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Abstract  

The total irregularity of a simple undirected graph G  is defined as 
     

 ,

1

2
t G Gu v V G

irr G d u d v


 
, where 

 
G

d u
 

denotes the degree of a vertex 
 u V G

. The Indu-Bala product of 1
G

 and 2
G

 is denoted by 1 2
G G

 and is obtained from two 

disjoint copies of the join 1 2
G G

 of 1
G

 and 2
G

 by joining the corresponding vertices in the two copies of 2
G

. In this paper, the 

total irregularity of 1 2
G G

 is obtained in terms of the total irregularities of 1
G

 and 2
G

. 

 

 

Keywords: Irregularity of a graph; Total irregularity of a graph 

 

 

 

1. INTRODUCTION 

 

In this paper, finite, simple and undirected graphs 

 ,G V E  with vertex set V , edge set E  are considered. 

 

In [1] the total irregularity of a graph is defined as   

     
 ,

1

2
t G Gu v V G

irr G d u d v


  , 

where  
G

d u  denotes the degree of a vertex  u V G . 

 

This parameter has attracted much attention. For recent 

related work on total irregularity, we refer the reader to [2-

3,4-7,8-13] and the references therein. 

 

Recently, in [14], a new graph operation, so-called Indu-Bala 

product of graphs, is defined by Indulal and Balakrishnan. 

The join of two disjoint graphs 
1

G  and 
2

G  with disjoint 

vertex sets  
1

V G  and  
2

V G  and edge sets  
1

E G  and 

 
2

E G  is the graph 
1 2

G G G   with vertex set 

     
1 2

V G V G V G   and edge set 

            
1 2 1 2

, : ,E G E G E G u v u V G v V G     . 

Let    
1

1 1 2
, , ,

n
V G u u u  and    

2
2 1 2

, , , .
n

V G v v v  

The Indu-Bala product 
1 2

G G  of 
1

G  and 
2

G  is obtained by 

taking a disjoint copy 
1 2

G G   of 
1 2

G G  with vertex sets 

   
1

1 1 2
, , ,

n
V G u u u     and    

2
2 1 2

, , ,
n

V G v v v     

and then making 
i

v  adjacent with 
i

v   for each 
2

1, 2, ,i n

. 

By the definition of Indu-Bala product, for every vertex 
i

u , 

j
v , 

i
u  , and 

j
v   (

1
1 i n  , 

2
1 j n  ), it holds that 

     
1 2 1 2 1

2G G i G G i G i
d u d u d u n

 
   , for 

1
1 i n  ; 

     
1 2 1 2 2

1
1

G G j G G j G j
d v d v d v n

 
    , for 

2
1 j n  . 

 

In this paper, the total irregularity of Indu-Bala product of 

graphs are computed and exact formula in terms of the total 

irregularities of the underlying graphs is derived. 

 

2. MAIN RESULTS 

 

Theorem 2.1. Let 
1

G  and 
2

G  be graphs with 
1

n  and 
2

n  

vertices, respectively. Then  

          
1 2

1 2
1 2 1 2 2 1

1 1

4 1 .
n n

t t t G i G j

i j

irr G G irr G irr G d u n d v n
 

       
 
 
 


 

Proof. The vertex set of 
1 2

G G  can be partitioned into four 

subsets as  

http://apjes.com/
mailto:zeynep.berberler@deu.edu.tr
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    
1 1 2 1

:
i i

V u V G G u V G      
1

1 i n  , 

    
2 1 2 2

:
i i

V v V G G v V G      
2

1 i n  , 

    3 1 2 2
:

i i
V v V G G v V G        

2
1 i n  , 

    4 1 2 1
:

i i
V u V G G u V G        

1
1 i n  . 

 

From the definition of graph total irregularity, it follows that  

     
 

1 2 1 2

1 , 4

1 2 ,

1

2 i j

i j

t G G G Gu V v V
irr G G d u d v

 

  
   . 

The contribution of the vertices in 
1

V  to the total irregularity 

of 
1 2

G G  is given by 

     
 

1 1 2 1 21

1 4

1 2 ,

1

2 i

i

t G G G Gu V v V
irr G G d u d v

 

  
   . 

 

We start to compute with  

       
1 1

1 2 1 2 1 2 1 21,
1 1

1 1
.

