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Lyapunov inequalities for dynamic equations via
new Opial type inequalities

S. H. Saker*, M. M. Osman?, D. O’'Regan® and R. P. Agarwal¥

Abstract

In this paper, we prove some new dynamic inequalities of Opial type on
time scales. By employing these new inequalities we establish some new
Lyapunov type inequalities for a second order dynamic equation with
a damping term. These new Lyapunov inequalities give lower bounds
on the distance between zeros of a solution and/or its derivative.
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1. Opial’s type inequalities

In this section, we prove some new dynamic Opial-type inequalities on a time scale T.
The main results in this section present a slight improvement on some Opial inequalities
proved in the literature. Before doing this, we give a brief introduction on the devel-
opment of Opial’s type inequalities and some concepts related to time scales calculus.
In 1960, Z. Opial [18] published an inequality involving integrals of a function and its
derivative of the form
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where f € C'[0,h], f(0) = f(h) =0, and f > 0 on (0,h), and the constant h/4 is the
best possible. Olech [17] extended the inequality (1.1) and proved that if f is absolutely
continuous on [0, k] and f(0) = 0, then

(1.2) /0h|f () dt < = /|f (t)]? dt.

These two inequalities were generalized and extended on time scales; for more details, we
refer the reader to the book [2]. Time scales were introduced in [13] to unify the study
of differential and difference equations. A time scale T is an arbitrary nonempty closed
subset of the real numbers R. The three most popular examples of calculus on time scales
are differential calculus, difference calculus, and quantum calculus, that is, when T = R,
T=Nand T = ¢ = {¢" : t € No} where ¢ > 1. The forward jump operator and the
backward jump operator are defined by:
o(t):=inf{s € T: s>t}, pt):=sup{seT: s<t}.

A function f: T — R is said to be right—dense continuous (rd—continuous) provided f is
continuous at right—dense points and at left—dense points in T, left hand limits exist and
are finite. The set of all such rd—continuous functions is denoted by C,4(T). For more
details of time scale analysis, we refer the reader to the books by Bohner and Peterson
[5, 6]. We will use the following product and quotient rules for the derivative of the

product fg and the quotient f/g (where gg° # 0, here g = go o) of two differentiable
function f and g

A A oA
(1.3)  (f9)® =f2g+f79" =fg" + 29", and (5) = %

The chain rule formula is given by
1
(1.4) (2@)" = 7/ [ha® + (1 — h)z]" ™" dha™(t),
0

which is a simple consequence of Keller’s chain rule [5, Theorem 1.90]. In this paper,
we will refer to the (delta) integral which we can define as follows. If G*(t) = g(t),
then the Cauchy (delta) integral of g is defined by ftg )As == G(t ) G( ). It can
be shown (see [5]) that if g € Crq(T), then the Cauchy integral G(¢ f g(s
exists, to € T, and satisfies G2(t) = g(t), t € T. An infinite 1ntegral is deﬁned as
[ g(t)At = limp o0 f g(t)At. On discrete time scales f IO)DE = 3 ciap) H(E)(D).
The mtegratlon by parts formula on time scales is given by

b
(1.5) / W ()AL = [ty (t)] — / WA ()0 ()AL

Holder’s inequality on time scale [5, Theorem 6.13] is given by

- [romors <[ [ voral

where a, b € T, u, v € Cra([a,b]T,R), p > 1 and % + E = 1. Throughout this paper,
we will assume that the functions in the statements of the theorems are positive and
rd-continuous functions and the integrals considered are assumed to exist. Without loss
of generality, we assume that supT = oo, and define the time scale interval [a,b]T by
[a,b]T := [a,b] NT.

In the following, we present some results for dynamic Opial type inequalities that
serve and motivate the contents of this paper. In [4] the authors extended (1.2) to an
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arbitrary time scale T and proved that if y : [0,6] N T — R is delta differentiable with
y(0) = 0, then
" A HIUNE
an [ wo+vollLolac<n [ ro] an
0 0
In [24] the authors showed that if p, ¢ € Crq ([a,b]r,R") and y € C}, ([a,b]r,R) with
y(a)=0,thenfor k>1, A>0and 0 <~y <k

(1.8) /a"q(t) () ]yA(t) T AL < KOum ) Uabp(t) ]yA(t)"“At} (A+7)/k7

where

k—y

= (53) [ ) (o) o]

