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Keywords Abstract: In this study, we introduce and investigate two new
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Starlike function, the present paper is to derive characteristic properties of the

Convex function functions belonging to these classes. Further, several coefficient
inequalities for the functions belonging to these classes are also
given.
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1. Introduction and Preliminaries

Let A be the class of analytic
functions f (z) in the open unit disk

U ={Z el : |Z|<1}, normalized by
f(0) =0= f’(0)—1 of the form

f(z2)=z+a,2°+--+a 2"+

> (1)
=z+> a7" a, ell.
n=2

Further, by S we will denote the family
of all functions in A which are
univalentin U .

Let T denote the subclass of all
functions  f(z), with non-positive

coefficients, in A of the form

2
f(z)=z-a,2°—--—a,2" -

- (2)
=z-Y a72" a,20
n=2

Many researchers have introduced and
investigated several subclasses of
analytic function class A (see, for
example [1-3]). Various subclasses of
A were introduced and some
geometric properties of  these
subclasses were investigated in several
studies (see [4-7]).

Recently, Prajapat [8] introduced the
subclasses

RI(k,a), V. (k,a), T/(k, B, )

and T/(k, B,) of A and several

inclusion relationships were established
for these subclasses. Also, very soon
Prajapat [9] introduced an interesting

subclass %, (y) of analytic and close-to-

convex functions in the open unit disk
U. In [9], Prajapat derived several
properties including coefficients
estimates, distortion theorems, covering
theorems and radius of convexity for
the functions belonging to the class

(7).

Soon after that, Mustafa [10] introduced
and investigated the subclass

K(a, p), a,ﬂe[o,l), which is the
generalization of the close-to-convex

functions class, named close-to-convex
with respect to a starlike function ¢(z)

of order a(ae[o,l)) and type

ﬂ(ﬂ € [0,1)) of analytic functions in

the open unit disk U . In [10], Mustafa
found sufficient conditions for the
parameters of the normalized Wright
functions to be in the class K(«, ) .

Very recently, Panigrahi and
Murugusundaramoorthy  [11] have
introduced a new subclass of the

univalent functions class S, denoted by
M;y’; () and they have found sharp

estimates for the difference of the
coefficients of the functions belonging
to this class.

As it can be seen from the above
mentioned studies, some of the
important and well-investigated

subclasses of S are the classes

S™(a) and C(cx) defined as follows.

Definition 1.1. (see also [12-14]) The
class of starlike functions S*(a) of
order a(ae[O,l)) and the class of
C(x)

convex functions of order
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0((0{ S [0,1)) are defined, respectively,

by

S (a) =

feA: Re[msz,
f(2) ,

zeU
ae[O,l)

and
Cla) =

feA: Re(1+ o "(Z)j > a,
f(2) ,

zeU
ae[0,1).

We will denote

TS (@) =S ()" T
and

TC(a) =C(ax) N T.

Interesting generalization of the
functions classes S (&) and C(a) are
denoted, respectively, by S™ (&, 5) and
C(«, ), and defined by

S (a, )=
feA:
Re( #'(2) j>a
Bzt'(z)+(1- ) (2) ’

zeU
a,ﬂe[O,l)

and

Cla,p) =
feA:
_ Re( f'(z)+zf "(2) jm’ |
f'(2)+ pzf "(2)
zeU

a,f<[0,1).

Moreover, we will denote
TS (or, B) =S (a0, B) T

and

TC(a, ) =C(a, )T .

The classes TS  (ar, B) and TC(a, )

were extensively studied by Altintas
and Owa [15] and certain conditions for
hypergeometric functions and
generalized Bessel functions for these
classes were studied by Moustafa [16]
and by Porwal and Dixit [17].

Inspired by the above mentioned
studies, we define a unification of the

functions classes S (&, ) and
C(a, B) as follows.

Definition 1.2. A function f e A given
by (1) is said to be in the class

$'C(a. B:7)
(o, 8€[0,1),7 €[0,1]) ifthe

following condition is satisfied
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f'(2)+y2° £"(2)
rz(f'(2)+ Bt "(2))+

Re

1-n(Bzt' (D) +1-p)f(2))

>a, zeU.
Further, we will use
TS C(a, B;7) =S C(a, B y) NT .

