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SEMI-SLANT SUBMANIFOLDS OF (k,u)- CONTACT MANIFOLD

M.S.SIDDESHA AND C.S BAGEWADI

ABSTRACT. In the present paper, we study semi-slant submanifolds of (k, u)-
contact manifold and give conditions for the integrability of invariant and slant
distributions which are involved in the definition of semi-slant submanifold.
Further, we show the totally geodesicity of such distributions.

1. Introduction

The geometry of slant submanifolds was initiated by Chen [6] as a natural gen-
eralization of both holomorphic and totally real submanifolds. Since then many
geometers have studied such slant immersions in almost Hermitian manifolds. The
contact version of slant immersions was introduced by Lotta [I1]. Latter, Cabrerizo
et al., [3] studied and characterized slant submanifolds of K-contact and Sasakian
manifolds and have given several examples of such immersions.

In 1994, Papaghiuc [12] has introduced the notion of semi-slant submanifolds of
almost Hermitian manifolds. Cabrerizo et al., [4] extended the study of semi-slant
submanifolds to the setting of almost contact metric manifolds. They worked out
the integrability conditions of the distributions involved on these submanifolds and
studied the geometrical significance of these distributions. Motivated by these stud-
ies of the above authors [4, [9, [12], in the present paper we extend the study of the
semi-slant submanifolds of (k, 1)-contact manifold, which consist of both Sasakian
as well as non-Sasakian cases and are introduced in 1995 by Blair, Koufogiorgos
and Papantoniou [2]. Hence it is worth studying and is a generalization of [4].

The paper is organized as follows: In section-2, we recall the notion of (k, u)-
contact manifold and some basic results of submanifolds, which are used for further
study. Section-3 is devoted to study semi-slant submanifolds of (k, y1)-contact man-
ifold. Lastly, in section-4 we consider totally umbilical and totally contact umbilical
semi-slant submanifolds of (k, p1)-contact manifold and find the necessary conditions
to be totally geodesic.
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2. PRELIMINARIES

A contact manifold is a C* — (2n + 1) manifold M?"+1 equipped with a global
1-form 7 such that n A (dn)™ # 0 everywhere on M?"+1 Given a contact form 7
it is well known that there exists a unique vector field &, called the characteristic
vector field of 7, such that n(§) = 1 and dn(X, &) = 0 for every vector field X on
M?m+1 A Riemannian metric g is said to be associated metric if there exists a
tensor field ¢ of type (1,1) such that

¢2 = _I"_n@& ﬂ(f)zl, ¢§:0» 77'<Z5=0, (21)
9(0X,0Y) = g(X,Y)—nX)nY), ¢(X,§) =n(X), (2.2)
g(X7 ¢Y) = _g(¢X7 Y)’ (23)

for all vector fields X,Y € TM. Then the structure (¢,&,7,g) on M?" 1 is called
a contact metric structure and the manifold M2"+! equipped with such a structure
is called a contact metric manifold [I].

Now we define a (1, 1) tensor field h by h = %Eg(b, where £ denotes the Lie dif-
ferentiation, then h is symmetric and satisfies h¢p = —¢h. Further, a ¢-dimensional
distribution on a manifold M is defined as a mapping D on M which assigns to
each point p € M, a g-dimensional subspace D,, of T),M.

The (k, p)-nullity distribution of a contact metric manifold M (¢,£,7, g) is a distri-
bution

N(k,u):p— Ny(k,p) = {Ze€T,M:R(X,Y)Z
= klg(Y,2)X — g(X, 2)Y] + plg(Y, Z)hX — g(X, Z)hY1},

for all X,Y € TM. Hence if the characteristic vector field & belongs to the (k, 1)
nullity distribution, then we have

R(X,Y)§ = k[n(Y)X —n(X)Y] + pln(Y)hX —n(X)hY]. (2.4)

The contact metric manifold satisfying the relation (2.4) is called (k,u) contact
metric manifold [2]. It consists of both k-nullity distribution for © = 0 and Sasakian
for k =1. In (k, p)-contact manifold the following relation holds:

(Vx9)(Y) = g(X + hX,Y)E = n(Y)(X + hX), (2.5)

for all X,Y € TM, where V denotes the Levi-Civita connection on M. We also
have on (k, p)-contact manifold M

Vxé=—¢X — ¢hX. (2.6)

Let M be a submanifold of a (k, u)-contact manifold M, we denote by the same
symbol ¢ the induced metric on M. Let T'M be the set of all vector fields tangent
to M and T+M is the set of all vector fields normal to M. Then, the Gauss and
Weingarten formulae are given by

VxY =VxY +0(X,Y), VxV =—-AyX + V%V, (2.7)
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for any X,Y € TM,V € T+M, where V (resp. V1) is the induced connection on
the tangent bundle TM (resp. normal bundle T+ M) [7]. The shape operator A is
related to the second fundamental form o of M by

