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Abstract: In this paper, instead of traditional statistics, the Bayesian statistic has been considered in
control charts based on economic and economic-statistical design. Due to the fact that this statistic does not
have any specified distribution, the Monte Carlo method and artificial bee colony (ABC) algorithm have been
utilized in order to obtain design optimum parameters (sample size, sampling interval and control limit). The
study indicates that the Bayesian statistic performance of control charts can be effective in this optimization
problem. In addition, Numerical and comparison section are presented to support this proposition.
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1. Introduction

The X-bar chart is a proven statistical process control tool that is applied to reduce the variability
of a process. Parameters that must be selected by control chart designer are the sample size n, the
sampling interval h, and the width of the control limit k.

The statistical design strategy is to choose design parameters in order to maximize the time
between false alarms and minimize the time to detect an off-target process. Statistically designed
control charts have desirable statistical properties, but the operating cost can be quite high.

To reduce the total costs involved, many researchers have considered an economic criterion
in design of a control chart ([4], [5], [13] and [1]). The economic approach involves developing a
cost function that considers all cost components related to monitoring and controlling a process.
The design parameters are chosen such that the cost function could be minimized. This method is
called The economic design of control charts in the quality control literature. Focusing on a single
factor while ignoring others, can be contributed to keep us away from optimization.

In order to solve this problem, [17] applied some statistical constraints in order to minimize
average cost in per unit of time, and proposed economic-statistical designs. Regards to the designers
needs, these constraints are based upon different statistical performance measures (For example,
Type I error, power of the chart, adjusted average time to signal (AATS) and average number of
false alarm (ANF)). As a matter of fact, economic-statistical designs are economic designs that
some statistical limitations have been applied on them. Several authors have followed this scheme
([24], [15], [23] and [7].

Traditional non-Bayesian Control charts are widely used to establish and maintain statistical
control of a process. However, [21, 22] has shown that these control techniques are not optimal.
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Initial efforts to Bayesian process control (not directly to a control chart) was raised by [8], [6]
and [16]. More recent endeavors on Bayesian control chart are done by [18, 19], [2], [20] and [14].

In these papers, first of all, it has been presented to the economic design without statistical
considerations. Second, since the Bayesian statistic does not have specified distribution, design
parameters have been obtained based on some special constraints and not in the general case.
Finally, production run has been considered finite.

In this paper, based on economic and economic-statistical design, parameters of Bayesian
control chart have been obtained far from the above limitations. In numerical section, the newer
and faster ABC algorithm has been utilized which is also more accurate than the most commonly
used one (Genetic algorithm). The paper is organized as follows: Next section has a brief review
of Bayesian control chart. The economic and economic-statistical designs of Bayesian control chart
are described in the section 3. In Section 4, the optimization procedure has been discussed by using
ABC algorithm. In section 5, design optimum parameters are obtained based on two above designs
by numerical method and economic and economic-statistical design of Bayesian chart is compared
with traditional non-Bayesian approaches. Also to look at the effects of statistical properties, the
two discussed designs were compared. The last section provides some concluding remarks.

2. Bayesian scheme

A machine that produces some items, is possessing a measurable quality characteristic that can
be in one of two states: An in-control state (0) when only common causes of variation are presented,
and out-of control state (1) when an assignable cause is presented. Random samples of size n are
taken from the process at any h time units. The length of time the process stays in control is
exponentially distributed with mean i The process starts in control and while it remains in that
state, is normally distributed with mean p° and the standard deviation o.Without loss of generality,
in this paper is considered p° =0 and o = 1. The process is subject to the one assignable cause
that shifts the mean of the quality characteristic (process mean) to ' = p° + do, without affecting
the standard deviation (without loss of generality ¢ > 0).
The statistic of Bayesian control chart is defined as the posterior probability that process be in-
control which denoted by & at the tth stage of sampling. Thus, § = P(u; = ;LO’X(”), where X®
is all observation till time t. According to properties of Markov chain, it is simply to show that:

_ §t—1€_xh’f(Xt|#z =p)

Et—lei)‘hf(Xt“ﬁt = ,UO) + (1 - ei)\hgt—l)f(XtLU't = Nl)
where f(Xt‘,ut =p°) and f(Xt|/Lt = ') are density functions of X; given the process is in-control
and out-of-control, respectively. It is obvious that 0 < §; < 1. Production continues as long as & > k,

where k is control limit. Thus parameters of a Bayesian control chart are n, h and & that should
be determined.