In special case, we have
$'C(a, $,0)=S"(a, B);
$'C(a, ;1) =C(a, p);
S°C(a,0;0) =S"(a);
S°C(x,0;1) =C(a);

TS'C(a, £;0) =TS (a, B);
TS'C(a, ;1) =TC(a, B);
TS'C(e,0;0) =TS ();

TS"C(e,0;1) =TC(a).

Suitably specializing the parameters we
note that

1) S'C(a,0;0) = S *(x) [18];
2) S"C(«,0;1) = C(c) [18];

3) TS'C(a, 3;0) =TS (e, B) [19-
22];

4) TS'C(er,0;0) =TS * () [18];
5) TS'C(a, ;1) =TC(ex, f) [15];
6) TS'C(e,0;1) =TC(cx) [18].

The object of the present paper is to
examine characteristic properties of the
classes

S'C(a, B;y) and TS'C(a, ;7).

a,fe [0,1), ye [0,1]. In this paper,

coefficient bounds for the functions
belonging in these classes are also
determined.

2. Coefficient Bounds for the Classes

S'C(a, f;y)and TS'C(a, ;%)

In this section, we will examine some
characteristic properties of the classes

S'C(a, f;y) and TS'C(a, B:7)

(a,ﬁe[O,l),ye[O,l])

of analytic functions in the open unit
disk U . Here, coefficient bounds for the

functions belonging to these classes are
also given.

A sufficient condition for the functions
in the class

S’C(a, By), @, f<€[01), ¥ €[0,1]

is given by the following theorem.

Theorem 2.1. Let f € A. Then, the
function f (z) belongs to the class

S'C(a, B;7)(a. B€[0,1), 7 €[0,1])

if the following condition is satisfied

(1+(n-1)y) |a |<1—a
x(n—a-(n-Dep)|" "~
(3)

o0

2.

n=2

The result is sharp for the functions
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f(z2)=z+

1-a)Z"
(1+(n—l);/)(n—a—(n—1)a,8)
zeU,n=23,...

Ll (4)

Proof. Let
f eSC(a, B;7), a,ﬂe[O,l),

y € [0,1]. Then, according to Definition

1.2, we have

7t '(2)+y2° "(2)
rz(f'(2)+ Bzt "(2))+

Re

1=y (B2 (1) +(1-p) 1 (2))

>a,zeU.

(5)
Also, we can easily show that the
condition (5) holds true if
7t '(2) +yz* £"(2)
rz(f'(2)+pzf"(z))+
+1-7) (B’ @ +A-P T (2)
<l-c.
(6)

Therefore, for the complete the proof of
the theorem suffices to show that the
condition (6) is satisfied.

By simple computation, we obtain

7t '(2) + yz2%1"(2)
rz(f'(2)+pzf"(z))+

+1-7) (B2t (D) +1-p) T (2))
-1

0 1+(n—l);/) .
nZ;L(n - ﬁ)}az

Z+

(1+ (n— 1)7/)

nZL 1+(n— 1)ﬁ)]a 2

o 1+(n—1)7)}
nZL(n ya-p
Z

(1+(n-2)y) |a|
S x(1+(-DB)| "

Last expression of the above inequality
is bounded by 1— ¢« if

iu(n D7) (- P)a|

n=

<

1+(n 1)}/) |a|
< 2 x(1+(n-1)5)

which is equivalent to (3).

We can easily see that the result of the
theorem is sharp for the functions given

by (4).

Thus, the proof of Theorem 2.1 is
completed.
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By setting » =0 and y =1 in Theorem
2.1, we can readily deduce the following

results.