9(Av X,Y) = g(o(X,Y), V). (2.8)
Now, for any x € M, X € T,M and V € T;-M, we put
dX =TX + FX, ¢V =tV + fV, (2.9)

where TX (resp. F'X) is the tangential (resp. normal) component of ¢X, and tV/
(resp. fV) is the tangential (resp. normal) component of ¢V. The relation
gives rise to an endomorphism T : T, M — T, M whose square (1) will be denoted
by @. The tensor fields on M of type (1,1) determined by these endomorphisms
will be denoted by the same letters T and @ respectively. From and

g(TX,Y)+ g(X,TY) =0, (2.10)

for each X,Y € TM. The covariant derivatives of the tensor fields T, @ and F' are
defined as

(VxT)YY = VxTY -T(VxY), (2.11)
(VxQ)Y = VxQY -Q(VxY), (2.12)
(VxF)Y = VxFY —-F(VxY). (2.13)

Using , , , , , and , we obtain
(VxT)Y = ApyX+to(X,Y)+9g(X +hX,Y)E—nY)(X +hX), (2.14)
(VxF)Y = —0o(X,TY)+ fo(X,Y). (2.15)

3. SEMI-SLANT SUBMANIFOLDS OF A (k, 4)-CONTACT MANIFOLD

As a generalization of slant and CR-submanifolds, Papaghiuc [12] introduced
the notion of semi-slant submanifolds of an almost Hermitian manifolds. Cabrerizo
et al., [4] gave the contact version of semi-slant submanifold and they obtained
several interesting results. The purpose of the present section is to study semi-slant
submanifolds of a (k, u)-contact manifold.

A submanifold M of an almost contact metric manifold M is said to be a slant
submanifold if for any x € M and any X € T, M, the Wirtinger’s angle, the angle
between ¢X and T, M, is constant 6 € [0,27]. Here the constant angle 6 is called
the slant angle of M in M. The invariant submanifolds are slant submanifolds
with slant angle 0 and anti-invariant submanifolds are slant submanifolds with
slant angle 5. A slant submanifold is called proper, if it is neither invariant nor
anti-invariant. Recently, we have defined and studied slant submanifolds of a (k, y1)-
contact manifold in [13].

A submanifold M of an almost contact metric manifold M is said to be a semi-
slant submanifold of M [4] if there exist two orthogonal distributions D; and Ds
on M such that:
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(i) TM admits the orthogonal direct decomposition TM = Dy @ Da® < £ >.
(ii) The distribution D; is an invariant distribution, i.e., ¢(D;1) = D;.
(iii) The distribution Dy is slant with slant angle 6 # 0.

In particular, if § = 7, then a semi-slant submanifold reduces to a semi-invariant
submanifold. On a semi-slant submanifold M, for any X € T M, we write
X =P X+ PX +nX), (3.1)
where P X € Dy and P,X € D,. Now by equations and
X =PI X +TPX + FPX. (3.2)
Then, it is easy to see that
P X =TP X, FPX =0, TPX € D,. (3.3)
Thus
TX =¢P X +TP,X and FX = FPX. (3.4)

Let v denote the orthogonal complement of ¢Do in T+ M ie., T*M = ¢Dy ® v.
Then it is easy to observe that v is an invariant subbundle of T M.

Now, we are in a position to workout the integrability conditions of the distrib-
utions D; and D5 on a semi-slant submanifold of a (k, u)-contact manifold.

Lemma 3.1. Let M be a semi-slant submanifold of a (k, u)-contact manifold M,
then
for any X, Y € D1 @ D>.

The assertion can be proved by using the fact that Vx& = —¢X — ¢phX for
X € Dy and ([2.3)). Since for any X € D,
9([X, 0X],£) # 0, we have

Corollary 3.1. Let M be a semi-slant submanifold of a (k, p)-contact manifold M
such that dim(Dy) # 0. Then, the invariant distribution Dy is not integrable.

Now for the slant distribution, we have

Theorem 3.1. Let M be a semi-slant submanifold of a (k, u)-contact manifold M.
Then the slant distribution Do is integrable if and only if slant angle of D3 is §
i.e., M is semi-invariant submanifold.

