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A CONVERGENCE THEOREM IN GENERALIZED CONVEX
CONE METRIC SPACES

BIROL GUNDUZ

Abstract. The aim of this work is to establish convergence theorem of a new
iteration process for a finite family of I-asymptotically quasi-nonexpansive
mappings and a finite family of asymptotically quasi-nonexpansive mappings
in generalized convex cone metric spaces. Our result is valid in the whole space,
whereas the results given in [4, 5] are valid in a nonempty convex subset of a
convex cone metric space. Our convergence results generalize and refine not
only result of Gunduz [6] but also results of Lee [4, 5] and Temir [9].

1. Introduction

Fixed point theory plays an important role in applications of many branches
of mathematics and applied sciences. The study of metric fixed point theory has
been at the centre of vigorous research activity. There has been a number of
generalizations of the usual notion of a metric space. One such generalization is
a cone metric space introduced and studied by Huang and Zhang [2], in 2007.
The idea of cone metric spaces is based on replacing the set of real numbers by
an ordered Banach space in definition of metric spaces. Huang and Zhang [2]
modified definitions of some concepts such as convergence of sequences, Cauchy
sequences, and completeness in this space. They also proved some fixed point
theorems of contractive mappings on complete cone metric spaces using assumption
of the normality of a cone. After that a series of articles have been dedicated to
existence and uniqueness of fixed point of different type mappings in cone metric
spaces. In [4], Lee introduced the concept of convex cone metric spaces by combining
idea of cone metric space and convex metric space defined by Takahashi [1], and
started iterative approximation of fixed points of nonlinear mappings. Gunduz [7]
studied convergence of a new multistep iteration for a finite family of asymptotically
quasi-nonexpansive mappings in convex cone metric spaces. Result of Gunduz [7]
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is valid in the whole space, whereas the results of Lee [4, 5] are valid in a nonempty
convex subset of a convex cone metric spaces.
The aim of this work is to study convergence of a new iteration process for a

finite family of I-asymptotically quasi-nonexpansive mappings and a finite family
of asymptotically quasi-nonexpansive mappings in generalized convex cone metric
spaces. Our convergence results generalize and refine not only result of Gunduz [6]
but also result of paper given in his references.
Throughout this article, we use the notation F (T ) for the set of fixed points of

a mapping T and F := (
⋂r
i=1 F (Ti)) ∩ (

⋂r
i=1 F (Ii)) for the set of common fixed

points of two finite families of mappings {Ti : i ∈ J} and {Ii : i ∈ J}, where J is
set of first r natural numbers.

2. Preliminaries

In this section, we need to recall some basic notations, definitions, and necessary
results and examples from existing literature.
In 1970, Takahashi [1] introduced the concept of convexity in a metric space

(X, d) as follows.

Definition 1. [1] A convex structure in a metric space (X, d) is a mapping W :
X2 × [0, 1]→ X satisfying, for all x, y, u ∈ X and all λ ∈ [0, 1] ,

d (u,W (x, y;λ)) ≤ λd (u, x) + (1− λ) d (u, y) .

Let E be a normed vector space, then the following definitions can be found in
[2].

Definition 2. [2] A nonempty subset P of E is called a cone if P is closed, P 6= {θ},
for a, b ∈ R+ = [0,∞) and x, y ∈ P , ax+ by ∈ P and P ∩ {−P} = {θ}. We define
a partial ordering � in E as x � y if y− x ∈ P . x� y indicates that y− x ∈ intP
and x ≺ y means that x � y but x 6= y. A cone P is said to be solid if its interior
intP is nonempty. A cone P is said to be normal if there exists a positive number
k such that for x, y ∈ P , θ � x � y implies ‖x‖ ≤ k ‖y‖ or equivalently, if (∀n)
xn � yn � zn and limn→∞ xn = limn→∞ zn = x imply limn→∞ yn = x. The least
positive number k is called the normal constant of P .

It is clear that k ≥ 1. There exist cones which are not normal.

Example 1. [3] Let E = C1R[0, 1] with ‖x‖ = ‖x‖∞+‖x′‖∞ on P = {x ∈ E : x (t) ≥
0}. This cone is not normal. Consider, for example, xn(t) = tn

n and yn(t) = 1.
Then θ � xn � yn, and limn→∞ yn = θ, but ‖xn‖ = maxt∈[0,1]

∣∣ tn
n

∣∣+maxt∈[0,1]
∣∣tn−1∣∣

= 1
n + 1 > 1; hence xn does not converge to zero. Thus P is a nonnormal cone.

