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Öz 

Bu çalışmada para Kenmotsu manifoldlaırn skew semi invaryant altmanifoldları çalışıldı. Bir örnek verildi 

ve distribüsyonların integrallenebilirlik şartları elde edildi. Para Kenmotsu space formun bu tür 

altmanifoldları incelendi ve bazı eğrilik özellikleri elde edildi. Son olarak para Kenmotsu manifoldların bir 

total geoedezik skew semi invaryant altmanifoldunun 𝜂-Einstein olduğu ispatlandı. 

 

Anahtar kelimeler: Para Kenmotsu manifold, Para Kenmotsu uzay form, Skew semi invariant altmanifold 

 

 

Abstract 

In this paper skew semi invariant submanifolds of para Kenmotsu manifold are studied. An example is given 

and integrability conditions of distributions are obtained. This kind of submanifolds of para Kenmotsu space 

form are examined and some curvature properties are obtained. Finally it is proved that a totally geodesic 

skew semi invariant submanifold of para Kenmotsu manifold is  𝜂-Einstein. 

 

Keyword: Para Kenmotsu manifold, Para Kenmotsu space form, Skew semi invariant submanifolds  
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1. Introduction 

 

Para complex geometry is the geometry which is 

related to the algebra of para complex numbers 

(Cruceanu et al, 1996). The para complex 

structures is defined on a smooth manifold 𝑀 with 

the endomorphism 𝐽: 𝛤(𝑇𝑀) → 𝛤(𝑇𝑀), 𝐽2 = 𝐼 

such that the 1-eigen distributions are integrable 

and has the same dimension. There are some 

differences between para complex geometry and 

complex geometry. The product of two manifolds 

𝑀+ × 𝑀−  of the same dimension is the natural 

example of para complex manifold. These 

manifolds also have some applications in physics, 

they are related to supersymmetric field theories 

with Euclidean space time (Zamkovoy, 2009). 

In 1985 Willams and Kaneyuki studied the almost 

para contact structure on (2𝑛 + 1) -dimensional 

pseudo-Riemannian manifold 𝑀  and showed the 

almost paracomplex structure on the product 

manifold of 𝑀  and real line ℝ  (Kaneyuki and 

Willams, 1985). Also Zamkovoy (Zamkovoy, 

2009) studied an almost paracontact metric 

manifold and their subclasses. Similar to contact 

manifolds some classes of para contact manifolds 

are defined and this notion studied by geometers. 

One of them is para Kenmotsu manifolds and we 

focused on this notion in this paper.  

The almost semi invariant submanifold of a 

Sasakian manifold was studied by Bejancu and 

Papaghuic (Bejancu and Papaghuic, 1984). They 

also gave a classification for submanifold classes 

of a Sasakian manifold. Ronsse defined skew CR-

submanifolds of Kaehler manifold, such a 

generalization of bi slant submanifold (Ronsse, 

1990). After this notion is studied by several 

authors (Lui and Shao, 1999; Şahin, 2010). 

Our aim in the present work is to extend the study 

of skew semi invariant submanifolds to the setting 

of a para Kenmotsu manifold. After giving 

fundamental facts about para Kenmotsu manifolds 

we examine the submanifolds of them. We recall 

the definition of skew semi invariant submanifold 

and we give an example. Morover we obtain 

integrability conditions of distributions. Then we 

give some curvature properties of skew semi 

invariant submanifold of para Kenmotsu space 

form. Finally we prove that a totally geodesic 

skew semi invariant submanifold of para 

Kenmotsu manifold is 𝜂-Einstein. 