Proof. For any Z,W € D5, by (3.5) we have
9([ZW],&) =29(TZ,W) + gW,ThZ) — g(Z, ThW).
If Dy is integrable, then T | Dy = 0 and so § = %. Hence M is a semi-invariant

2
submanifold.
Conversely, if sla(D3) = 7, then ¢Z = FZ for each Z € D, and by equations (2.5

and (2.7
OV ZW + ¢ (Z,W) = —Ap,W + V5 FW — g(Z + hZ, W),
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for each Z, W € D,. Interchanging Z and W in the above equation and subtracting
the obtained relation from the same, we obtain
OlZ, W) = ApzW — Apw Z + VéFW — V#VFZ —g(hZ,W)E + g(hW, Z)€. (3.6)

Further, by using equations (2.3, (2.7) and (2.8} in , it is easy to obtain that

Apzw = AFVVZ7 (37)
for each Z, W € Ds. In view of (3.5)), (2.1]) and (3.7]), equation (3.6]) yields
(Z,W] = ¢(VZFW — Vi FZ). (3.8)

The right hand side of the above lies in Dy because on using equations ([2.5)), (2.7)
and (2.10)), we observe that

9V, Vig FZ) = —g(Apy W, Z)
for all V e v and Z, W € D,. This shows that
g(VEFW — Vi FZ,V) = 0.
ie., VZFW — Vi FZ lies in FDy for each Z,W € Dy, and thus from equation
, [Z,W] € D>. |
Now, for Y € Dy & D3, by equation , we have
VedY = ¢V.Y.
In particular, for Y € Dy, the above equation yields
VedY = ¢VeY.

This implies V¢Y € Dy for any Y € D;.
The above observation together with the fact that o(X,£) = 0 for X € D; yields

Lemma 3.2. On a semi-slant submanifold M of a (k, u)-contact manifold M,
[X,€] € Dy and [Z,£] € Do
for any X € Dy and Z € Ds.

Lemma 3.3. Let M be a semi-slant submanifold of a (k, u)-contact manifold M.
Then, for any X, Y € TM, we have

Pi(Vx¢P 1Y)+ PI(VxTPY)=¢Pi(VxY)+ Pl Arp,y X —n(Y)PLX  (3.9)
Proof. By using equations , 7 , and we obtain
VxoPY + 0(oP Y, X))+ VxTPRY +o(TPRY,X) — App,y X + Vﬁ;FPQY
=¢P\VxY +TPVxY + FP,VxY +to(X,Y) + fo(X,Y)
+9(X +hX,Y)E = n(Y) P (X + hX) —n(Y)Po(X + hX) —n(Y)n(X)E.
Equating the components of D; we get . O
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Proposition 3.2. Let M be a semi-slant submanifold of (k, p)-contact manifold
M. Then
(i) D1® < & > is integrable if and only if

o(X,9Y) = o(Y, pX); (3.10)
(i) Da® < & > is integrable if and only if
Py(VZTW — AywZ — VwTZ + Az W) = 0; (3.11)

for any X,Y € Dy and Z,W € Ds.
Proof. Now, for any X,Y € D1@ <& >and V e THM
9(VxoY = Vy X, V) = g(o(X,0Y) = 0(¢X,Y), V),
after simplification, we get
9(Vx9)Y = (Vy)oX + 91X, Y], V) = g(0(X,9Y) - 0(6X,Y), V).
Now using and , we obtain
g(FBR[X, Y], V) = g(a(X,9Y) — 0(¢X,Y), V).
Removing inner product, we get
FP[X,Y]|=0(X,¢Y)—0(¢X,Y). (3.12)

Hence, if D1® < £ > is integrable then (3.10]) holds directly from (3.12).
Conversely, by using (3.10)), it is easy to prove that

o(X,0Y) — o(Y,$X) = o(PL X, $PY) — o(P,Y, pP X) = 0,

forany X,Y € D1@ < £ >. Thus, by applying it follows that FP[X,Y] = 0.
So, we can easily deduce that P»[X, Y] must vanish. Since D is a slant distribution
with nonzero slant angle. Hence [X,Y] € D1® < £ > and statement (i) holds.
With regards to statement (ii), by virtue of we have

P [Z, W] = Py(VzTW —=VwTZ — ApwZ + ApzW).
for any Z, W € Dy® < £ >. Hence (3.11]) holds if and only if

¢P1[Za W] =0, (313)
for any Z,W € Dy® < & >. But it can be showed that (3.13)) is equivalent to
Dy® < £ > being an integrable distribution. O

The Nijenhuis tensor field S of the tensor T is given by
S(X,Y)=[TX,TY|+T*X,Y] - T[TX,Y] - T[X,TY],

for XY € TM. In particular, for X € Dy and Z € D5, the above equation on
simplification takes the form

S(X,Z2)=(VpxT)Z — (VrzT) X +T(V,T)X - T(VxT)Z.
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Using (2.14)) the above equation becomes
S(X, Z) =Apz;TX + tO’(TX, Z) — tU(TZ, X) — T(Asz) (314)

Theorem 3.3. If the invariant distribution D1 on a semi-slant submanifold M of
a (k, p)-contact manifold M is integrable and its leaves are totally geodesic in M,
then

(i) o(D1,D1) € v,

(ZZ) S(Dl,Dz) € Ds.