Definition 3. [2] Let X be a nonempty set. A mapping d : X × X → (E,P ) is
called a cone metric if (i) for x, y ∈ X, θ � d (x, y) and d (x, y) = θ iff x = y, (ii)
for x, y ∈ X, d (x, y) = d (y, x) and (iii) for x, y, z ∈ X, d (x, y) � d (x, z) +d (z, y).
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A nonempty set X with a cone metric d : X ×X → (E,P ) is called a cone metric
space denoted by (X, d), where P is a solid normal cone.

Since each metric space is a cone metric space with E = R and P = [0,+∞),
the concept of a cone metric space is more general than that of a metric space.

Example 2. [2]Let E = R2, P =
{

(x; y) ∈ R2 : x ≥ 0, y ≥ 0
}
, X = R and d :

X × X → E defined by d(x, y) = (|x− y| , α |x− y|), where α ≥ 0 is a constant.
Then (X, d) is a cone metric space with normal cone P where k = 1.

Definition 4. A sequence {xn} in a cone metric space (X, d) is said to converge to
x ∈ X and is denoted as limn→∞ xn = x or xn → x (as n→∞) if for any c ∈ intP ,
there exists a natural number N such that for all n > N , c − d (xn, x) ∈ intP . A
sequence {xn} in (X, d) is called a Cauchy sequence if for any c ∈ intP , there exists
a natural number N such that for all n,m > N , c − d (xn, xm) ∈ intP . A cone
metric space (X, d) is said to be complete if every Cauchy sequence converges.

In other words, {xn} is said to converge to x, if there exists a natural number N
such that d (xn, x)� c for all n > N and for any c ∈ E with θ � c. {xn} is called a
Cauchy sequence in X, if there exists a natural number N such that d (xn, xm)� c
for all n,m > N and for any c ∈ E with θ � c.

Proposition 1. [2] Let {xn} be a sequence in a cone metric space (X, d) and P be
a normal cone. Then

(1) {xn} converges to x in X if and only if d (xn, x)→ θ (as n→∞) in E.
(2) {xn} is a Cauchy sequence if and only if d (xn, xm)→ θ (as n,m→∞) in

E.

Definition 5. [4] Let (X, d) be a cone metric space. A mappingW : X2×[0, 1]→ X
is called a convex structure on X if d (W (x, y, λ) , u) � λd (x, u)+(1− λ) d (y, u) for
all x, y, u ∈ X and λ in [0, 1]. A cone metric space (X, d) with a convex structure W
is called a convex cone metric space and denoted as (X, d,W ). A nonempty subset
C of a convex cone metric space (X, d,W ) is said to be convex if W (x, y, λ) ∈ C
for all x, y ∈ C and λ ∈ [0, 1].

Example 3. Let (X, d) be a cone metric space as in Example 2. If W (x, y;λ) =
λx + (1− λ) y, then (X, d) is a convex cone metric space. Hence, this concept is
more general than that of a convex metric space.

Definition 1 can be extended as follows: A mapping W : X3 × [0, 1]
3 → X is

said to be a convex structure on X, if it satisfies the following condition: For any
(x, y, z; a, b, c) ∈ X3 × [0, 1]

3 with a+ b+ c = 1, and u ∈ X:

d (u,W (x, y, z; a, b, c)) ≤ ad (u, x) + bd (u, y) + cd (u, z) .

If (X, d) is a metric space with a convex structure W , then (X, d) is called a
generalized convex metric space. A nonempty subset C of a generalized convex
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metric space X is said to be convex if W (x, y, z; a, b, c) ∈ C, ∀ (x, y, z) ∈ C3,
∀ (a, b, c) ∈ [0, 1]

3 with a+ b+ c = 1.
Every linear normed space is a generalized convex metric space with a convex

structure W (x, y, z; a, b, c) = ax + by + cz, for all x, y, z ∈ X and a, b, c ∈ [0, 1]
with a + b + c = 1. But there exist some convex metric spaces which can not be
embedded into any linear normed spaces (see, Gunduz and Akbulut [8]).
Considering generalized convex metric space together with cone metric space,

any one can be defined generalized convex cone metric spaces as follow:

Definition 6. [4] Let (X, d) be a cone metric space. A mapping W : X3× [0, 1]
3 →

X is called a convex structure on X if d (u,W (x, y, z; a, b, c)) � ad (u, x)+bd (u, y)+
cd (u, z) for all x, y, z, u ∈ X and a, b, c ∈ [0, 1] with a + b + c = 1. A cone metric
space (X, d) with a convex structure W is called a generalized convex cone metric
space and denoted as (X, d,W ). A nonempty subset C of a generalized convex
cone metric space (X, d,W ) is said to be convex if W (x, y, z; a, b, c) ∈ C for all
x, y, z,∈ C and a, b, c ∈ [0, 1] with a+ b+ c = 1.

