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A note on the stability of a neural field model

Berrak Ozgiir*t, Ali Demir? and Serta¢ Erman®

Abstract

In this paper we consider the neural field model for two neural pop-
ulations. We investigate the properties of D-curves and we give some
conditions for asymptotic stability. The asymptotic stability region is
determined by using the Stépan’s formula. Taking various delay terms
into account, the effect of delay on the stability is investigated. More-
over we study on the stability cases by considering the real roots of the
characteristic equation.
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1. Introduction

The neural field models are one of the very interesting topics in neuroscience. The
studies made by Wilson and Cowan, Amari [12],[1] are very important in this area.
According to the study [9] by Veltz, neural field equations describe the activity of neural
populations at a mesoscopic level. These models are made to describe the mean activity
of neural populations. In these models, integro differential equations are used. For some
biological cases the time is needed, hence the delay terms are added in these models.
The propagation delay terms in [4],[9]-[10] are added to describe the time for a signal to
travel a distance. The delay terms may be constant or space dependent.

The scientists are very interested in neural field theory. The stability of this model is
considered in many papers. A center manifold result is given by Veltz and Faugeras in
[11]. The existence and uniqueness of the solution is studied in [4] by Faye and Faugeras.
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The effect of the delay on the stability is studied by Faye, Faugeras and Veltz in [4],[9]-
[10].

The main aim of this study is to investigate the asymptotic stability conditions for
a neural field system. In [9], the stability analysis of a linearized neural field equation
for one neural population is made. The main focus of this study is to make the stability
analysis of the model for two neuron populations. The difference of this work is that
the neurons in the first population are in a relation among themselves and also the
effect of the neurons in the second population on the ones in the first population is
considered. To make the stability analysis we use the D-subdivision method for which
we need the characteristic equation of the linearized system. The process of this method
is to separate the parameter space in subspaces after finding the D-curves on which pure
imaginary roots locate. This method is also used to make the stability analysis of the
Hayes equation, the Cushing equation, the delayed Mathieu equation [6]. The stability
analysis of a differential equation including a state dependent delay is made by using this
method [2]. In this research, we study on the number of characteristic roots with positive
real parts in the subspaces of parameter space. We find the asymptotic stability region
by using the Stépan’s formula in the subsection 2.1. For a special case, by considering
the roots of characteristic equation as real roots, we investigate the conditions for the
asymptotic stability and we give a theorem in the subsection 2.2.

2. Stability analysis via D-subdivision method and Stépan’s for-
mula

Consider the neural field model for p neural population on the space @ C R? which
presents the dynamics of mean membran potential with periodic boundary conditions

(2.1)
(& 4+ 1)Vit,r) =30 [ Jig(r,7)S[og (Vi(t = 735 (r,7), T) — hy))dr + IE* (v, )
t>0,1<i<p
Vi(t,r) = ¢i(t,r) te[-T,0]

given in [10, 11].

In this model, S is the sigmoid function. The functions ¢;(t,r) are the initial condi-
tions. The external currents from other cortical areas are indicated by If**(r,t). The
threshold activity for each population are indicated by h;. Positive real values o; repre-
sent the slope of the sigmoids at the origin. Positive real values I; represent the speed of
decrease of the membrane potential toward its rest value.

In this study we consider a special case for the linear neural field model for two
neural populations. We consider that neurons in the first neuron population excite each
other and also the neurons in the second neuron population excite the ones in the first
population. But neurons in the second population inhibit each other and the neurons in
the first population inhibit the ones in the second population. In a mathematical way
we consider the case Jo1(x,y) = Joz2(z,y) = 0.

For this study we consider z,y € [, 5]. Here we describe synaptic inputs for a
large group of neurons at position z and time ¢ by the functions Vi(xz,t) and Va(z,¢) and
their time derivatives by 2% Vi(z,t) and % Va(z,t). The functions Vi(y,t — 7(z — y)) and
Va(y,t — 7(xz — y)) give the firing rate of a large group of neurons with delay 7. The
synaptic connectivity is given by the function J;;(z,y) which is even and 7 periodic.
Here Ji1(z,y) describe how neurons in the first neural population at position y affects
the neurons in the same population at position z and Ji2(x,y) describe how neurons
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in the second neural population at position y affects the neurons in the first population
at position z. In [3], need for the linearization based on the study of McCormick [7]
is considered. According this, in order to examine the stability of the solutions of this
model, we use the linearization of (2.1) about (0,0). We use Ui (z,t) and Uz(z,t) instead
of Vi(z,t) and Va(x,t). For the delay term, we assume 7(z —y) = 7.