&

3. Economic and Economic-statistical design of Bayesian scheme
Economic-statistical design that used in this paper is economic model that was proposed by [3]
with some statistical constraints in terms of AATS and ANF. According to this model, the process
cycle consists of the following phases: in control (phases 1), out of control (phases 2), assignable
cause detection (phases 3), and repair (phases 4). Let ATC be the average time from the start
of production until the first signal after the process shift. Therefore, the expected length of a
production cycle is given by
E(T)=ATC+Tyx ANF+T, (3.1)

where T is the average time taken for a false alarm, when the process is in control and T} is the
average time to find and remove the assignable cause.
The expected net profit from a production cycle is given by

E(P):%—&—VlXAATS—ag—agXANF—angNI (3.2)
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where Vj is the average profit per hour earned when the process is operating in control, V; is the
average profit per hour earned when the process is operating out of control, AATS is the average
time to signal after process shift, az is the average cost to detect and remove the assignable cause,
ay is the average consequence cost of a false alarm, as is the cost per inspected item and ANI is
average number of inspected items per cycle. The loss function , or average production cycle cost
per hour is given by

E Y 4 v, x AATS — a3 —a, x ANF — ANI
B(L) =V~ P vy SIS Tl
L4 Ty x ANF + AATS+ T,

(3.3)

On the ED, we look for minimizing without any limitation on . But on the ESD some statistical
constraints apply as follows:

AATS < AATS,
ANF < ANF,.

We fix AATSy =7 and ANF, = 0.5. To evaluate object function , it is necessary to determine
AATS, ATC, ANI and ANF. Computation common methods of these parameters require knowing
the distribution of control chart statistic. For example in X-bar chart, when quality characteristic
is normally distributed, the distribution of control chart statistic, i.e. X, is normal too and so we
can apply Markov chain approach to compute these parameters and transition probability matrix.
Since the Bayesian statistic does not have any specified distribution, the Monte Carlo method
has been used to obtain the mentioned parameters. According to the definition of AATS and ATC
it is obvious that 1
AATS = ATC — X

Therefore it is sufficient to compute three parameters ATC, ANF and ANI.

Let S, be the time from the start of production until the first signal after the process

shift. Thus, ATC = E(S). If we simulate process cycle N times, then for large values of N, a good

N

approximation of ATC is E”Nbi , where S; is value of in ith cycle. Other parameters can be computed
in such a way. In this paper we considered .

4. Optimization method

The purpose of the economic design of Bayesian control chart is to find the value of design
parameters by minimizing the equation 3 unconditionally on it. But based on economic-statistical
design, the optimization problem can be written as

min  E(L)

st.: 0.1<h<8
nezt
0<k<1
AATS L7
ANF <0.5.

This nonlinear constrained optimization problem is addressed through the ABC algorithm to obtain
the optimum design parameters of the Bayesian control chart.

In 2005, Karaboga proposed an artificial bee colony, which is based on a particular intelligent
behavior of honeybee swarms. ABC is developed based on inspecting the behaviors of real bees on
finding nectar and sharing the information of food sources to the bees in the hive. Agents in ABC
are the Employed bee, the Onlooker bee and the Scout bee. The employed bee stays on a food
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source and keeps neighborhood of the source in its memory. The onlooker bee gets information of
food sources from the employed bees in the hive and select one food source to gather the nectar.
The Scout is responsible for finding new food, new nectar and sources. Procedures of ABC are as
follows:

- Initialize (Move the scouts)

- Move the onlookers

- Move the scouts only if the counters of the employed bees hit the limit

- Update the memory

- Check the termination condition.
Probability of selecting a nectar source is:

o F)

Ki:lej)

where P; is the probability of selecting the ith employed bee, S is the number of employed bees,
0; is the position of the ith employed bee and F(6;) is fitness value. In fact, F(6;) is the value of
response variable by ith independent variable. The new position, calculate as follow:

i (t+1) =05 () + (03 () — 01 (1))

where x; is position of the onlooker bee, t is the iteration number, 6, is the randomly chosen
employed bee, j is the dimension of the solution and ¢(.) is a series of random variable in the range
. And the movement of the scout bees follows equation

eij = 0j min T T(ej max 0]’ min) (41)

where 7 € [0,1] is a random number. For more knowledge about this, reader can refer to [9], [10],
[11] and [12].