Remark 1. If we take E = R, P = [0,+∞) and ‖.‖ = |.|, then generalized convex
cone metric spaces coincide with generalized convex metric spaces.

Now we give definition of some mappings which will be used later.

Definition 7. Let (X, d) be a cone metric space with a solid cone P and T, I :
(X, d)→ (X, d) be two mapping. The mapping T is said to be

(1) asymptotically nonexpansive if there exists un ∈ [1,∞) for all n ∈ N with
limn→∞ un = 1 such that

d (Tnx, Tny) � und (x, y) for all x, y ∈ X and n ∈ N.
(2) asymptotically quasi-nonexpansive if F (T ) 6= ∅ and there exists un ∈ [1,∞)

for all n ∈ N with limn→∞ un = 1 such that

d (Tnx, p) � und (x, p) for all x ∈ X, p ∈ F (T ) and n ∈ N.
(3) I-asymptotically nonexpansive if there exists a sequence {vn} ⊂ [0,∞) with

limn→∞ vn = 0 such that

d (Tnx, Tny) � (1 + vn)d (Inx, Iny)

for all x, y ∈ X and n ≥ 1.
(4) I-asymptotically quasi nonexpansive if F (T ) ∩ F (I) 6= ∅ and there exists a

sequence {vn} ⊂ [0,∞) with limn→∞ vn = 0 such that

d (Tnx, p) � (1 + vn)d (Inx, p)

for all x ∈ X and p ∈ F (T ) ∩ F (I) and n ≥ 1.
(5) I-uniformly Lipschitz if there exists Γ > 0 such that

d (Tnx, Tny) � Γd (Inx− Iny) , x, y ∈ X and n ≥ 1.
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Remark 2. From the above definition, it follows that if F (T ) is nonempty, then an
asymptotically nonexpansive mapping is asymptotically quasi-nonexpansive. Also,
an I-asymptotically nonexpansive mapping is I-uniformly Lipschitz with the Lip-
schitz constant Γ = sup {1 + vn : n ≥ 1} and an I-asymptotically nonexpansive
mapping with F (T ) ∩ F (I) 6= ∅ is I-asymptotically quasi nonexpansive. However,
the converse of these claims are not true in general. It is easy to see that if I is iden-
tity mapping, then I-asymptotically nonexpansive mappings and I-asymptotically
quasi nonexpansive mappings coincide with asymptotically nonexpansive mappings
and asymptotically quasi nonexpansive mappings, respectively.

In [6], Gunduz used the Ishikawa iteration process with error terms to prove
some convergence results in a convex metric space. We can modify his process in
accordance with our purpose as follow:
Let (X, d) be a generalized convex cone metric space with convex structure W ,

{Ti : i ∈ J} : X → X be a finite family of Ii-asymptotically quasi-nonexpansive
mappings and {Ii : i ∈ J} : X → X be a finite family of asymptotically quasi-
nonexpansive mappings. Suppose that {un} and {vn} are two bounded sequences
(with respect to cone metric d) in X and {αn} , {βn} , {γn} , {α̂n} , {β̂n}, {γ̂n} are
six sequences in [0, 1] such that αi + βn + γn = 1 = α̂n + β̂n + γ̂n for n ∈ N. For
any given x1 ∈ X, iteration process {xn} defined by,

xn+1 = W (xn, I
n
i yn, un;αn, βn, γn) , (2.1)

yn = W
(
xn, T

n
i xn, vn; α̂n, β̂n, γ̂n

)
, n ≥ 1,

where n = (k− 1)r+ i, i = i(n) ∈ J is a positive integer and k(n)→∞ as n→∞.
Thus, (2.1) can be expressed in the following form:

xn+1 = W
(
xn, I

k(n)
i(n) yn, un;αn, βn, γn

)
,

yn = W
(
xn, T

k(n)
i(n) xn, vn; α̂n, β̂n, γ̂n

)
, n ≥ 1.

Let’s give with a proposition.