2 2
j i

n n

G G G G G G i G G ju v V
i j

d u d v d u d v



   
 

   

 

By substituting the values of parameters in terms of the 

degrees of the vertices of 
1

G , we compute 

         
1 1 1 1

1 1 1 1
2 2

1 1 1 1

1 1

2 2
j i j i

n n n n

G i G j G i G j

i j i j

d u n d v n d u d v

 

   

      
  

   
 

 
1 11

1, G G tu v V G
d u d v irr G


    .        (1) 

       
1 2

1 2 1 2 1 2 1 21 2
,

1 1

1 1

2 2
.

n n

G G G G G G i G G ju V v V

i j

d u d v d u d v
    

 

     

 

By substituting the values of parameters in terms of the 

degrees of the vertices of 1G  and 2G , we receive 

     
1 2

1 2
2 1

1 1

1
1

2

n n

G i G j

i j

d u n d v n
 

     .       (2) 

       
1 2

1 2 1 2 1 2 1 21 3
,

1 1

1 1

2 2
.

n n

G G G G G G i G G ju V v V

i j

d u d v d u d v
    

 

     

Since    
1 2 1 2

G G i G G i
d v d v

 
  for  

2i
v V G   and 

 2i
v V G     

2
1 i n  , we get the same equality in (2). 

       
1 1

1 2 1 2 1 2 1 21 4
,

1 1

1 1

2 2
.

n n

G G G G G G i G G ju V v V

i j

d u d v d u d u
    

 

     

Since    
1 2 1 2

G G i G G i
d u d u

 
  for  

1i
u V G   and 

 1i
u V G   , we get the same equality in (1). 

        
1 2

1 1 2
1 2 1 2 1

1 1

2 1 .
n n

t t G i G j

i j

irr G G irr G d u n d v n
 

        

The contribution of the vertices in 
2

V  to the total irregularity 

of 
1 2

G G  is given by 

     
 

2 1 2 1 22

1 4

1 2 ,

1

2 i

i

t G G G Gu V v V
irr G G d u d v

 

  
   . 

 

We start to compute with  

 

       
2 1

1 2 1 2 1 2 1 22 1
,

1 1

1 1

2 2

n n

G G G G G G i G G ju V v V

i j

d u d v d u d v
    

 

     

     
2 1

2 1
1 2

1 1

1
1

2

n n

G i G j

i j

d u n d v n
 

     .       (3) 

       
2 2

1 2 1 2 1 2 1 22
,

1 1

1 1

2 2
.

j i

n n

G G G G G G i G G ju v V

i j

d u d v d u d v



   

 

   
 

 

By substituting the values of parameters in terms of the 

degrees of the vertices of 
2

G , we receive 

 

         
2 2 2 2

2 2 2 2
1 1

1 1 1 1

1 1
1 1

2 2
j i j i

n n n n

G i G j G i G j

i j i j

d u n d v n d u d v

 

   

        
  

   
 

 
2 22

2,

1

2
G G tu v V G

d u d v irr G


   .       (4) 

       
2 2

1 2 1 2 1 2 1 22 3
,

1 1

1 1

2 2

n n

G G G G G G i G G ju V v V

i j

d u d v d u d u
    

 

     

         
2 2 2 2

2 2 2 2
1 1

1 1 1 1

1 1
1 1

2 2

n n n n

G i G j G i G j

i j i j

d u n d u n d u d u
   

        
 

     
 

2 22
2,

1

2
G G tu v V G

d u d v irr G


   .       (5) 

       
2 1

1 2 1 2 1 2 1 22 4
,

1 1

1 1

2 2

n n

G G G G G G i G G ju V v V

i j

d u d v d u d v
    

 

     

     
2 1

2 1
1 2

1 1

1
1

2

n n

G i G j

i j

d u n d v n
 

     .       (6) 

 

By the equations (3), (4), (5) and (6), we compute 

        
2 1

2 2 1
1 2 2 1 2

1 1

2 1 .
n n

t t G i G j

i j

irr G G irr G d u n d v n
 

        

Also, the contribution of the vertices in 
3

V  to the total 

irregularity of 
1 2

G G  is given by 

     
 

3 1 2 1 23

1 4

1 2 ,

1

2 i

i

t G G G Gu V v V
irr G G d u d v

 

  
   . 