In [1] the authors established that if p, ¢ € Cra ([a,b]r,RT) and y € C},; ([a, b]r, R) with
y(a) =0, thenfor A\>1,y>0and k >~y +1

Aty

At< K {/bp(t) ‘yA(t)’k At}T ,

a

b
w9 [ a0 0r

where
A qu:—l
N (= U
K:=c /(q(t))’“”*l—kvﬂt
a (p(t))m
with
k—~y—1 a+l
oy — % & t
c:)\(ik i 1) (L—’—l) and R(t):/ 7A51 .
FAmAT At @ (p(s) 7T

As a special case of (1.9) if v =0, then

A
13

w0 [ |ucolse< s { [ ool ad

where

Ky = {/ﬂb(q(t))% (R)‘)A (t)At}kkl

In the following, we prove some new inequalities of Opial’s type on time scales.

1.1. Theorem. Assume that T be a time scale witha, 7 € T, k> 1, A>1,0<y<k
and k > X+ ~. Let p, ¢ € Crq([a,7]r,RT) such that fat(p(s))fl/(kfl)As < oo. If
y: [a, T]r = R is delta differentiable with y(a) = 0, then

k]

a [Calror o] s aomn | [To]o] s o

a
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where

¥ ™ = £, Asck_iyl) k
oo 2 () [ G ()™
- (’&Sﬁ )> |
Proof. Since y(a) = 0, we have that
112 wol< [ Prelas= [ e o

Applying Hoélder inequality (1.6) with indices k/(k — 1) and k on the right hand side of
(1.12), we get

1) o< ([oen a0 ([ efitie] as)
This implies that
([ oor=as) " ([ ool o)

(1.15)  2(t) == /atp(s) ’yA(s))kAs.
This gives

(116)  2*(t) =p(t) [y (1

and hence

=
~
~
o
<
>
~
»
o~
g
vl

1/k

Ak
(1.14) |y

IA

Now, let

G) el ()

Now, since y” =y + uy™ by applying the inequality

(L17) [y

(1.18) o+ <2*! (|a|A + |b\*) . for A > 1,

we have that

(1.19) |y7* = )eruyA’A <! (IylA + ’yAm :

Since g is a positive function on [a, 7]y, we have from (1.14), (1.17) and (1.19) that
Ay O [y 0)

vy Aty
2 o P [0+ 00|

e (o)

‘ v

IN

IA

224060 ([ t(p(s))k‘*—llAs)

ZA (t) ) (A7) /k
p(t) '

LA (1) g1 (
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This implies that

~

At

| o @r et
2 [Caee® ([ t(p(s))k—llAs)W_wk < (P (2m) " ar

<
a1 [T () at) LA At+)/k
42 / ((p(t))ﬁV)( 0) A
r ¢ X Ak—1)/k ok
< 2 [Taen) T ( / (p(s))ﬁm) < (a0 (20) " At

21 sup (W) /T (zA(t))%At.

st \ (p(1)

Applying Hélder’s inequality (1.6) with indices k/(k — ) and k/~ on the first integral on
the right hand side and with indices k/(\ 4 ~) and k/(k — A — 7) on the second integral,

we have

(1.20) [ awiror o

From the chain rule (1.4), and the fact that 22 (t) > 0, we see that

(121)  (z(0)M724() < AL(z“*””(m&.
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Substituting (1.21) into (1.20), we have

| amwor o

v

At

k_j
A(k—1) k
k

9! /ET m (/atpk%ll(s)As>ﬁ At
() (o)

+2>\_1 (r— a)% sup ('LLA () g&?) (z (T))%
=iz \ (o) T
A(k—1) =

_ gt /;M(/:pﬁ(s)m> T A

IN

From (1.15) and the last inequality, we have

/aT a(t) ly” () ‘yA(t)‘w At < Gi(A\, v, k) {/Tp(t) (yA(t)‘k At] o

a

which is the desired inequality (1.11). The proof is complete. O

Here, we only state the following theorem, since its proof is similar to that in Theorem
2.1 with [a, 7]r replaced by [r, b]r.

