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C*-ALGEBRA-VALUED S-METRIC SPACES

MELTEM ERDEN EGE AND CIHANGIR ALACA

Abstract. In this study, we present the concept of a C*-algebra-valued S-
metric space. We prove Banach contraction principle in this space. Finally,
we prove a common fixed point theorem in C*-algebra-valued S-metric spaces
defining new notions such as L-condition and k-contraction.

1. Introduction

As we have known, Banach contraction principle has very useful structure. For
this reason, it has been used in various areas such as modern analysis, applied
mathematics and fixed point theory. The main goal of researchers is to obtain new
results in different metric spaces. On the other hand, coupled fixed point theorems
have been given in different metric spaces [12, 23, 31].
The notion of S-metric space was presented by Sedghi et al. [24]. Then, Chouhan

[6] proved a common unique fixed point theorem for expansive mappings in S-metric
space. Sedghi and Dung [25] proved a general fixed point theorem in S-metric
spaces.
Hieu et al. [11] gave a fixed point theorem for a class of maps depending on

another map on S-metric spaces. Afra [2] introduced double contractive mappings.
For other important papers related to S-metric spaces, see [1, 7, 8, 9, 10, 26].
After studying the operator-valued metric spaces in [17], Ma et al. [18] intro-

duced the concept of C*-valued metric spaces and give a fixed point theorem for
C*-valued contraction mappings. In [19], C*-algebra-valued b-metric spaces were
presented and some applications related to operator and integral equations were
given. Coincidence and common fixed point theorems for two mappings in com-
plete C*-algebra-valued metric spaces were proved in [22].
Batul and Kamran [5] generalized the notion of C*-valued contraction mappings

and established a fixed point theorem for such mappings. In [29], Caristi’s fixed
point theorem was given for C*-algebra-valued metric spaces. Kamran et al. [14]
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gave the Banach contraction principle in C*-algebra-valued b-metric spaces with
application. Bai [4] presented coupled fixed point theorems in C*-algebra-valued
b-metric spaces. For other works, see [3, 13, 15, 21, 28, 30, 32, 33].
In this work, we introduce C*-algebra-valued S-metric spaces and prove Banach

contraction principle. We also prove a coupled fixed point theorem in C*-algebra-
valued S-metric spaces. For this purpose, we give some definitions such as coupled
fixed point, L-condition and k-contraction.

2. Preliminaries

In this section, we give some basic definitions and theorems from [18] which will
be used later. Throughout this paper, A will denote a unital C*-algebra with a
unit I. An involution on A is a conjugate linear map a 7→ a∗ on A such that

a∗∗ = a and (ab)∗ = b∗a∗

for all a, b ∈ A. The pair (A, ∗) is called a ∗-algebra. A Banach ∗-algebra is a
∗-algebra A together with a complete submultiplicative norm such that

‖a∗‖ = ‖a‖ (∀a ∈ A).

A C*-algebra is a Banach ∗-algebra such that ‖a∗a‖ = ‖a‖2.
Set Ah = {x ∈ A : x = x∗}. An element x ∈ A is said to be a positive element,

denoted by x � θ, if x ∈ Ah and σ(x) ⊂ R+ = [0,∞), where σ(x) is the spectrum
of x. A partial ordering � on Ah can be defined with these positive elements as
follows:

x � y if and only if y − x � θ,
where θ means the zero element in A. The set {x ∈ A : x � θ} will be denoted by
A+.
When A is a unital C*-algebra, then for any x ∈ A+ we have x � I ⇔ ‖x‖ ≤ 1

and |x| = (x ∗ x) 12 .

Definition 2.1. [18]. Let X be a nonempty set. Suppose the mapping d : X×X →
A satisfies the following:

(1) θ � d(x, y) for all x, y ∈ X and d(x, y) = θ ⇔ x = y;
(2) d(x, y) = d(y, x) for all x, y ∈ X;
(3) d(x, y) � d(x, z) + d(z, y) for all x, y, z ∈ X.
Then d is called a C*-algebra-valued metric on X and (X,A, d) is called a C*-

algebra-valued metric space.

It is obvious that C*-algebra-valued metric spaces generalize the concept of met-
ric spaces, replacing the set of real numbers by A+.