Proof. By hypothesis, for any X,Y in D; and Z in Dy
9(VxY,Z) =0,
and therefore by Gauss formula, we have
9(6VxY,6Z) = 0.
The above equation on making use of equations , and yields
9(c(X,9Y),FZ) =0.

This proves statement (i). To prove statement (ii), use to get

9(S(X,2),Y)=g(ApzTX +tc(TX,Z) —to(TZ,X) —TArzX,Y).

The right hand side of the above equation is zero in view of statement (i) and thus
(ii) is established. U

Next for the slant distribution, we have:

Theorem 3.4. If the slant distribution Dy on a semi-slant submanifold M of a
(k, w)-contact manifold M s integrable and its leaves are totally geodesic in M, then
(i) o(D1,D3) € v,

(’LZ) S(Dl,Dz) € Ds.

Proof. By hypothesis,
9(VzW,¢X) =0,
for any Z, W € Dy and X € D;. By applying , and
9(o(X,Z),FW) =0.
That proves (i). Now by using equation (3.14])
9(S(X,2),W) = g(ArzTX +tc(TX,Z) —tc(TZ,X) — TArz X, W),

for X € Dy and Z,W € Ds. The right hand side of the above equation is zero by
part (i). This proves (ii) and the theorem. O

Example: For any 6 € [0, §]

x(u1, ug, ug, ug, us) = (u1,0,us,0,us, 0, uscos8, ugsing, us)
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defines a five dimensional semi-slant submanifold M, with slant angle 6, in R° with
its usual (k, p)-contact structure (¢, &,n,g) [13]. Further,

0 0
=20, T

o
e =5 =&, (3.15)

er = (871—’—335815) 62:287%;

0 0
0(2

pre + sinf(2 5 8)

form a local orthonormal frame of T'M . If we define the distribution D; =< ey, eq >

and Dy =< e3,e4 >, then it is easy to check that the distribution D; is invariant

under ¢ and D, is slant with slant angle . That is M is semi-slant submanifold.

es = cosf(2

4. TOTALLY UMBILICAL SUBMANIFOLDS OF (k, (4)-CONTACT MANIFOLD

Definition 1. A submanifold M is said to be totally umbilical submanifold if
its second fundamental form satisfies
U(Xv Y) = g(Xa Y)H>

for all X,Y € TM, where H is the mean curvature vector.
To investigate totally umbilical submanifolds of a (k, u)-contact manifold, we
first establish the following preliminary result.

Proposition 4.5. Let M be a semi-slant submanifold of a (k, u)-contact manifold
M with o(X,TX) =0 for each X € D1® < & >. If D1® < £ > is integrable then
each of its leaves are totally geodesic in M as well as in M.

Proof. For X € D1® < £ >, by equation
(VxF)X = —0(X,TX) + fo(X, X),
by using and the fact that FX = 0 for each X € Dy, we get
FVxX = fo(X, X). (4.1)

Now, making use of Proposition and the assumption that o(X,TX) = 0, we
obtain o(X,TY) =0 i.e, o(X,Y) = 0 for each X,Y € D1® < £ >. This proves
that the leaves of D1@® < £ > are totally geodesic in M. Thus by 7 we obtain
that VxY € Di1® < & > i.e., the leaves of D1® < & > are totally geodesic in
M. |

As an immediate consequence of the above, we have

Corollary 4.2. L~et M be a totally umbilical semi-slant submanifold of a (k,u)-
contact manifold M. If D1® < £ > 1is integrable, then each of its leaves are totally
geodesic in M as well as in M.

Definition 2. [I0] A submanifold M of an almost contact metric manifold is
said to be totally contact umbilical submanifold if

o(X,Y) = g(6X, oY) K +n(Y)o (X, §) +n(X)o(Y,$),
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for all X|Y € TM, where K is a normal vector field on M. If K = 0 then M is said
to be a totally contact geodesic submanifold. For a submanifold of a (k, u)-contact
manifold, the condition for totally contact umbilicalness reduces to

o(X,Y) = g(¢X,¢Y)K.

Theorem 4.6. Let M be a totally contact umbilical semi-slant submanifold of a
(k, u)-contact manifold M, with dim(Dy) # 0. Then the mean curvature vector is
a global section of FDs.

Proof. Let X € Dy be a unit vector field and V € v, then
gUH,V) = g(0(X, X),V) = g(Vx¢X,¢V) = g(0(X,$X,6V)) = 0
= H € FDs. O
In view of Theorem we have the following:

Theorem 4.7. A totally contact umbilical semi-slant submanifold of a (k,u)-
contact manifold is totally contact geodesic if the invariant distribution D1 is inte-
grable.
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