1.2. Theorem. Assume that T be a time scale with 7, b € T, k> 1, A >1,0< vy <k
and k > X +. Let p, ¢ € Crq ([r,b]r,R") such that ftb(p(s))_l/(k_l)As < oo. If
y : [7, bt — R is delta differentiable with y(b) = 0, then

(122 /qu(t) OP o] acs o | [ FCItRC al o

T

where

>

v/k
Ga(\ v, k) @ =221 (L)
2(A 7, k) e

JE G (orea) ™o

4221 (b— T)% sup 7'u>\ ) q(t)> .
(

In the following, we assume that there exists 7 € (a,b
the equation

(1.23)  G(A 7 k) =Gi(A 7, k) = G2(X, 7, k) < oc.
Combining (1.11) and (1.22), we have the following result.
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1.3. Theorem. Assume that T be a time scale with a, b € T, k> 1, A>1,0< v <k
and k > X+ . Let p, ¢ € Crq([a,blr,R") such that f:(p(t))fl/w*l)At < oo. If
y: [a,blr = R is delta differentiable with y(a) = y(b) = 0, then

)

(-2 /aqu 0P [yt 0] a1 <2 G0 k) pr(t) ]yA(t)!kAt} o

a

where G(\, 7, k) is defined as in (1.23).

1.4. Remark. As a special case when we take k = X + v, we see that inequality (1.11)
becomes

12) [ a0 @P Ao

where
v/k
A o= (T

L) (o))

+2*71 sup (u* (t) @> .

a<t<T p(t)
If we put p = g in (1.11), we obtain the following result.

v T Aty
at<6i) [ lptof T A

a

>=

1.5. Corollary. Assume that T be a time scale witha, T € T, k> 1, A>1,0<~v <k
and k > X+ . Let p € Cra([a,7]7,RT) such that fat(p(s))_l/(k_l)As < oo Ify:
[a, 7]t — R is delta differentiable with y(a) = 0, then

(120 /arp(t”yg(t)‘A IRCIENESEHERN) {/Tp(t) ‘yA(t)’kAt} o

a

where

v/k
Gi(\ v, k) @ = 2r 1 (7)
1(A 7, k) A+

E—A—~
k

27 r—a) T s (@ @) ).

a<t<T

1.6. Remark. Note that when T =R, p =1, k =2 and A = 7 = 1, we have the following
result

ax [Ty oles< (550 [

2. Lyapunov’s type inequalities

dt.

y ()

In this section, we present some new Lyapunov type inequalities on time scales for the
second order half-linear dynamic equations with a damping term

ey (r0 (P 0)) 10 (> 0) Fa@ 6T @) =0, telat,,

where v > 1 is a quotient of odd positive integers, r(t), p(¢t) and q(t) are rd-continuous
functions defined on T with r(¢) > 0. In particular, we employ dynamic inequalities of
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Opial’s type proved in Section 2, to obtain lower bounds for the spacing b — a, where y
is a solution of (2.1) satisfying y (a) = y* (b) = 0.

When T =R, we derive results due to Brown and Hinton [7], Harris and Kong [10]
for differential equations and when T = Z we present some new result for second-order
half-linear difference equations.

We say that a solution y of (2.1) has a generalized zero at ¢ if y(¢) = 0, and has a
generalized zero in (¢, o(t)) if y(¢)y° (¢) < 0 and p(t) > 0. Equation (2.1) is disconjugate on
the interval [to, b]t, if there is no nontrivial solution of (2.1) with two (or more) generalized
zeros in [to, b]r. The solution y(¢) of (2.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative, otherwise it is nonoscillatory. Equation (2.1) is said to
be oscillatory if all its solutions are oscillatory.

We say that (2.1) is right disfocal (left disfocal) on [a,b], if the solutions of (2.1)
such that y* (a) = 0 (yA (b) = 0) have no generalized zeros in [a,b], . For the equation
(2.1) the point b > a is called a right focal point of a if the solution of (2.1) with initial
conditions y (a) # 0, y* (a) = 0 satisfies y (b) = 0. A left focal point is defined similarly.
For more details of oscillation theory on dynamic equations on time scales, we refer the
reader to the book [19].

We note that, equation (2.1) in its general form covers several different types of differ-
ential and difference equations depending on the choice of the time scale T. For example
when T =R, we have o (t) = ¢, u(t) =0, y? (t) = y, (t) and (2.1) becomes the second-
order differential equation

ey (ro(®)) +p0 () +avy ® =0

When T = Z, we have o (t) =t +1, u(t) = 1, y> (t) = Ay (t) = y (t + 1) —y (t) and (2.1)
becomes the second-order difference equation

(23)  A(r(®) Ay (1)) +p () (Ay (1) +q®)y” (t+1) =0

When T =¢" = {¢" : t € No, ¢ > 1}, we have o (t) = qt, u(t) = (g —1)t, y* (t) =

Agy(t) = % and (2.1) becomes the second-order g—difference equation

(24) A (r (1) (Aqy ()") +p (1) (Agy (1)) +q () y” (qt) = 0.

