬂ22)3/2 + (al )) (21)
B, 2 24 ag, B,(2+a) .
h,=2"2(-8- —_——— = 42 -1
21 2p ( /32 (ﬂz + 2 (1+ﬁ22)3/2 (0(1 + (l+ﬂ22)3/2 + (ﬂz )) (22)
B, 2 ap, a a, ag,
h, =£2 (_ o /o SR | O p
=2 PO T Y G 2w sy )

(o, + L2243 opy
1 (1+ﬁ22)3/2 !

So, if 0(x,y) is minimal, we have the equation (17).

3.2. Parallel Surfaces of Type 2 Factorable Surface

Let a(x) and ﬁ(y) be differentiable nongeodesic curves in Heis, which is endowed with left invariant
Riemannian metric 9 . Type 1 of the factorable surface parameterized as

P(%,Y) = 0,,(0,6)* (A,(9),0,-¢) = (,(Y). (). 3 AV () ”

Then, the parallel surface of factorable surface ¢(x,y)=a(x)*g(y)is defined as

s(x.y)= (ﬂl(y),az(x),%ﬂl(Y)az(X)) +bN(x,y) (25)

where N is the unit normal vector field of the factorable surface and b is a non-zero constant.

Theorem 3.2. If the parallel surface of the factorable surface of type 2 &(x,y) in the Hs is a minimal surface,
then
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26
BB +b(3ﬁ1ﬁ1 “— 1+ BB, "+1)+a_z'(ﬁ_ bp, )Gz Bi(b+1) ) 20
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Proof. The proof can be shown similarly to Theorem 1.
Example 3.3. Let the factorable surface given with
@(X,y) =cos ye, +sinxe, + %sin xcosye, (27)
and the unit normal vector fied of this surface is
sin x cosy 2
N =- - e, + e;.
Jeos?y+sin?x+4  \Jcos?y+sin®x+4  yJcos? y+sin® x+4 28)
. 1.
cos ye, +sinxe, + Esm X COS Ye,
Then, the parallel factorable surface of type 2 is
E(, ) = (08 y - —————)e, +(sinx - ————3 e,
Jcos? y +sin? x+4 Jcos? y +sin? x+4
sinxcosy 2 (29)
+( + e,.
2 Jcos? y +sin? x + 4
4. Conclusion Kiziltug, S. and Yayli, Y., 2012. Timelike
Curves on Timelike Parallel Surfaces in
In this paper, we deduce conditions of Minkowski 3-space E.*. Mathematica
minimal parallel factorable surface in three Aeterna, 2(8), 689 — 700.

dimensional Riemannian Heisnberg group.
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