5. Numerical Result

The optimization and simulation algorithm for FRS Bayesian scheme based on two designs sep-
arately are coded in MATLAB. Input variables that have been considered for simulation are Vj,as,
ay, az, A and § which are given in Table 1. These values are proposed by Costa and Rahim (2001).
For each row, simulation program was run and optimum design parameters and the minimum

TABLE 1. Values of as, aj, as, Vo, Vi, To, Th, A and 6

Case a; s s Vo ' T T A &
1 § 500 504 500 1] 5 1 0.01 1

2 10 500 500 500 0 5 1 0.01 1

3 L 250 500 500 0 5 1 0.01 1

4 5 500 5040 250 0 5 1 0.01 1

5 - 500 500 500 0 2.5 1 0.01 1

[ 5 500 500 500 0 5 1 0.01 1.5
7 5 500 50 500 0 5 1 0.01 1

§ 5 500 500 500 0 5 10 0.01 1

9 5 500 500 500 0 5 1 0.01 0.75
10 5 500 500 500 0 5 1 0.01 0.5

I 5 S00 500 500 0 5 1 0.05 1
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costs for Bayesian approach based on economic and economic-statistical designs were determined
in Table2 and Table3 respectively. Also the design parameters values for ED X-bar approach which
has come in [3] are shown in Table 4. In that paper, some statistical properties such as AATS, ATC
and ANI, had not reported. For better comparison, according to relation between AATS, ATC,
ANT and LOSS and ANF, we have been computed them and has been shown in the Table 4. Also,
the optimal values for X-bar scheme based on ESD was computed and presented in Table 5.

TABLE 2. Optimal design and performance for the economic Bayesian approach
CASE  AATS ANF LOSS n h k

1 0.83 0.03 31.09 4 121 042

2 0.07 001 3480 2 081 056
3 0.27 000 1439 2 310 0.07
4 0.93 018 2056 6 373 054
5 0.04 000 1482 1 105 027
6 0.08 007 2106 2 113 051
7 0.26 0.17 19.97 3 176 068
8 0.57 001 5969 5 3.18 0.4
9 0.35 0.08 2245 4 231 062

10 0.14 0.00 1677 2 160 0.06

1 0.18 0.00 99.20 1 010 0.76
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TABLE 3. Optimal design and performance for the economic-statistical Bayesian approach
CASE  AATS ANF LOSS n h k

1 0.04 0.00 1567 1 089 0.12

2 0.02 0.00 3565 2 050 0.69
3 0.17 0.00 19.27 1 057 072
4 0.27 0.08 2779 1 057 091
5 0.03 0.00 2848 3 081 038
6 0.07 0.00 1924 3 666 0.01
7 0.10 0.00 2354 4 113 018
8 0.14 0.00 59.88 1 050 0.11
9 033 0.05 13.06 1 287 050
10 0.11 0.01 4982 7 0.89 0.6
1 0.07 0.00 9957 1 010 051

TABLE 4. Optimal design and performance for the economic X-bar approach
CASE AATS ANF LOSS n h k

1 16.76  0.09 4304 15 545 2.82
2 1437 013 5440 13 722 258
3 1674 010 4282 15 540 279
4 1552 011 2965 14 739 263
5 1553 015 2480 14 517 265
6 9.34 0.05  33.35 8 3.8 3.08
7 1676 009 3875 15 543 282
8 1675 009 79.08 15 564 2.80
9 2495 012 5197 24 689 262
10 39.59 0.1 68.00 43 947 231

11 17.46  0.04 11400 15 257 2.75
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TABLE 5. Optimal design and performance for the economic-statistical X-bar approach

CASE AATS ANF LOSS n h k

! 102 000 1966 1 102 1261
E 145 000 2367 1 145 2573
3 102 000 1721 1 102 2078
4 146 000 1428 1 145 16.87
5 102 000 1966 1  1.02 23.25
6 1.02 000 1966 1 102 2617
7 102 000 1966 1 102 2296
8 1.06 000 5859 1 106 27.67
9 102 000 1966 1 102 27.03
10 302 000 1966 1 102 2514

1 048 000 6768 1 048 1094

6. Conclusion

In this paper we proposed an economic and economic-statistical design of Bayesian control
chart and determined optimization design parameters based on them separately. The Monte Carlo
method has been used based on the fact that finding the distribution of Bayesian statistic is difficult.

Design parameters, AATS, ANF and LOSS values show that although economic design based

on Bayesian control chart can significantly improve cost in more rows of Table 1, its performance
in statistical properties is poor in comparison with economic-statistical design. But in Bayesian
approach, average time to signal after shifting the process to out of control state (AATS), average
number of false alarm (ANF), sample size (n), the sampling interval (h) and cost of production
have a good performance compared to X-bar approach in all rows.
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