Lemma 1. [10] Let {an}, {bn} and {cn} be three nonnegative sequences satisfying
∞∑
n=0

bn <∞,
∞∑
n=0

cn <∞, an+1 = (1 + bn) an + cn, n ≥ 0.

Then
i) limn→∞ an exists,
ii) if either lim infn→∞ an = 0 or lim supn→∞ an = 0, then limn→∞ an = 0.

3. Main Results

Using the steps in the proof of [6, Proposition 1.9.], we can prove easily the next
proposition which plays a key role in the proof of our main result.
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Proposition 2. Let (X, d) be a generalized convex cone metric space with a solid
cone P and convex structure W , {Ti : i ∈ J} : X → X be a finite family of Ii-
asymptotically quasi-nonexpansive mappings, and {Ii : i ∈ J} : X → X be a finite
family of asymptotically quasi-nonexpansive mappings with F := (

⋂r
i=1 F (Ti)) ∩

(
⋂r
i=1 F (Ii)) 6= ∅. Then, there exist a point p ∈ F and sequences {kn} , {ln} ⊂

[0,∞) with limn→∞ kn = limn→∞ ln = 0 such that

d (Tni x, p) � (1 + kn)d (Ini x, p) and d (Ini x, p) � (1 + ln)d (x, p)

for all x ∈ K, for each i ∈ I.

We now prove convergence theorem of the iterative scheme (2.1) in generalized
convex cone metric spaces.

Theorem 1. Let (X, d,W ) be a generalized convex cone metric space with a cone
metric d : X × X → (E,P ), where P is a solid normal cone with the normal
constant k. Let {Ti : i ∈ J} : X → X be a finite family of Ii-asymptotically quasi-
nonexpansive mappings and {Ii : i ∈ J} : X → X be a finite family of asymp-
totically quasi-nonexpansive mappings with F 6= ∅. Suppose that

∑∞
n=1 kn < ∞,∑∞

n=1 ln <∞ and {xn} is as in (2.1) with {γn} , {γ̂n} satisfying
∑∞

n=1 γn <∞ and∑∞
n=1 γ̂n <∞. (i) If {xn} converges to a point in F, then lim infn→∞ d (xn, F ) = θ.

(ii) {xn} converges to a point in F, if X is complete and lim infn→∞ d (xn, F ) = θ.

Proof. We prove only (ii), since (i) is obvious. Let p ∈ F . Since {un} and {vn} are
bounded sequences with respect to cone metric d in X, there exists M � θ such
that max

{
supn≥1 d(un, p), supn≥1 d(vn, p)

}
� M. Considering Proposition 2 and

(2.1), we have

d (yn, p) = d
(
W
(
xn, T

n
i xn, vn; α̂n, β̂n, γ̂n

)
, p
)

� α̂nd (xn, p) + β̂nd (Tni xn, p) + γ̂nd(vn, p)

� α̂nd (xn, p) + β̂n (1 + kn) d (Ini xn, p) + γ̂nM

� α̂nd (xn, p) + β̂n (1 + kn) (1 + ln) d (xn, p) + γ̂nM

�
(

1 + β̂n (kn + ln + knln)
)
d (xn, p) + γ̂nM (3.1)

and

d (xn+1, p) = d (W (xn, I
n
i yn, un;αn, βn, γn) , p)

� αnd (xn, p) + βnd (Ini yn, p) + γnd (un, p)

� αnd (xn, p) + βn (1 + ln) d (yn, p) + γnM. (3.2)
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Substituting (3.1) into (3.2),

d (xn+1, p) � αnd (xn, p) + βn (1 + ln) d (yn, p) + γnM

� αnd (xn, p) + βn (1 + ln)
(

1 + β̂n (kn + ln + knln)
)
d (xn, p)

+βn (1 + ln) γ̂nM + γnM

� αnd (xn, p) + βn (1 + ln) d (xn, p)

+βn (1 + ln) β̂n (kn + ln + knln) d (xn, p)

+ (βn (1 + ln) γ̂n + γn)M

�
[
1 + βnln + βnβ̂n (1 + ln) (kn + ln + knln)

]
d (xn, p)

+ (βn (1 + ln) γ̂n + γn)M.

