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ON UNIVALENCE OF INTEGRAL OPERATORS

FATMA SAGSOZ

ABSTRACT. In this paper we consider functions of ¢, and we define integral
operators denoted by Fg » and Gg, ) using by v,, then we proved sufficient
conditions for univalence of these integral operators.

1. INTRODUCTION

Let A be the class of functions f of the form
flz)=z+ Zanz”
n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}.

We denote by S the subclass of A consisting of the functions f € A which are
univalent in U.

Let 1, defined by ¢, (z) = (1 = \) f(2)+Azf (z) for z € U, f € Aand 0 < A < 1.
We consider the integral operators

i) = [B / T (w) du]’l’ (z€U), (L1)

G (2) = /0 ’ [% (u)]ﬁ du (z€U) (1.2)

for ¢, € A,0 < XA <1 and for some complex numbers 8. In the present paper, we
obtain new univalence conditions for the integral operators Fj3 ) and Gpg x to be in
the class S.

Recently the problem of univalence of some generalized integral operators have

discussed by many authors such as: (see [2]-[8], [10],[14]-[16])

Received by the editors: March 08, 2017, Accepted: June 19, 2017.
2010 Mathematics Subject Classification. Primary 30C45.
Key words and phrases. Analytic functions, univalent functions, univalance conditions, integral

operators.
©2018 Ankara University
Communications Faculty of Sciences University of Ankara-Series A1 Mathematics and Statistics.
Communications de la Faculté des Sciences de ’Université d’Ankara-Séries A1 Mathematics and Statistics.

139



140 FATMA SAGSOZ

2. PRELIMINARY RESULTS

To discuss our problems for univalence of integral operators Fjz » and Gg x, we
recall here some results.

Theorem 1. Let o € C,Rea >0 and f € A. If

L2 21" (2)
Rea I (2)

for all z € U, then for any complex number 5, Re 8 > Rea, the function

Fy(2) = [ﬁ /O W () du} i

<1

is in the class S [12].
Theorem 2. Let f € A. If for all z € U

(1 B |Z|2) 2f" (2)

, <1
f(2)
then the function f is univalent in U [1].

Theorem 3. If the function g is reqular and |g ()| < 1 in U, then for allm € U
and z € U the following inequalities hold:

1—g(2)g(m)|  1—2n
and )
/ 1—g(2)|
2
g ( )’ 1_ |z|2
In here, the equalities hold only in the case g (z) = e where || = 1 and [u| < 1
[9].
Remark 1. For z =0 and all n € U, from inequality we obtain
—g(0
g9(m) —g(0) <1l
1—g(0)g(n)
and, hence
Il +1g (0)]
lg ()] <
L+ [g (0)|]n]
Considering g (0) = a and n = z, then
2| + |al
< Az
91 <

for all z € U [9).
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Theorem 4. Let 5 be a complex number, Ref > 1 and f € A, @ # 0 for all
z € U. If there exist a constant K € (0,m (r)], where

1—2|a2\r(1—r2)+\/[1—2|a2|r(1—7‘2)]2—|—8|a2|r3(1—r2)

mAr 2r2 (1 —1r2)

r=|z|,r € (0,1) such that

<K

for all z € U* =U — {0}, then the function

- 2 , %
BE =8 [ wal
L Jo
is regular and univalent in U* [L1].

Theorem 5. Let € C and g € A. If

"

g (2)
g9 (2)
for all z € U and the constant |B| satisfies the condition
1

2 1z]+2laz|
nza‘zg [(1 |2] ) |2 1+2|a2||2|}

8] <

then the function
z ! B
G2 = [ [o ] au
0

is univalent in U [13].

3. MAIN RESULTS

Theorem 6. Let § € C, Ref > 1 and ¢, a regular function in U, w*T(Z) %0 for
all z € U. If there exist a constant K € (0,m (r)], where

- 1—2(1+)\)\a2\r(1—r2)+\/[1—2(1+)\)\a2|r(1—r2)]2+8(1+)\)\ag\r?’(l—rz)

m(r 2r2 (1 —1r2?)
3.1)
r=|z|,r € (0,1) such that
ZZJIA (2) <K
¥y (2)

for all z € U*, then the function 18 reqular and univalent in U*.
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Proof. Let’s consider the function g (z) = %Z%EZ; where K is a real positive con-
A z
stant. Applying Theorem3] and RemarKT] to the function g, we obtain
Ly ()| ol + 2R .
Ko = N €U
¥y (2) 1+ 57" 7]
and hence, we have
" 2(14X)]az|
2| + 21t R)lael
(1- 1) |22 @) ¢ g (1= 12) 12 H2(1+—/\)\K\ (3.2)
Vi (2) L4+ === ||
Let’s consider the inequality
1
K < (3.3)

2 |z|+ 2(1+M)lag| *
(1= 12°) lol {2 i

Considering |z| = r,r € (0,1) and 2|az| = p,p > 0, the inequality (3.3)) becomes

K+ 1+ MNpr
K= (1—r2)r[Kr+ 1+ X\)p]