Corollary 2.1. The function f (z)
defined by (1) belongs to the class

S"(a, B) (. B €[0,1)) if the

following condition is satisfied

Y (n—a-(n-Nap)la,|<l-a.
n=2

The result is sharp for the functions

l-«a /"
n—a—-(n-af '
zeU,n=23,....

f(z)=z2+

Corollary 2.2. The function f (z)
defined by (1) belongs to the class

C(a, p)(a, B €[0,1)) ifthe

following condition is satisfied

in(n —a-(n-1ap)|a,|

The result is sharp for the functions

f.(z2)=z+
l-a N
+ 2",
n(n—a—-(n-1)ap)
zeU,n=23,....

By taking £ =0 in Corollary 2.1 and

2.2, respectively, we have the following
results.

Corollary 2.3. (see [18, p. 110,
Theorem 1]) The function f (z)

defined by (1) belongs to the class

S (a) (a € [0,1)) if the following
condition is satisfied

> (n—a)|an| <l-a.
=2

n

The result is sharp for the functions

fn(z):z+1_—az”, zeU,

n=23,...

Corollary 2.4. (see [18, p. 110,
Corollary of Theorem 1]) The function
f (z) defined by (1) belongs to the

class C(«) (0{ € [0,1)) if the following

condition is satisfied

Y n(n-a)la,|<1-a.

n=2

The result is sharp for the functions

f.(2)= z+1_—0{zn
nin—a)

n=23,....

,2eU,

Remark 2.1. Numerous consequences
of the properties given by Corollary 2.3
and 2.4 can be obtained for each of the
classes studied by earlier researchers,
by specializing the various parameters
involved. Many of these consequences
were proved by earlier researches on
the subject (cf, e.g.,, [18]).

For the function in the class
TS*C(Ot, [ 7), the converse of

Theorem 2.1 is also true.

Theorem 2.2. Let f €T . Then, the
function f (z) belongs to the class
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TS'C(ar, B:7)
(e, B€[0,1),7 €[0,1])

if and only if

o (1+ (n—l);/) .,
x(n—a—(n-Dap)| " (7

<l-oa.

n=2

The result is sharp for the functions
f(2)=2-
(1l-a)Z"

(I+(-Dy)(n-a-(n-1)ap)
zelU,n=23,....

» (8)

Proof. The proof of the sufficiency of
the theorem can be proved similarly to
the proof of Theorem 2.1.

We will prove only the necessity of the
theorem. Assume that

f eTS'C(a, By). ¢, f €[0,1),
ye[O,l].That is,

7t '(2) + y221"(2)
yz(f'(z)+ pf"(2))+
Re >a,

pzf'(z) +
+Hi-r )[+(1—ﬂ) f (z)j
zeU.

By simple computation, we obtain

f'(2)+y2° 1"(2)
rz(f'(z)+ Bzt "(2))+

Re
pzf'(z)+
e )(+(1—/3) f (z)J
z—in(lJr(n—l)y)anz”
n=2 -
=Re
) (1+(n—1)7/) )
_nz—;'L(hr(n—l)ﬁ) ot
> .

The last expression in the brackets of
the above inequality is real if we choose
Z as areal. Hence, from the previous

inequality letting Z —1 through real
values, we obtain

1—in[l+ ry(n-1)]a, >

= | (1+(n-1)y)
= 1_Z|:x(1+ﬂ(n—1))}an |

n=2

It follows that

= | (1+(n-1)y)
ZL(n—oz—(n—l)oz,ﬁ) o <1man

n=2

which is the same as the condition (7).

Moreover, it is clear that the equality in
(7) is satisfied by the functions given by

(8).

Thus, the proof of Theorem 2.2 is
completed.
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By taking » =0 and y =1 in Theorem

2.2, we can readily deduce the following
results.

Corollary 2.5. The function f (z)
defined by (2) belongs to the class

TS*(a,ﬂ)(a, pe [O,l)) ifand only if

i(n—a—(n—l)aﬂ)an <l-a.

n=2
The result is sharp for the functions

l-« /"
n—-a—-(n-Yap
zeU,n=23,....

fn(z):Z_

Corollary 2.6. The function f (z)
defined by (2) belongs to the class
TC(«, ) (a, pe [0,1)) ifand only if

in(n—a—(n—l)aﬂ)an <l-a.

n=2

The result is sharp for the functions

f(z2)=2-
l-a n
— 7,
n(n-—a-(n-1)ap)
zeU,n=23,....