Definition 2.2. [18]. Let (X,A) be a C*-algebra-valued metric space. Suppose
that {xn} ⊂ X and x ∈ X.
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(i) If for any ε > 0, there is N such that for all n > N , ‖d(xn, x)‖ ≤ ε, then
{xn} is said to be convergent with respect to A and {xn} converges to x
and x is the limit of {xn}. We denote it by lim

n→∞
xn = x.

(ii) If for any ε > 0, there is N such that for all n,m > N , ‖d(xn, xm)‖ ≤ ε,
then {xn} is called a Cauchy sequence with respect to A.

(iii) We say that (X,A, d) is a complete C*-algebra-valued metric space if every
Cauchy sequence with respect to A is convergent.

Example 2.3. [18]. Let X = R and A =M2(R). Define

d(x, y) = diag(|x− y|, α|x− y|),

where x, y ∈ R and α ≥ 0 is a constant. d is a C*-algebra-valued metric and
(X,M2(R), d) is a complete C*-algebra-valued metric space by the completeness of
R.

Definition 2.4. [18]. Suppose that (X,A, d) is a C*-algebra-valued metric space.
We call a mapping T : X → X is a C*-algebra-valued contractive mapping on X,
if there exists an A ∈ A with ‖A‖ < 1 such that

d(Tx, Ty) � A∗d(x, y)A

for all x, y ∈ A.

Theorem 2.5. [18]. If (X,A, d) is a complete C*-algebra-valued metric space and
T is a contractive mapping, there exists a unique fixed point in X.

Definition 2.6. [18]. Let X be a nonempty set. We call a mapping T is a C*-
algebra-valued expansion mapping on X, if T : X → X satisfies:

(1) T (X) = X;
(2) d(Tx, Ty) � A∗d(x, y)A, ∀x, y ∈ X,
where A ∈ A is an invertible element and ‖A−1‖ < 1.

Theorem 2.7. [18]. Let (X,A, d) be a complete C*-algebra-valued metric space.
Then for the expansion mapping T , there exists a unique fixed point in X.

Lemma 2.8. [18]. Suppose that A is a unital C*-algebra with a unit I.
(1) If a ∈ A+ with ‖a‖ < 1

2 , then I − a is invertible and ‖a(I − a)
−1‖ < 1;

(2) Suppose that a, b ∈ A with a, b � θ and ab = ba, then ab � θ;
(3) by A′

we denote the set

{a ∈ A : ab = ba, ∀b ∈ A}.

Let a ∈ A′
, if b, c ∈ A with b � c � θ and I − a ∈ A′

+ is an invertible operator,
then

(I − a)−1b � (I − a)−1c.
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Theorem 2.9. [18]. Let (X,A, d) be a complete C*-valued metric space. Suppose
the mapping T : X → X satisfies for all x, y ∈ X

d(Tx, Ty) � A(d(Tx, y) + d(Ty, x)),

where A ∈ A′

+ and ‖A‖ < 1
2 . Then there exists a unique fixed point in X.

On the other hand, we need to recall the definition of S-metric spaces.

Definition 2.10. [24]. Let X be a non-empty set. An S-metric on X is a function
S : X3 → [0,∞) that satisfies the following conditions, for each x, y, z, a ∈ X,

(i) S(x, y, z) ≥ 0;
(ii) S(x, y, z) = 0 if and only if x = y = z;
(iii) S(x, y, z) ≤ S(x, x, a) + S(y, y, a) + S(z, z, a).
The pair (X,S) is called an S-metric space.

3. Main Results

In this section, we introduce C*-algebra-valued S-metric spaces and give some
results on this new space.

Definition 3.1. Let X be a nonempty set. Suppose the mapping S : X×X×X →
A satisfies the following conditions for each x, y, z, a ∈ X:

(i) S(x, y, z) � θ;
(ii) S(x, y, z) = θ if and only if x = y = z;
(iii) S(x, y, z) � S(x, x, a) + S(y, y, a) + S(z, z, a).
Then S is called a C*-algebra-valued S-metric and (X,A, S) is called a C*-

algebra-valued S-metric space.

Example 3.2. Let A = M2(R) be all 2 × 2-matrices with the usual operations of
addition, scalar multiplication and matrix multiplication. It is clear that

‖A‖ = (
2∑

i,j=1

|ai,j |2)
1
2

defines a norm on A where A = (aij) ∈ A. ∗ : A → A defines an involution on A
where A∗ = A. Then A is a C*-algebra [27]. For A = (aij) and B = (bij) in A, a
partial order on A can be given as follows:

A � B ⇔ (aij − bij) ≤ 0 for all i, j = 1, 2.