The well-known Lyapunov inequality for Hill’s equation

(25) y (H)+q@)y(t)=0, telab],

states that if a, b, a < b, are consecutive zeros of a nontrivial solution y of this equation,
then

(2.6) /|q(t)|dt>%.

This was later strengthened with |q (¢)| replaced by ¢* (t) by Wintner [26] and thereafter
by some other authors, where ¢* (t) = max{q (t),0} is the nonnegative part of ¢(t) and
q (t) is a real-valued continuous measurable function on [a, b]. The constant 4 is the best
possible (see [11, Theorem 5.1]). In fact, the best Lyapunov type inequality for (2.5) is

(2.7) /b(b—t)(t—a)q+(t)dt>b—a,

which is due to Hartman [11].
There are several generalizations and extensions of Lyapunov’s result. Hartman and
Wintner [12] proved that if y is a solution of the linear differential equation

"

28) ¥ M+p®)y O+a)y@®) =0, telad],
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such that y (a) = y (b) = 0 and p, ¢ are a real-valued continuous measurable function on
[a, b], then

b

b
(t—a) |p ()] dt, /

a

(2.9) /ab (t—a)(b—t)q" (t)dt+max {/a

Hartman [11] showed that if y is a solution of the equation

(b—1t)|p @) dt} > b—a.

’

210) (ry ©) +a®y@ =0, te b,
such that y (a) =y (b) =0 and 7 (¢) > 0, then
__ 4

[Prt(t)dt

Cohn [8] and Kwong [15] established that if y is a solution of (2.5) with y (a) =y (¢) =0,
then

(2.11) /bq+ (t) dt >

/ (t—a)g(t)dt > 1.
Ify(b) = y (¢) =0, then
b
/ (b—1t)qg(t)dt > 1.
Harris and Kong [10] proved that if y is a solution of (2.5) with y (a) = y (b) =0, then

/tbq(s)ds

If y (b) =y (a) =0, then

/atq(s)ds >1

Brown and Hinton [7] established that if y is a solution of (2.5) with y (a) =y (b) =0,
then

(2.12) (b—a) sup > 1.

a<t<b

(2.13) (b—a) sup

a<t<b

(2.14) /Q (t—a)dt >1, where Q(t):/bq(s)ds.
Ify(b):y (a) =0, then

(2.15) /Q )(b—t)dt >1, where Q(t):/tq(s)ds.

Yang [27] showed that if y is a solution of the second-order half-linear equation

’

@16) (r®e(y ®)) +a®eu®) =0,

such that y (a) =y (b) = 0 and ¢ (u) = |u|"" " u, v > 0, then

(2.17) /ab g () dt >277" (/:r‘l/7 (t) dt) ﬂ.
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Inequalities similar to (2.17) for half-linear equations were obtained by Dogly and Rehak
[9], Lee et al. [16] and Tiryaki [25]. Saker [21] proved that if y is a nontrivial solution of
(2.2) with y (a) =y (b) =0, then

b
(218) K (77p77’)+K1 (’Y?Q:T) > 1 with Q(t) :/ Q(S)ds-

t

If y (b) =y (a) =0, then

t
(2.19) Ko (y,p,r)+ Ko(v,Q,r) >1 with Q) = / q(s)ds,

where

2 1
Ki(v,p,r) = (w+1> T b p:’y(t()t ( trfl/’y( )ds) dt) T+

~
~y+1

(V.
Ki(y,Q,r) = w+1+< e ? (” I _I/V(S)ds)wdt> ,
(V.