Remark 2.2. The results obtained by
Corollary 2.5 and Corollary 2.6 would
reduce to known results in [15].

By taking £ =0 in Corollary 2.5 and

2.6, respectively, we have the following
results.

Corollary 2.7. (see [18, p. 110,
Theorem 2]) The function f (z)

defined by (2) belongs to the class
TS (o) (0( € [0,1)) if and only if

Corollary 2.8. (see [18, p. 111,
Corollary 2]) The function f (z)

defined by (2) belongs to the class
TC (a)(a € [0,1)) ifand only if

l-a
f =7- "
zeU, n=2,3,

From Theorem 2.2, we have the
following result.

Corollary 2.9. If

f eTS'C(ax, B;7), then

l-o
< (1+(n-1)y) ’
x(n—a—(n-1ap)
n=23,...

Remark 2.3. Numerous consequences
of Corollary 2.9 can be deduced by
specializing the various parameters
involved. Many of these consequences
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were proved by earlier researchers on
the subject (cf, e.g., [18, 19]).

On the coefficient bounds of the
functions belonging in the class

TSC(ax, B;7) , we give the following
theorem.

Theorem 2.3. Let the function f (z)
defined by (2) belongs to the class

TS'C(a, B:7)
(e, 8€[0,1), 7 €[0,1]).

Then,

> 1-«

2Rl g ©
and

> 2(l-a)
2R e A

(10)

Proof. Using Theorem 2.2, we write

1+ (2-1+ B Z|a|

|:1+(n Dy) }
<> |a,|
2| x(n—a—(n-1)ap)
<1-

Thatis,

o0

1-«o
2y e pa)

Thus, inequality (9) is provided.

Similarly, we obtain

(2—(1+ﬂ)a)i(1—y+ny)|an|

= | (1+(n-1)y) a
(n—a-(n-1)ap)

-,

<

IA
[E=N

which is equivalent to
(2-@+ ﬂ)a)yz nla,|
n=2

<l-a-@1-2)(2- 0+ Aa) Y fa|

Using (9) in the last inequality, we
arrive at the following

(2—(1+ﬁ)a)7in|an|

<l-a—-@1-y)(2-Q+B)a)
8 l-«o _ 27(l- )
L+ (2-A+Pa)  1+y

This immediately yields the second
assertion (10) of Theorem 2.3.

By setting » =0 and y =1 in Theorem

2.3, we arrive at the following results,
respectively.

Corollary 2.10. Let the function
f (2) defined by (2) belongs to the class

TS (a, B) (a, B €[0,1)).

Then,
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Corollary 2.11. Let the function
f (2) defined by (2) belongs to the class

TC(a, B) (@, B€[0,1)) .

Then,

2 [
n=2

< l-«

“2(2-(+ Par) and

l-a
2—(1+Ra’

> nla,)<

n=2

Remark 2.4. Numerous consequences
of the coefficient inequalities (given by
Corollary 2.10 and Corollary 2.11) can
indeed be deduced by specializing the
various parameters involved. For
example, by setting =0, we obtain

the results for the classes TS™ (&) and
TC(x) (0( € [0,1)) , respectively.

Moreover, by setting « = =0 in
Corollary 2.10 and 2.11, we obtain
interesting results for the classes TS™
and TC, respectively.

Corollary 2.12. Let the function
f (z) defined by (2) belongs to the class

TS”. Then,

a5 ana Snfal<i
n=2

n=2

Corollary 2.13. Let the function
f (2) defined by (2) belongs to the class

TC . Then,

3. Concluding Remarks
In this paper, two new subclasses

S'C(a, B;y) and TS'C(a, B7),
a,fe [O,l),]/ € [O,l] of analytic

functions in the open unit disk are
introduced and investigated. In the
present paper, the characteristic
properties of the functions belonging to
these classes are derived. Further, several
coefficient inequalities for functions
belonging to these classes are obtained.
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