If we define on A

S(x, y, z) =

[
d(x, z) + d(y, z) 0

0 d(x, z) + d(y, z)

]
,

then it is a C*-algebra-valued S-metric space.

Lemma 3.3. In a C*-algebra-valued S-metric space, we have S(x, x, y) = S(y, y, x).



C*-ALGEBRA-VALUED S-METRIC SPACES 169

Proof. By the condition (iii) of C*-algebra-valued S-metric, we obtain

S(x, x, y) � S(x, x, x) + S(x, x, x) + S(y, y, x) = S(y, y, x)

and

S(y, y, x) � S(y, y, y) + S(y, y, y) + S(x, x, y) = S(x, x, y).

Thus we get S(x, x, y) = S(y, y, x). �

Definition 3.4. Let (X,A, S) be a C*-algebra-valued S-metric space.
(i) A sequence {xn} in X converges to x ∈ X with respect to A if and only if

S(xn, xn, x)→ 0 as n→∞.
(ii) A sequence {xn} in X is called a Cauchy sequence with respect to A if

for each ε > 0, there exists N ∈ N such that S(xn, xn, xm) ≺ ε for each
n,m � N .

(iii) We say that (X,A, S) is a complete C*-algebra-valued S-metric space if
every Cauchy sequence with respect to A is convergent.

Example 3.5. Let X = R, A = R2 and S(x, y, z) = (|x − z| + |y − z|, 0) be a
C*-algebra valued S-metric space. Consider a sequence (xn) = ( 1n ). Since

S(xn, xn, xm) = (2|
1

n
− 1

m
|, 0) ≤ (2

(
| 1
n
|+ | 1

m
|
)
, 0)

n,m→∞→ (0, 0),

(xn) is a Cauchy sequence. On the other hand, (xn) converges to 0 ∈ X because

S(xn, xn, 0) = (2|
1

n
|, 0) n→∞→ (0, 0).

Definition 3.6. Let (X,A, S) be a C*-algebra-valued S-metric space. A map
T : X → X is said to be C*-algebra-valued contractive mapping on X, if there
exists A ∈ A with ‖A‖ < 1 such that

S(Tx, Tx, Ty) � A∗S(x, x, y)A (3.1)

for all x, y ∈ X.

Example 3.7. Let X = [0, 1] and A = M2(R) with ‖A‖ = max{a1, a2, a3, a4},
where ai’s are the entries of A. Then (X,A, S) is a C*-algebra-valued S-metric
space, where

S(x, y, z) =

[
|x− z|+ |y − z| 0

0 |x− z|+ |y − z|

]
,

and partial ordering on A is given by[
a1 a2
a3 a4

]
�
[
b1 b2
b3 b4

]
⇔ ai ≥ bi, for i = 1, 2, 3, 4.
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Define a map T : X → X by T (x) = x
4 . Since

S(Tx, Tx, Ty) = S(
x

4
,
x

4
,
y

4
)

=

[
1
2 |x− y| 0
0 1

2 |x− y|

]
=

[
1√
2

0

0 1√
2

] [
|x− y| 0
0 |x− y|

][ 1√
2

0

0 1√
2

]
= A∗S(x, x, y)A,

where A =

[
1√
2

0

0 1√
2

]
and ‖A‖ = 1√

2
< 1, T is a C*-algebra-valued contractive

mapping.

We now prove the Banach’s contraction principle for C*-algebra-valued S-metric
spaces.

Theorem 3.8. Let (X,A, S) be a complete C*-algebra-valued S-metric space and
T : X → X be a C*-algebra-valued contractive mapping. Then T has a unique fixed
point x0 ∈ X.

Proof. Let’s first prove the existence. We choose x ∈ X and show that {Tn(x)} is
a Cauchy sequence with respect to A. Using induction, we obtain the following:

S(xn, xn, xn+1) = S(Tn(x), Tn(x), Tn+1(x))

� A∗S(Tn−1(x), Tn−1(x), Tn(x))A
� (A∗)2S(Tn−2(x), Tn−2(x), Tn−1(x))A2

...