Y (t) a,

bp () ( br—l/v( )ds) dt) T

Y (t)

Kz (v,p,7) = (%1)”11

Ko (v,Q,7) == (y + 1)7+1 <fj‘?”t> (f”r*”( )ds)”dt> o

()

~

In [3] the authors considered the second-order dynamic equation

(220) y% () +a(t)y” (1) =0,

where ¢ is a positive rd-continuous function defined on T and showed that if y is a solution
of (2.20) with y (a) = y (b) = 0, then

(2.21) /bq(t)At> bf

a

This result was proved by employing the quadratic functional equation

F@ = [t 0) —a0 0] azo

In [14] the authors established that if ¢ € Crq ([a,b];,R) and y is a solution of (2.20)
with y (a) = y*° (b) = 0, then

1
a(b) 2 o(b)
(2.22) <2 Q* (u) (o (u) — a) Au) >1, where Q(u)= / q(t) At.
In [22] the author proved new Lyapunov type inequalities for the dynamic equation

A
(223) (r()y*(®) +a®y () =0, t€abl,
where r, ¢ are rd-continuous functions satisfying

b b
g %<oo7 and /{lq(t)At<<>0.

In [20] the author considered the second-order half-linear dynamic equation

@20 (r@e (s> ®))" +a@ o7 @) =0, tefobl,
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where ¢ (u) = |u|"""u, v > 1 and r, ¢ are real rd—continuous positive functions, and he
showed that if y is a nontrivial solution of (2.24) with y(a) = y(b) = 0 and y has a
maximum at a point ¢ € (a,b), then

(2.25) (/b Tf(tt))v /:q(t) At > 2,

In [23] the author considered the second-order half-linear dynamic equation

226) (r@) (s> ®)")" +p0) (4> 0) +a@ &7 @) =0, teab,,

where v > 1 is a quotient of odd positive integers, r(t), p(¢t) and ¢(t) are rd-continuous
functions defined on T with r(¢) > 0 and p (¢) |p (¢)| < r (¢ / , ¢ > 1. In particular, he
)

proved that if y is a nontrivial solution of (2.26) with y (a) = y* (b) = 0, then
vy
3y—2 b 1 T
(2.27) D V() P — / ‘Q(j” T (R (1)) At
G407 e 7
5 1
v Nl Al 1
_ P (R, >1-— -,
()T ([ PR moran) -
where
b
A(b) := sup p” (t)M with Q(t)z/ q(s) As,
a<t<b 7 (t) ¢
and
£ As
R, (t) ::/ T
o 1% (s)

In the following, we will apply the dynamic Opial-type inequalities (1.10) and (1.11) on
the second-order half-linear dynamic equation (2.1) to obtain some new Lyapunov-type
inequalities. To simplify the presentation of the results, we let

Kny = [l mtoa]
Ga(ab,7) =aiggb<u<t>l1ifg)+(j+l)f“[/ﬂlb%< s
where

Q(t):/tbq(S)As, and Ro(t) = : r?(z)

2.1. Theorem. Assume that y is a nontrivial solution of (2.1). If y(a) = y* (b) = 0,
then

(228) K (av b, 7) + G (a7 b, ’Y) > L

Proof. Without loss of generality we may assume that y (t) > 0 in [a, b]; . Multiplying
(2.1) by y° and integrating by parts, we have
b v+1
- [ (@) a
a

[ o)) va = ro@* o) v
a(0) (4 (1) Al

b

/ab
g

p@ (v ) v 1) At



1548

Using the assumptions that y (a) = ¢ (b) = 0 and Q(¢) ft s)As, we get

[ro (o) se= o0 (4 0) v o8- [ @ 0w @) a

Integrating by parts the term f: Q4 (t) (y° (t))"" At and using the fact that y (a) = 0 =
Q(b), we obtain

/abr(t) (v* )" ar= /bp(t) (v* ) v (1) A+ / Q) (v (1) At.

a

This implies that

(2.29) / ol oA < / @ 01| o A

+[ewl]e 0)*] o

Applying the inequality (1.10) on the integral f |Q (¢ |‘ L ))A‘ At, with ¢(t) =
QR®),pt)=r{), \=v+1and k =+ 1, we see that

a0 [ Rl )% 50 < Katwp) [ )]s

where

v+1
At,

T As

@ r7(s)

Ki(a,b,y) = {/ [; t)| R"“) ()At}ﬂrl with R, (t) =

Applying the inequality (1.11) on the integral f Ip ()] |y ()] ’yA (t)’AY At, with ¢ (t) =
p@)|,pt)=r(t), A=1and k =~ + 1, we see that

ean [ @l Ol 0 s< G [rolto

where

Griesb) = (V)AU;W(RQ(@)V&FH

y+1 r(t)
+ o (i 2.