Hence the system for this study is the following:

™

d 3
22)  ZU(et)+hli(zt) = 0181/77r Ju(z,y)Uir(y,t — 7(z — y))dy

2

[SE)

3

+Uzs1/_ Jiz(x, y)Ua(y,t — 7(x — y))dy

N‘

%Ug(z,t) +bUs(et) = 0

where 51 = S5(0).

The asymptotic stability analysis of nonlinar system (2.1) is equivalent to that of
system (2.2) about (0, 0).

To determine the asymptotic stability region of the neural field model we make
use of the D-subdivision method. Hence we need the characteristic equation of the

liearized model. By using the exponential perturbation [9] we look for the solutions as
U(x,t) = U(x)e, hence we get

XeMU (z) + heMUi(z) — o1s1e7 ™ eM ji Ji(z,y) Ur(y)dy — oas1e” 7 eM ji Jiz2(z,y) Ua(y)dy =0
2 2

AeMUs(z) + loeMUs(z) = 0

Hence

E
(2.3)  AUi(z) + LU (z) — o1s1e Jii(z,y) Ui (y)dy—

-
2

z
— o516 / Jiz(x,y) Uz(y)dy =0

-

2

)\UQ(%‘) —+ lQUQ(x) =0

Since the boundary conditions given in the model are periodic then the solutions of
this system are functions cos(2nx) and sin(2nz) [9]. In this model we consider F1 =

J2. July) Ui(y)dy and F> = [2, Ji2(y) U2(y)dy.
2 2
Hence the equation for the characteristic values A is

A4 Ny + Mo+ Ll — Kxe ™™ F, — Kloe M F =0

or

(2.4) N4 Mo+ULA+1)—KAe F +le MF) =0
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2.1. General case : Complex roots. Writing A = p + v and splitting the real and
imaginary parts of (2.4) we have

(2.5)  Re:p® —v® + plo + ply + Ly — Kpe ™™ cos(tv)Fy — Kve ™7 sin(tv) Fy
—Klae " cos(tv)F1 =0

(2.6) Im:2uv+vle + vl — Kve "7 cos(tv)Fy + Kpe "7 sin(tv) Fy
+Klse T sin(tv)F1 =0

To determine the D-curves we take . = 0 and then we have

(2.7) P, K) = 2+l — Kvsin(rv)F1 — Kls cos(tv)Fr =0
(2.8) R(v,lh,K)=vly+vli — Kvcos(tv)Fi + Klasin(tv)F1 =0

We take the parameter space (I1, K) and for 7v # nm and Fi # 0 we have

—v cos(Tv) and K — —v

29)  h=—5105 (o) By

as the boundaries of D-subdivision. Moreover the line l1lo — KloF} =0 for v =0 is
also a boundary of D-subdivision. We call this singular line as C\(F1,1l2).

Now we investigate some properties of D-curves as in [5]. Assuming J, = (nm, (n +
1)7), for fixed values of l; and Fi, we show the D-curves by Cy(F1,l2) in the parameter
space (I1, K). In the following lemmas we take 6 = Tv.

2.1. Lemma. The curves Cyn(F1,l2) don’t intersect each other.

Proof. Assume that 11(01) = l2(02) and K1 (01) = K2(02) for 61 € Joand 02 € J, , a #b.
Hence we have

—61 cos(61) _ —03 cos(03) and —61 _ —02
Tsin(01) —  7sin(02) Tsin(01)F1 — 7sin(02)Fy "

Writing the second equality in the first one we have cos(f1) = cos(62). Therefore we
get 61 = 02. We conclude that our assumption is wrong and the curves Cy,(F1,l2) don’t
intersect each other. O

2.2. Lemma. The curves Cn(F1,l2) intersect the line Iy = 0 only once. For the K-
coordinates K. where the curves Cyn(F1,l2) intersect the line Iy = 0 we have
Ke> Ke, fore>0

Ke < Keyy fore<0

where

L e=f, n=2, feN
" \le=—f, n=2f-1, feN

Proof. Assuming l; = 0 we get 0 = 7 +2en. Taking this 0 value we get the K-coordinates

uniquely as K(0) = 7(%;1”) where the curves C,(F1,l2) intersect the line I; = 0.