We start to compute with  

       
2 1

1 2 1 2 1 2 1 23 1
,

1 1

1 1

2 2

n n

G G G G G G i G G ju V v V

i j

d u d v d u d v
    

 

     

     
2 1

2 1
1 2

1 1

1
1

2

n n

G i G j

i j

d u n d v n
 

     .       (7) 

       
2 2

1 2 1 2 1 2 1 23 2
,

1 1

1 1

2 2

n n

G G G G G G i G G ju V v V

i j

d u d v d u d u
    

 

     

         
2 2 2 2

2 2 2 2
1 1

1 1 1 1

1 1
1 1

2 2

n n n n

G i G j G i G j

i j i j

d u n d u n d u d u
   

        
 

     
  2 22

2,

1

2
G G tu v V G

d u d v irr G


   .       (8) 
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       
2 2

1 2 1 2 1 2 1 23
,

1 1

1 1

2 2
j i

n n

G G G G G G i G G ju v V

i j

d u d v d u d u



   

 

    
 

         
2 2 2 2

2 2 2 2
1 1

1 1 1 1

1 1
1 1

2 2
j i j i

n n n n

G i G j G i G j

i j i j

d u n d u n d u d u

 

   

        
 

   
 

 
2 22

2,

1

2
G G tu v V G

d u d v irr G


   .       (9) 

       
2 1

1 2 1 2 1 2 1 23 4
,

1 1

1 1

2 2

n n

G G G G G G i G G ju V v V

i j

d u d v d u d v
    

 

      

     
2 1

2 1
1 2

1 1

1
1

2

n n

G i G j

i j

d u n d v n
 

     .     (10) 

Hence, we receive 

        
2 1

3 2 11 2 2 1 2

1 1

1
2 1 .

2

n n

t t G i G j

i j

irr G G irr G d u n d v n
 

      

The contribution of the vertices in 
4

V  to the total irregularity 

of 
1 2

G G  is given by 

     
 

4 1 2 1 24

1 4

1 2 ,

1

2 i

i

t G G G Gu V v V
irr G G d u d v

 

  
   . 

We start to compute with  

       
1 1

1 2 1 2 1 2 1 24 1
,

1 1

1 1

2 2

n n

G G G G G G i G G ju V v V

i j

d u d v d u d u
    

 

     

         
1 1 1 1

1 1 1 1
2 2

1 1 1 1

1 1

2 2

n n n n

G i G j G i G j

i j i j

d u n d u n d u d u
   

      
 

   
 

 
1 11

1,

1

2
G G tu v V G

d u d v irr G


   .      (11) 

       
1 2

1 2 1 2 1 2 1 24 2
,

1 1

1 1

2 2

n n

G G G G G G i G G ju V v V

i j

d u d v d u d v
    

 

     

     
1 2

1 2
2 1

1 1

1
1

2

n n

G i G j

i j

d u n d v n
 

     .     (12) 

       
1 2

1 2 1 2 1 2 1 24 3
,

1 1

1 1

2 2
.

n n

G G G G G G i G G ju V v V

i j

d u d v d u d v
    

 

      

Since    
1 2 1 2

G G j G G j
d v d v

 
  for  

2j
v V G   and 

 2j
v V G     

2
1 j n  , we get the same equality in 

(12). 

       
1 1

1 2 1 2 1 2 1 24
,

1 1

1 1

2 2

n n

G G G G G G i G G ju v V

i j

d u d v d u d u
   

 

      

         
1 1 1 1

1 1 1 1
2 2

1 1 1 1

1 1

2 2

n n n n

G i G j G i G j

i j i j

d u n d u n d u d u
   

      
 

   
 

 
1 11

1,

1

2
G G tu v V G

d u d v irr G


   .      (13) 

Hence, 

         
1 2

4 1 2
1 2 1 2 1

1 1

2 1 .
n n

t t G i G j

i j

irr G G irr G d u n d v n
 

        

Summing the contributions of the vertex sets 
1

V , 
2

V , 
3

V  and 

4
V , we finally obtain the desired result of 

   
4

1 2 1 2

1

i
t t

i

irr G G irr G G


   . Thus, the proof holds. 

 

3. CONCLUDING REMARKS 

 

Graph products play a significant role in pure and applied 

mathematics, and computer science and many of the 

problems can be easily handled if the related underlying 

graphs are regular or close to regular [4]. Therefore in many 

applications and problems, it is of great importance to know 

how irregular a given graph is.  

 

We focus our investigation to the study of how the total 

irregularity of a graph changes with operations based on 

graph products. Indu-Bala product of graphs is a novel graph 

operation. In this paper, we consider the total irregularity of 

simple undirected graphs under Indu-Bala product. Exact 

formula is given to compute the total irregularity of Indu-

Bala product of graphs in terms of the total irregularities and 

vertex degrees of underlying graphs. 
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