Substituting (2.30) and (2.31) into (2.29) and cancelling the term fabr(t) ’yA(t)P-H At,
we have

1< Ki(a,b,7) + Gi(a,b,7),
which is the desired inequality (2.28). The proof is complete. O
2.2. Remark. The result (2.28) is usually connected with the disfocality of (2.1), i.e., if
Ki(a,b,7) + Gi(a,b,v) < 1,
then (2.1) is right disfocal in [a,b]; . This means that there is no nontrivial solution of
(2.1) in [a, b], satisfying y (a) = y* (b) = 0.

2.3. Remark. Note that inequality (2.28) give an improvement of the inequality (2.27)
due to Saker [23] by removing the additional constant c.

If we using the assumption that |p(¢)|p(t) < r(¢)/c, ¢ > 1, we also present an
improvement of the inequality (2.27).



2.4. Corollary. Assume that y is a nontrivial solution of (2.1). If y (a) = y* (b) =0,
then

1
(232) Kl(a7b77)+GT(avb77) >1- c’
where
5 1
: P T ol
G b = —— e (Ra (1) At .
1(a7 77) (’Y+1> |:/a T'Y(t) ( ())
If we put r (¢) = 1 in Theorem 3.1, we have the following result.

2.5. Corollary. Assume that y is a nontrivial solution of (2.1). If y(a) = y* (b) =0,
then

[ / "I (¢ —ay ) <t>At] -

+(711) [/ PO (t—a)mt}”il + sup pu(t)lp(0)] > 1.

a<t<b

On a time scale T, we note from the chain rule (1.4) that

((t—ay ) = (7+1)/0 [l (o (t) —a)+ (1— h) (t — )] dh
> (7+1)/0 [h(t —a) + (1— B) (t — a)]” dh
= (+1)(t—a)

This implies that
’ ¥ (b_a)’erl
(2.33) /a(t—a) At< S

Using the maximum of |Q(t)| and |p(t)| on [a, b]; and substituting (2.33) into the results
of Corollary 3.2, we get the following result.

2.6. Corollary. Assume that y is a nontrivial solution of (2.1). If y(a) = y* (b) = 0,

then
b
_ Yy
sup (1) (1)) + (b= )7 ma | [ a(s)s

a<t<

=
7+

- > 1.
1 (b—a) max [p(t)] =1

el
gl

If we put p (¢t) = 0, then the result in Corollary 3.3 reduces to the following result for
the second-order half-linear dynamic equation

@30 (> ®)) +a0 6" 0) =0, teob.

2.7. Corollary. Assume that y is a nontrivial solution of (2.34). If y (a) = y* (b) = 0,

then
b
/ q(s)As
t

If we put p(t) = 0 and v = 1 in Theorem 3.1, we obtain the following result.

(b —a)” max

> 1.
a<t<b

2.8. Corollary. Assume that y is a nontrivial solution of

(2.35) (T (t) yA (15))A +q()y’ (t)=0, for tea,b].
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Ify(a) =y (b) = 0, then

b 5 A 3
[1wr ) oad " =1,

With r (¢t) = 1 in Corollary 3.5, we have the following result.
2.9. Corollary. Assume that y is a nontrivial solution of
(2.36) v (W) +q)y’ (1) =0, for t&la,b]y.

Ify(a) = y* (b) = 0, then

U Q) ((t—a)®)™ (1)At : > 1.

2.10. Remark. As a special case of Theorem 3.1 when T =R, we get the inequality
(2.18) due to Saker [21].

2.11. Remark. As a special case of Corollary 3.4 when T =R, v = 1, we get the
inequality (2.12) due to Harris and Kong [10].

2.12. Remark. As a special case of Corollary 3.6 when T = R, we get the inequality
(2.14) due to Brown and Hinton [7].

As a special case when T = Z , we see that u (n) = 1, 0 (n) = n+1 and then the result
in Corollary 3.3 reduces to the following result for the second order half-linear difference
equation

(237 A((Ay(n)") +p(n) (Ay(n)” +q(n) (y(n+1))" =0, a<n<b,
where v > 1 is a quotient of odd positive integers.