 

2. Preliminaries 

 

Definition 1 Let M̅(2n+1) differentiable manifold 

and φ, η, ξ ,g is (1,1)-tensor field, 1-form, a vector 

field and a pseudo-Riemannian metric on M̅ , 

respectively. If for all W, Y ∈ Γ(TM̅)  following 

conditions are satifeied then M̅ called almost para 

contact metric manifold:  

 

φ2W = μ(W − η(W)ξ),     η(ξ) = 1                  (1) 

 

g(φW, φY) = −μ(g(W, Y) − εη(W)η(Y))        (2) 

 

where μ, ϵ = ±1. In addition, we have 

 

φ(ξ) = 0,   ηοφ = 0, η(W) = εg(W, ξ).           (3) 

 

By this definition �̅� is an almost contact metric 

manifold if 𝜇 = −1. For an almost contact metric 

manifold by setting 𝜀 = 1 we get the signature of 

metric is equal to 2p, and by setting 𝜀 = −1, the 

signature of metric is equal to 2𝑝 + 1. Also �̅� is 

an almost paracontact metric manifold if 𝜇 = 1. In 

this case the signature of metric is equal to n by 

setting 𝜀 = 1, or 𝑛 + 1 by setting 𝜀 = −1 (Olszak, 

2013). 

 

Definition 2 An almost para contact metric 

manifold M̅ is normal if 

[φ, φ](W, Y) − 2dη(W, Y)ξ = 0 

for all W, Y ∈ Γ(TM̅) ,where  

[φ, φ](W, Y) = φ2[W, Y ]  +  [φW, φY ]  −
 φ[φW, Y ]  −  φ[W, φY ] (Olszak, 2013).  

 

Proposition 1 On an almost para contact. metric 

.manifold for any W, Y, U ∈ Γ(TM̅) we have 

2g((∇̅Wφ)Y, U) = 3dΦ(W, φY, φU)

− 3dΦ(W, . Y, U)
+ g(N(. Y, U), φW) 

                                 +μN2(Y, U)η(W)
+ 2μdη(φY, W)η(U)
− 2μdη(φU, W)η(Y) 

where ∇̅  is Levi-Cevita connection on M̅  and 

N2(W, Y) = 2dη(φW, Y) − 2dη(φY, W).  

 

Definition 2 An almost para Kenmotsu manifold 

is an almost para contact metric manifold which 

has closed 1-form η  and dΦ = 2η ∧ Φ . If M̅  is 

also normal then we call M̅  is called a para 

Kenmotsu manifold. 

 

Theorem 1 M is para Kenmotsu manifold if and 

only if 

 

(∇̅Wφ)Y = g(φW, Y)ξ − η(Y)φW                     (4) 

for all W, Y ∈ Γ(TM̅).  

Proof. Let M̅ be a para Kenmotsu manifold. From 

Proposition 1, ∀ W, YϵΓ(TM̅) we have 

2g((∇̅Wφ)Y, U) = 3dΦ(W, φY, φU)
− 3dΦ(W, Y, U)) 

From the definition of second fundamental form 

we get 
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g((∇̅Wφ)Y, U) = −η(W)g(φY, φ2U) + η(W)g(Y, φU) − η(Y)g(U, φW) − η(U)g(W, φY). 

 

 

Therefore from (1) and (2) we obtain (4).  

Conversely using (4), we get φ∇̅Wξ =
g(φW, ξ)ξ − η(ξ)φW  and therefore ∇̅Wξ = φ2W.  

On the other hand for η 1-form we have  

dη(W, Y) =
1

2
{g(Y, −φ2W) − g(W, −φ2Y)} = 0  

and this shows 1-form η  is closed. In addition 

since 

3dΦ(W, Y, U) = g(Y, (∇̅φ)U) − g(U, (∇̅Yφ)W)
− g(W, (∇̅Uφ)Y) 

and from (4), we have 

 

3dΦ(W, Y. , U) = {g(φW, U)g(Y, ξ)
− η(U)g(Y, φW) 
− g(φY, U)g(X, ξ) 

                        

+η(U)g(W, φY) + g(φU, Y)g(X, ξ) −
η(Y)g(W, φU)} 

                            = 2{Φ(U, W)η(Y)
+ Φ(W, Y)η(U) + Φ(Y, U)η(W)} 

 

Thus we get dΦ = 2η ∧ Φ.  Moreover, the 

Nijenhuis tensor of φ is  

Nφ(W, Y) = φ(−{g(φW, Y)ξ − η(Y)φW} + {g(φY, W)ξ − η(W)φY}) + {g(φ2W, Y)ξ − η(Y)φ2W}

− {g(φ2Y, W)ξ − η(W)φ2Y} = 0 

 

 

Hence, M̅ is normal. The proof is completed.  