Thus we obtain
d (xn+1, p) � [1 + κn] d (xn, p) + tnM (3.3)

where κn = βnln + βnβ̂n (1 + ln) (kn + ln + knln) and tn = (βn (1 + ln) γ̂n + γn)
with

∑∞
n=1 κn <∞ and

∑∞
n=1 tn <∞. Hence, by the normality of P , we have for

the normal constant k > 0

‖d (xn+1, F )‖ ≤ k [1 + κn] ‖d (xn, F )‖+ ktn ‖M‖ (3.4)

Lemma 1 and (3.4) imply that the limn→∞ ‖d (xn, F )‖ exists.
Now lim infn→∞ ‖d (xn, F )‖ = 0 implies limn→∞ ‖d (xn, F )‖ = 0.
Next, we show that the sequence {xn} is a Cauchy sequence. Taking into account
that the inequality 1 + x ≤ ex for all x ≥ 0, and (3.4), therefore we have

‖d (xn+1, p)‖ ≤ k exp {κn} ‖d (xn, p)‖+ k ‖M‖ tn. (3.5)

Hence, for any positive integers n,m, from (3.5) it follows that

‖d (xn+m, p)‖ ≤ k1 exp {κn+m−1} ‖d (xn+m−1, p)‖+ k1tn+m−1 ‖M‖
≤ k1 exp {κn+m−1} [k2 exp {κn+m−2} ‖d (xn+m−2, p)‖

+k2tn+m−2 ‖M‖] + k1tn+m−1 ‖M‖
= k1k2 exp {κn+m−1} exp {κn+m−2} ‖d (xn+m−2, p)‖

+k1k2 exp {κn+m−1} tn+m−2 ‖M‖+ k1tn+m−1 ‖M‖
≤ · · ·

≤
m∏
j=1

kj exp

{
n+m−1∑
i=n

κi

}
‖d (xn, p)‖

+

m∏
j=1

kj exp

{
n+m−1∑
i=n

κi

}
n+m−1∑
i=n

ti ‖M‖

≤ BG ‖d (xn, p)‖+BG

n+m−1∑
i=n

ti ‖M‖ ,
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where B =
∏m
j=1 kj , G = exp

{
n+m−1∑
i=n

κi

}
< ∞ and ki is corresponding normal

constant for i = 1, 2, . . . ,m.
Since limn→∞ ‖d (xn, F )‖ = 0 and

∑∞
n=1 tn <∞, for any given positive real number

ε, there exists a natural number N0 ∈ N such that ‖d (xn, F )‖ ≤ ε
2(1+BG) and∑∞

n=1 tn <
ε

2BG‖M‖ for n ≥ N0. In particular, there exist a point p1 ∈ F such that
‖d (xn, p1)‖ ≤ ε

2(1+BG) for n ≥ N0. Consequently, for any n ≥ n0 and for all m ≥ 1

we have

‖d (xn+m, xn)‖ ≤ ‖d (xn+m, p1)‖+ ‖d (xn, p1)‖

≤ (1 +BG) ‖d (xn, p1)‖+BG

n+m−1∑
i=n

ti ‖M‖

≤ (1 +BG)
ε

2(1 +BG)
+BG

ε

2BG ‖M‖ ‖M‖ = ε.

This implies that {xn} is a Cauchy sequence in X, therefore, it converges to some
point q in the complete space X.
Finally, we show that q ∈ F . Let {qn} be a sequence in F such that qn → q. Since

d(q, Tiq) � d(q, qn) + d(qn, Iiq)

= d(q, qn) + d(Iqn, Iiq)

� d(q, qn) + (1 + ln)d(qn, q),

taking limit in above inequality, we have q ∈
⋂r
i=1 F (Ii) for all i ∈ I. Simi-

larly, q ∈
⋂r
i=1 F (Ti). So q ∈ F , which means that F is closed. Since d(q, F ) =

d(limn→∞ xn, F ) = limn→∞ d(xn, F ) = θ by Propostion 1 (i), we have q ∈ F . In
other words, {xn} converges to a common fixed point in F . �

Remark 3. We get Theorem 2.2. of Gunduz [6] restricting the normed linear space
(E,P ) to a real number system (R, [0,∞)) from Theorem 1. Additionally to this re-
striction taking the metric space (X, d) to a Banach space with W (x, y, z;α, β, γ) =
αx + βy + γz, and γn = γ̂n = 0 for all n ∈ N, we get a generalization of corre-
sponding result of Temir [9].

Remark 4. We want to point out that our theorem generalizes the result of Temir
[9] in two ways: (i) from a closed convex subset of Banach spaces to general setup
of generalized convex cone metric space, (ii) a finite family of Ii-asymptotically
nonexpansive mappings to a finite family of Ii-asymptotically quasi-nonexpansive
mappings.
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