Considering these K.-coordinates we get
Ke> K, fore >0

K. < Ke,, for e <0. ]

eyl
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2.3. Lemma. Considering (2.9), the following limits are satisfied:
limg_,pr+ 11

0)

limg_, jr— 11(6) = +o0

limg o+ K(6) = 400
)

limg_, .~ K(0) = —o0
limg_,op+ K(0) = —o00
limg o~ K(0) = +00

limg_,opq+ {1(6)
limg_,op— 11(0) = 400

Proof. The proof is clear from (2.9). O

2.4. Lemma. The curve Co(F1,l2) intersects the line Ci(F1,l2) only at the point
(limg—o {1 (6),limg—0 K (0)) = (=, %) Moreover the curves Cn(F1,l2) for n # 0 don’t

intersect the line Ci(F1,l2) at any point.

Proof. Considering and writing (2.9) in the sigular line C.(F1,l2), we get

795%0(1 — cosf) = 0 and hence § = 2n7 , n = 0,1,2,.... This is a contradiction to
selection of J, regions. O

To investigate the stability of the model in terms of the number of characteristic
roots with positive real parts we use the Stépan’s formula [6],[8]. Consider the functions
P(v,l1,K) and R(v,l1, K) on the parameter space (I1, K) and take a point B(lo, Ko) in
one of the subspace of the parameter space.

Let w=p;,j=1,..,sand p1 > ... > ps be the positive real roots of P(v, o, K¢) and
letw=o0;,i=1,..,sand o1 > ... > 05 = 0 be the nonnegative real roots of R(v, lo, Ko).

If the dimension of (2.4) is even (d = 2m , m € ZT) then we calculate the number of
characteristic roots with positive real parts in this subspace by the formula

s

(2.10)  k=m+ (=)™ > (=1 sgn(R(p;, lo, Ko))

Jj=1

If the dimension of (2.4) is odd (d = 2m+1, m € Z1) then we calculate the number
of characteristic roots with positive real parts in this subspace by the formula

211) k=m+ % 4 (=™ %(—l)ssgn(P(O, lo, Ko) + 3 (~1) sgn(P(o, bo, Ko))

Jj=1

Now we use the v—parametric expressions in (2.9) to draw the D curves in the pa-
rameter space (l1, K). The asymptotic stability region (where k& = 0) and the number
of unstable characteristic roots in the subregions of the parameter space is shown in the
following graphs. Also the effect of the delay term on the stability is shown below.
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Figure 2. Stability region for the system (2) where 7 = F; =1l = 1.

L7

Figure 3. Stability region for the system (2) where 7 =2 and F} =1l = 1.

Hence the asymptotic stable region is the region where £k = 0. By considering these
figures, we observed that the asymptotic stability region depends on the delay term. The
asymptotic stability region getting smaller as the delay term increases.
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2.5. Theorem. The solution of system (2.2) is asymptotically stable if and only if
l1 >0 and 11711 > K > . Here 0 values are the roots of 1 — _TGS?TO?%) =0 for
0 € (0,m).

=0
T sin(0) F

Proof. The asymptotic stability region is given by means of C.(F1,l2), and (2.9). This
region is bounded below by Co(F1,l2) and above by C.(Fi,l2). O

2.2. Special case : Real roots. In this section we consider a specific case in which all
characteristic roots are real numbers. Taking the roots A = 1 € R in (2.4) we have the
following

I = —p(p+ )+ (p+b)e " HK
(1 +12)
From the model we considered we know that [; > 0. Hence

(212) hL=-p+e " K >0
For the asymptotic stability of the system, we give the following theorem.

2.6. Theorem. Consider Iy = —u+e "MK > 0. If Fi K < 0 then the system is
asymptotically stable.

Proof. Considering Iy = —pu+ e *"Fi1K > 0 and F1K < 0 then p € (—o0, F1 K) which
implies that the system is asymptotically stable. O

3. Conclusion

In this study, we consider the neural field model for two neural population and we
investigate the stability of this model by using the D-curves and Stépan’s formula. The
novelty of this study is to make the stability analysis by getting the characteristic equation
of the linearized model. We determine the conditons for the solutions to be asymptotically
stable. The asymptotic stability regions are shown on the graphs. As in the stability
analysis of the Hayes equation, the asymptotic stability region of the model in this
research is bounded by some D-curves namely the singular line and the first D-curve.
Moreover as a special case we consider the real roots of the characteristic equation and
determine the stability condition. As an open problem, fractional derivatives can be
included in the model to make it more realistic and the stability of the system can be
analyzed.
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