By above theorem we get following corollary.  

Corollary 1 For a para Kenmotsu manifold with 

(M, φ, ξ, η, g)  and W, Y ∈ Γ(TM̅) we have 

 

∇̅Wξ = φ2W.                                                      (5) 

 

3.Submanifolds of Para Kenmotsu Manifold 

 

Let 𝑀𝑛  be a submanfold of a para Kenmotsu 

manifold  �̅�(2𝑛+1).  The fundamental equations of 

the submanifold theory for 𝑀 are given by  

 

∇̅𝑊𝑌 = ∇WY − h(W, Y) (Gauss Equation)           (6) 

 

∇̅𝑊𝑉 = −AVW + ∇W
⊥ V (Weingarten Equaiton) (7) 

 

where 𝑊, 𝑌 ∈ Γ(𝑇𝑀)  and
 
𝑉 ∈ Γ(𝑇𝑀)⊥ . In this 

equations h is denoting the second fundamental 

form, ∇⊥  is denoting the normal bundle 

connection and AV  is shape operator associated 

with V. A and h related by 

 

 𝑔(ℎ(𝑊, 𝑌), 𝑉) = 𝑔(AV𝑊, 𝑌) .                          (8) 

 

The mean curvature tensor H is defined by  

 

𝐻 =
1

𝑚
∑ ℎ(𝑒𝑘 , 𝑒𝑘)𝑚

𝑘=1                                         (9) 

 

where {𝑒1, … , 𝑒𝑚} is a local orthonormal basis of 

TM. 

 

For every tangent vector field 𝑊  on 𝑀  we can 

write 

 

𝜑𝑊 = 𝑇𝑊 + 𝑁𝑊                                            (10) 

 

where 𝑇𝑊  (resp. 𝑁𝑊 ) denotes the tangential 

(resp. normal) component of 𝜑𝑊  and for every 

normal vector field 𝑉 we can state 

 

𝜑𝑉 = 𝑡𝑉 + 𝑛𝑉                                                  (11) 

 

where 𝑡𝑉 in the tangental component of  𝜑𝑉 and 

nV is the normal one. 

Now, for later use, we establish some results for a 

submanifold para Kenmotsu manifold. 

 

Proposition 2 On Mn we have  

 

(∇WT)Y = ANYW + th(W, Y) + g(TW, Y)ξ −
η(Y)TW                                                            (12) 

 

(∇WN)Y = nh(W, Y) − h(W, TY) − η(Y)NW (13) 

 

for all W, YϵΓ(TM) 

Proof. For any W, Y ∈ Γ(TM) we have  

(∇̅Wφ)Y = ∇̅WφY − φ∇̅WY  
Then, using (4), (6) and (7) we get  

g(TW + NW, Y)ξ − η(Y)(TW + NW)
= ∇̅W(TY + NY) − φ(∇WY
+ h(W, Y)) 

= ∇WTY + h(W, TY) − ANYW + ∇W
⊥ NY − T∇WY 

               − N∇WY − th(W, Y) − nh(W, Y) 

= (∇WT)Y + (∇WN)Y + h(W, TY) 

               −ANYW − th(W, Y) − nh(W, Y) 
and thus we obtain 

(∇WT)Y + (∇WN)Y
= g(TW + NW, Y)ξ − η(Y)TW
− η(Y)NW 

 −h(W, TY) + ANYW + th(W, Y) − nh(W, Y). 
 

By cosider tangent and normal components in this 

equation, (12) and (13) is obtanied. 
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4. Skew Invariant Submanifolds of Para 

Kenmotsu Manifold 

 

In 1990, Ronsse defined skew semi invariant 

submanifold of a contact metric manifold. In this 

chapter we use this definition for para Kenmotsu 

manifolds. 