(3.4)
We note that
(1=7*)r[Kr+(14+X)p] >0 (3.5)

for every K > 0,p > 0,7 € (0,1) and 0 < A < 1. Using (3.5) the inequality (3.4))
becomes

rP?(1-r)K*+[1+Npr(1—-r")—1]K—(1+A)pr<0.
Let us consider the equation

rP(1-r)K*+[1+Npr(1—r")—1] K- (1+X)pr=0, (3.6)
with the unknown K. From we obtain

17(1+)\)pr(177"2):|:\/[17(1+/\)p7’(17T2)}2+4(1+>\)p7"3(177"2)
2r2 (1 —r?) ’

K=
(3.7)

For every p > 0, r € (0,1) and 0 < A < 1 the following inequality holds
[1—(1+)\)pr(1—r2)}2+4(1+)\)pr3 (1—r*)>0. (3.8)

Using (3.7) and (3.8]) it results that K7, Ko are real solutions. Considering a =
1—72 a€(0,1)and b=pr, b> 0 from (3.7) we get

L= (14N abt /L= (1+ N ab +4(1+ N ab(1—a)

K =
2 2a(1—a)

(3.9)
O

We have the following cases:
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Case 1. For |ag| > it results that 1 — (1 4+ X\) ab < 0, so that

1
2(1+A)r(1—72)

L= (14N ab— /L= (1+ N ab’ +4(1+ N ab(1—a)
2a(1—a)

Ky =

is real negative solution. Clearly,

L= (14N ab+ /L= (1+ N ab’ +4(1+ N ab(1—a)
Ko =
2a(1—a)
is real positive solution. In this case, for K € (0, Ks] the inequality 1s verified.

Case 2. For |ag| < it results that 1 — (1 4+ X)ab > 0.

1

2(14+N)r(1—r2)

Let’s prove that K7 < 0. Supposing that K7 > 0, we obtain 4 (1 + A)ab(1 —a) <
0 the fact which is false. It results that Ky < 0. We note that Ky > 0, and the
inequality (3.3)) is verified for K € (0, K3] .
Case 3. For |as| = WM using we obtain

=@+ XN)ab(1l—a)
2 a(l—a)
and the inequality is verified only for K € (0, K3] where

VI +XN)ab(l—a)
Ky = .

a(l—a)

Considering equality in conclusion for |az|, r stable and K € (0,m (r)], the
inequality 1s verified and using it results that

O_Vﬂ %U@

NE
From and Theoren{d] in the case o =1 we obtain that the function Fp x (z)
is reqular and univalent in U*.

Ky

<1,zeU". (3.10)

Theorem 7. Let 5 be a complex number and the function ¥, € A,\(z) =
(1=XN f(2)+Azf (2) for fe Aand 0 < A< 1. If

¥, (2)
¥y (2)

for all z € U and the constant || satisfies the condition

18] < !

L2 Lz[+2(14+N)as|
\Iﬁ% Kl |2] ) |2 1+2(T+N)[az[[2]

<1 (3.11)

(3.12)

then the function Gg x is univalent in U.
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Proof. The function G defined by (1.2) is regular in U. Let us consider the
function

p(2) = LG:B/,/\ (2)

18] G55 (2)
where the constant |3| satisfies the inequality . The function p is regular in
U and from and we have

(3.13)

B ¥ (2)
= —— . 3.14
p(z) EPA® (3.14)
Using (3.14)) and (3.11) we obtain
p(2)] <1

for all z € U and |p(0)| = 2 (1 + A) |az|. When RemarK]I] applied to the function p,
it gives
1 Gaa(2) _ e[ +2(1+2) aa|

3Gy () = 120+ ) Jaa] 2 (319
for all z € U. From (3.15)) we get
G (2) |z] +2(1+ A)|az|
1—|z?) | =282 < 1—1z2%) |2
( ||) Gy (2) _"B|( ||)||1+2(1+)\)|a2||z|
for all z € U. Hence we have
G (2) || +2(1+ ) |ag]
1—[2?) |22 < 1— |z . 3.16
( ‘Z|) Gy (2) *'mfﬁag’i( 12 )|Z|1+2(1+>\) PRI

From ([3.16)) and (3.12) we obtain
zG; 5\ (%)

(1-121) EANE)

for all z € U. From Theore it follows that the function G x defined by (1.2) is
univalent in U. O

<1

Remark 2. Taking X\ = 0 in Theoren{f] and Theoren{d, we obtain Theoren{f] and
Theoren{d, respectively.

If we take A = 1 in Theorem] and Theorenf7, we have the following corollaries.

Corollary 1. Let 5 be a complex number, Ref > 1 and v, a regular function

in U, (2) = zf (2) and w17(z) # 0 for all z € U. If there exist a constant
K € (0,m(r)], where

1—4|a2|7‘(1—r2)+\/[1—4\a2|7“(1—7"2)]2+16\a2|7“3(1—7“2)

mAr 2r2 (1 — r?) ’
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r = |z|,r € (0,1] such that
¥y (2) f
vi()] | F)

for all z € U*, then the function

Foa(2) = [ﬁ / WY () du} ’

1s regular and univalent in U*.

Corollary 2. Let 3 be a complex number and the function v, (z) = zf (z) where
feA If

Y (2)

7 <1
¥y (2)
for all z € U and the constant |B| satisfies the condition
1
18] < — [(1 B ‘Z|2> 12| ZLtilea }
‘Z‘Sl 1+4faz||z]

then the function
2oy B
Goa @)= [ [v1 )] du
0

is univalent in U.
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