2.13. Corollary. Assume thaty is a nontrivial solution of (2.37). Ify(a) = Ay (b) =0,
then

b—1 il
\7 v+t _ >
s ()] + (0= )7 max, ;q@ms + g (b= a) max p(m)] > 1

References

[1] Agarwal, R., Bohner, M., O’Regan, D., Osman, M., Saker, S., A general dynamic inequality
of Opial type, Appl. Math. Infor. Sci. 10, 1-5, 2016.
[2] Agarwal, R. P., O’Regan, D., Saker, S. H., Dynamic Inequalities on Time Scales, Springer,

2014.

[3] Bohner, M., Clark, S., Ridenhour, J., Lyapunov inequalities for time scales, J. Ineq. Appl.
7, 61-77, 2002.

[4] Bohner, M., Kaymakcalan, B., Opial Inequalities on time scales, Ann. Polon. Math. 77 (1),
11-20, 2001.

[5] Bohner, M., Peterson, A., Dynamic Equations on Time Scales: An Introduction with Ap-
plications, Birkhduser, Boston, 2001.

[6] Bohner, M., Peterson, A., Advances in Dynamic Equations on Time Scales, Birkhiuser,
Boston, 2003.

[7] Brown, R. C., Hinton, B. D., Opial’s inequality and oscillation of 2"¢ order equations, Proc.
Amer. Math. Soc. 125 (4), 1123-1129, 1997.

[8] Cohn, J. H. E., Consecutive zeros of solutions of ordinary second order differential equations,
J. London Math. Soc. 2 (5), 465-468, 1972.

[9] Dosly, O., Rehék, P., Half-Linear Differential Equations, Elsevier Ltd, Heidelberg, 2005.

[10] Harris, B. J., Kong, Q., On the oscillation of differential equations with an oscillatory

coefficient, Trans. Amer. Math. Soc. 347 (5), 1831-1839, 1995.



1551

Hartman, P., Ordinary Differential Equations, Wiley, New York, 1964 and Birkhuser,
Boston, 1982.

Hartman, P., Wintner, A., On an oscillation criterion of de la Vallée Poussin, The Quarterly
J. Math. 13, 330-332, 1955.

Hilger, S., Analysis on measure chain—-a unified approach to continuous and discrete calculus,
Results Math. 18, 18-56, 1990.

Karpuz, B., Kaymakcalan, B., Ocalan, O., A generalization of Opial’s inequality and appli-
cations to second order dynamic equations, Diff. Eqns. Dyn. Syst. 18 (1-2), 11-18, 2010.
Kwong, M. K., On Lyapunov’s inequality for disfocality, J. Math. Anal. Appl. 83, 486-494,
1981.

Lee, C. F., Yeh, C. C., Hong, C. H., Agarwal, R. P., Lyapunov and Wirtinger inequalities,
Appl. Math. Lett. 17, 847-853, 2004.

Olech, Z., Asimple proof of a certain result of Z. Opial, Ann. Polon. Math. 8, 61-63, 1960.
Opial, Z., Sur uné inegalité, Ann. Polon. Math. 8, 29-32, 1960.

Saker, S. H.,Oscillation Theory of Dynamic Equations on Time Scales: Second and Third
Orders, Lambert Academic Publishing, Germany, 2010.

Saker, S. H., Lyapunov inequalities for half-linear dynamic equations on time scales and
disconjugacy, Dyn. Cont. Discr. Impuls. Syst. Ser. B Appl. Algorithms 18, 149-161, 2011.
Saker, S. H., Lyapunov type inequalities for a second order differential equation with a
damping term, Ann. Polon. Math. 103 (1), 37-57, 2012.

Saker, S. H., Opial’s type inequalities on time scales and some applications, Ann. Polon.
Math. 104, 243-260, 2012.

Saker, S. H., Applications of Opial inequalities on time scales on dynamic equations with
damping terms, Math. Comp. Model.58, 1777-1790, 2013.

Saker, S. H., Osman, M. M., O’Regan, D., Agarwal, R. P., Some new Opial dynamic in-
equalities with weighted functions on time scales, Math. Ineq. Appl. 18 (3), 1171-1187,
2015.

Tiryaki, A., Recent development of Lyapunov-type inequalities, Advances in Dyn. Syst.
Appl. 5 (2), 231-248, 2010.

Wintner, A., On the nonexistence of conjugate points, Amer. J. Math. 73, 368-380, 1951.
Yang, X., On inequalities of Lyapunov type, Appl. Math. Comp. 134, 293-300, 2003.