Definition 3 Let (M̅(2n+1), φ, ξ, g) be a para 

Kenmotsu manifold and Mn be a submanifold of 

M̅ which is tangent to ξ. For s distinct functions 

μ1, μ2, … , μs defined on M with values in the open 

interval (0,1) such that TM is decomposed as T − 

invariant and mutually orthogonal differentiable 

distributions given by  

TM = D0 ⊕ D1 ⊕ Dμ1 ⊕ … ⊕ Dμs ⊕ {ξ} 

then M  is called almost skew semi invairant 

submanifold of M̅. For each x ∈ M , the 

distributions are D0
x = ker(N),    D1

x =
ker(T) and Dμi

x = ker(T2 + μi
2I) , where I is the 

identity transformation and μ(x) belongs to closed 

real interval [0,1] such that −μ2(x)  is an 

eigenvalue of T2(p) (Ronsse,1990). Moreover if 

each μi is constant, then M is called a skew semi 

invariant submanifold. 

An known example of para Kenmotsu manifold is 

(ℝ2n+1, φ, ξ, η, g) . Now, we give a skew semi 

invairant submanifold example of 

(ℝ2n+1, φ, ξ, η, g).  

Example 1 

 

The para Kenmotsu structure on canonic contact manifold (ℝ2n+1, φ, ξ, η, g) is given by 

 

φ(U1, … , Un, V1, … , Vn, ξ) = (V1, … , Vn, −U1, … , −Un) 
 

ξ =
∂

∂z
,          η = dz 

g = e−2z ∑[dxi

n

i=1

⨂dxi + dyi⨂dyi] − η⨂η 

where Ui, Vi, 1 ≤ i ≤ 2n  are vector fields on 

ℝ2n+1 (Olszak, 2013). Let consider a submanifold 

of ℝ9 defined by 

M = X(u, v, k, l, s, w, t)
= (u, 0, k, s, v, l, cos w, sin w, t). 

Then we have a local frame of TM by 

 

e1 =
∂

∂x1
,   e2 =

∂

∂y1
,   e3 =

∂

∂x3
,   e4 =

∂

∂y2
, e5 =

∂

∂x4
  

e6 = sinw
∂

∂y3
+ cosw

∂

∂y4
,    e7 = ξ =

∂

∂z
 

 

and  

e1
∗ =

∂

∂x2
, e2

∗ =
∂

∂y3
 

from a basis of T⊥M .  We determine D0 =
Sp{e1, e2}, D1 = Sp{e3, e4} and Dμ = Sp{e5, e6} . 

Thus we get TM = D0 ⊕ D1 ⊕ Dμ  and M  is a 

skew semi invariant submanifold of ℝ9. 

Now, let Mn  be an skew semi invariant 

submanifold of para Kenmotsu manifold M̅. The 

projection morphisms of TM to the distributions 

D0, D1  and Dμ  are denoted respectively by P0, P1 

and P2. Then for each W ∈ Γ(TM) we have 

W = P0W + P1W + P2W + η(W)ξ.                                                                                                                 
(14) 

 

Thus from (10) we get TW = TP0W + TP2W and 

NW = NP1W + NP2W.  
By using (5), (6) and (14) and several 

computations we obtaion following propositions. 

Proposition 3 On M for Y ∈ Γ(TM) we have 

 

g(P0W, Y) = g(W, P0Y), for any W, Y ∈ Γ(D0)   
             (15) 

 

g(P1W, Y) = g(W, P1Y),    for any W, Y ∈ Γ(D1 )
             (16) 

 

 g(P2W, Y) = g(W, P2Y),   for any W, Y ∈ Γ(Dμ )  
                       (17) 

 

 

g(PiW, Y) = g(W, PjY),   for any W, Y ∈ Γ(TM ), i ≠ j and i, j ∈ {0,1,2}                                                      (18) 

 

∇Wξ = P0W, h(W, ξ) = 0  for any W ∈ Γ(D0 )                                                                                            (19) 

 

∇Wξ = 0, h(W, ξ) = P1W  for any W ∈ Γ(D1 )                                                                                            (20) 

 

∇Wξ = φTP2W, h(W, ξ) = φNP2W  for any W ∈ Γ(Dμ )                                                                            (21) 
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Theorem 2 Let Mn  be skew semi invariant 

submanifold of para Kenmotsu manifold M̅. The 

distrbution D0 is not integrable. 

Proof For all W, Y ∈ Γ(D0 )  and from equation 

(19) 

g([W, Y], ξ) = g(∇WY, ξ) − g(∇YW, ξ) 

                    =−g(Y, ∇Wξ) + g(W, ∇Yξ) 

         = g(Y, P0W) − g(W, P0Y) 

                    = 2g(W, P0Y). 
Thus D0 is integrable if and only if g(W, P0Y) =
0. From (15) the proof is completed.  

Theorem 3 Let Mn be skew semi invariant 

submanifold of para Kenmotsu manifold M̅. The 

distribution D1 is always integrable.  

Proof for all W, Y ∈ Γ(D1 ), from (20)  

g([Y, W], ξ) = g(∇YW, ξ) − g(∇WY, ξ) =
−g(W, ∇Yξ) + g(Y, ∇Wξ) = 0. 

Theorem 4 Let Mn  be skew semi invariant 

submanifold of para Kenmotsu manifold M̅. The 

distribution Dμ is always integrable.  

Proof For all W, Y ∈ Γ(Dμ ), from equation (21) 

g([W, Y], ξ) = −g(Y, ∇Wξ) + g(W, ∇Yξ) 

                    = −g(Y, φTP2W) + g(W, φTP2Y) 

  = g(φP2Y, TP2W) − g(φP2W, TP2Y) 

  = g(TP2Y, TP2W) − g(TP2W, TP2Y) 

  = 0. 
Theorem 5 Let M  be skew semi invariant 

submanifold of para Kenmotsu manifold M̅. The 

distrbution D0 ⊕ {ξ}  is always integrable if and 

only if h(W, φY) = h(Y, φW).  
Proof For all W, Y ∈ Γ(D0 ⊕ ξ} )  

φ([W, Y]) = φ∇̅WY − φ∇̅YW 

                  = ∇̅WφY − (∇̅Wφ)Y − ∇̅YφW − (∇̅Yφ)W 

                  = ∇WφY − h(W, φY) − g(φW, Y)ξ − η(Y)φW 

+∇YφW − h(Y, φW) − g(φY, W)ξ − η(W)φY. 
 

 

Then we give [W, Y] ∈ Γ(D0 ⊕ ξ} ) if and only if 

h(W, φY) = h(Y, φW) , where φ([W, Y])  shows 

the component of ∇WY  from ortogonal 

complementary distribution of D0 ⊕ {ξ} in M. 

Corollary 2 Let M  be skew semi invariant 

submanifold of para Kenmotsu manifold M̅. The 

distribution D1 ⊕ {ξ} is always integrable if and 

only if AφYW = AφWY. 

Theorem 6 Let M  be skew semi invariant 

submanifold of para Kenmotsu manifold M̅. The 

distribution D0 ⊕ D1 is not integrable. 

Proof For all W, Y ∈ Γ(D0 ⊕ D1 ) 

g([W, Y], ξ) = −g(Y, ∇Wξ) + g(W, ∇Yξ) 

                    = g(Y, P0W + P1W) − g(W, P0Y +
P1Y) 

                    = 2g(Y, P0W) − 2g(W, P1Y). 

Thus D0 ⊕ D1  is integrable if and only if 

g(Y, P0W) = g(W, P1Y) . From (18) the proof is 

completed. 

Corollary 3 Let M be skew semi invariant 

submanifold of para Kenmotsu manifold M̅. The 

distribution D0 ⊕ Dμ  and D1 ⊕ Dμ  is not 

integrable. 

 

5. Skew Invariant Submanifolds of Para 

Kenmotsu Space Form 

 

One of the special classes of contact manifolds is 

contact space form which has constant 

φ −sectional curvature. In this section we study 

on skew semi invariant submanifolds of para 

Kenmotsu space forms. The Riemannian 

curvature of a submanifold of para Kenmotsu 

space form M̅ is given by  

 

R(W, Y, U, V) =
c + 3

4
(g(Y, U)g(W, V) − g(W, U)g(Y, V)) 

                          +
c−1

4
(g(Y, φU)g(φW, V) − g(W, φU)g(φY, V) − 2g(W, φY)g(φU, V) 

  +g(W, U)η(Y)η(V) − g(Y, U)η(W)η(V) + g(Y, V)η(W)η(U) 

       −g(W, V)η(Y)η(U)) + g(h(W, U), h(Y, V)) − g(h(Y, U), h(W, V)).      (22) 

 

for all W, Y, U, V ∈ Γ(TM ) , where c  is constant 

φ −sectional curvature of  M̅. Now, we define a 

local field of orthonormal frames 

{e1, … , e2p, e2p+1, … , e2q,  e2q+1, … e2r, e2r+1}  on 

skew semi invariant submanifold M . Then we 

have  

D0 = sp{e1, … , e2p}, D1 = sp{e2p+1, … , e2q},    D2 = sp{e2q+1, … e2r, e2r+1},    

ξ = sp{e2r+1} 

where dimD0 = 2p, dimD1 = 2q  and dimD2 =
2r. 

Corollary 4 For a skew semi invariant 

submanifold of para Kenmotsu space form we 

have  
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R(W, Y, U, V) =
c + 3

4
(g(Y, U)g(W, V) − g(W, U)g(Y, V)) 

                 +
c − 1

4
(g(Y, φU)g(φW, V) − g(W, φU)g(φY, V) − 2g(W, φY)g(φU, V) 

+g(h(W, U), h(W, V)) − g(h(Y, U), h(W, V)) 

 

 

for all W, Y, U, VϵΓ(D0). 

 

Proof For all WϵΓ(D0), from η(W) = 0. Using 

(22), the desired equality is obtained. 

 

Theorem 7 Let M be skew semi invariant 

submanifold of para Kenmotsu space form M̅ and 

D1 be totally geodesic. Then M is flat if and only 

if c = −3.  

 

Proof For all W, Y, U, VϵΓ(D1) from (22) we have  

 

R(W, Y, U, V) =
c + 3

4
(g(Y, U)g(W, V) − g(W, U)g(Y, V)) + g(h(W, U), h(Y, V)) − g(h(Y, U), h(W, V)). 

Since D1 be totally geodesic then h = 0 and so  

R(W, Y, U, V) =
c + 3

4
(g(Y, U)g(W, V) − g(W, U)g(Y, V)). 

 

 

Thus M is flat if and only if c = −3.   

Theorem 8 Let M  be a skew semi invariant 

submanifold of para Kenmotsu space form M̅. If 

M is totally geodesic, then it is η-Einstein. 

Proof Let M  be totally geodesic skew semi 

invariant submanifold of para Kenmotsu space 

form M̅. For all W, Y ∈ Γ(TM) by using (22) the 

Ricci tensor is  

 

 

S(W, Y) = ∑ R(W, Ei, Ei, Y)

2p

i=1

+ ∑ R(W, Ej, Ej, Y)

2q

j=2p+1

+ ∑ R(W, Ek, Ek, Y)

2r

k=2q+1

+ R(W, ξ, ξ, Y) 

= (
c + 3

4
(2p − 1) − 3

c − 1

4
) g(Y, U) + ∑{g(h(W, Y), h(Ei, Ei))

2p

i=1

− g(h(Ei, Y), h(W, Ei))}

+ (
c + 3

4
(2q − 1) − 3

c − 1

4
) g(Y, U) 

              + ∑ {g (h(W, Y), h(Ej, Ej))
2q
j=2p+1 − g (h(Ej, Y), h(W, Ej))} 

+ (
c + 3

4
(2r − 1) − 3

c − 1

4
μ2) g(Y, U) + ∑ {g(h(W, Y), h(Ek, Ek))

2r

k=2q+1

 

                  −g(h(Ek, Y), h(W, Ek))} + g(W, Y) − η(W)η(Y). 
 

thus since h = 0 we get  

S(W, Y) = (
c+3

4
(2p + 2q + 2r − 3) − 3

c−1

4
(2 + μ2) + 1) g(W, Y) − η(W)η(Y).                    

Corollary 5 Let M be an skew semi invariant submanifold of para Kenmotsu space form M̅. Then the scalar 

curvature τ  of M is given by 

τ = (
c + 3

4
(2p + 2q + 2r − 3) − 3

c − 1

4
(2 + cos2θ) + 1) (2p + 2q + 2r + 1) − 1 

                    +
1

(2p+2q+2r+1)2
‖H‖2 + ‖h‖2. 
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