� (A∗)nS(x, x, T (x))An
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for n = 0, 1, . . .. Therefore for m > n, we get

S(xn, xn, xm) = S(Tn(x), Tn(x), Tm(x))

� 2
m−2∑
i=n

S(T i(x), T i(x), T i+1(x)) + S(Tm−1(x), Tm−1(x), Tm(x))

� 2
m−2∑
i=n

(A∗)iS(x, x, Tx)Ai + (A∗)m−1S(x, x, T (x))Am−1

= 2

m−2∑
i=n

(A∗)iB
1
2B

1
2Ai + (A∗)m−1B

1
2B

1
2Am−1

= 2

m−2∑
i=n

(B
1
2Ai)∗(B

1
2Ai) + (B

1
2Am−1)∗(B

1
2Am−1)

= 2

m−2∑
i=n

|B 1
2Ai|2 + |B 1

2Am−1|2

≤ ‖2
m−2∑
i=n

|B 1
2Ai|2 + |B 1

2Am−1|2‖I

≤ 2
m−2∑
i=n

‖B 1
2 ‖2‖Ai‖2I + ‖B 1

2 ‖2‖Am−1‖2I

≤ 2‖B 1
2 ‖2

m−2∑
i=n

‖A‖2iI + ‖B 1
2 ‖2‖A‖2m−2I

≤ 2‖B 1
2 ‖2 ‖A‖

2n

1− ‖A‖I + ‖B
1
2 ‖2‖A‖2m−2I

m,n→∞−→ θ

where B = S(x, x, Tx). So {Tn(x)} is a Cauchy sequence with respect to A. By the
completeness of (X,A, S), there exists an element x0 ∈ X with lim

n→∞
Tn(x) = x0.

Since
θ � S(Tx0, Tx0, x0)
= S(Tx0, Tx0, Txn) + S(Tx0, Tx0, Txn) + S(x0, x0, xn)

� A∗S(x0, x0, xn)A+A∗S(x0, x0, xn)A+ S(x0, x0, xn)
n→∞→ θ,

we conclude that Tx0 = x0, i.e., x0 is a fixed point of T .
Finally we show the uniqueness. Assume that there exists u, v ∈ X with u = T (u)

and v = T (v). Since T is a C*-algebra-valued contractive mapping, we have

θ � S(u, u, v) = S(Tu, Tu, Tv) � A∗S(u, u, v)A.
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On the other hand, since ‖A‖ < 1, we obtain
0 ≤ ‖S(u, u, v)‖ = ‖S(Tu, Tu, Tv)‖
≤ ‖A∗S(u, u, v)A‖
≤ ‖A∗‖‖S(u, u, v)‖‖A‖
= ‖A‖2‖S(u, u, v)‖
< ‖S(u, u, v)‖.

But this is impossible. So S(u, u, v) = θ and u = v which implies that the fixed
point is unique. �

Example 3.9. Let X, A, S and T be as in Example 3.7. T satisfies the hypothesis
of Theorem 3.8. So 0 is the unique fixed point of T .

Definition 3.10. Let (X,A, S) be a C*-algebra-valued S-metric space. An element
(x, y) ∈ X × X is called a coupled fixed point of a mapping F : X × X → X if
F (x, y) = x and F (y, x) = y.

Definition 3.11. Let (X,A, S) be a C*-algebra-valued S-metric space. An element
(x, y) ∈ X×X is called a coupled coincidence point of the mappings F : X×X → X
and g : X → X if F (x, y) = gx and F (y, x) = gy.

Definition 3.12. [1]. LetX be a nonempty set. We say the mappings F : X×X →
X and g : X → X satisfy the L-condition if gF (x, y) = F (gx, gy) for all x, y ∈ X.

Definition 3.13. Let (X,A, S) be a C*-algebra-valued S-metric space. We say
the mappings F : X ×X → X and g : X → X satisfy the k-contraction if

S(F (x, y), F (x, y), F (z, w)) � kA∗[S(gx, gx, gz) + S(gy, gy, gw)]A (3.2)

with respect to A for all x, y, z, w, u, v ∈ X.

Lemma 3.14. Let (X,A, S) be a C*-algebra-valued S-metric space. Suppose that
F : X ×X → X and g : X → X satisfies the k-contraction for k ∈ (0, 12 ). If (x, y)
is a coupled coincidence point of the mappings F and g, then

F (x, y) = gx = gy = F (y, x).

Proof. We have gx = F (x, y) and gy = F (y, x) because (x, y) is the coupled coin-
cidence point of the mappings F and g. If we assume gx 6= gy, then we obtain

S(gx, gx, gy) = S(F (x, y), F (x, y), F (y, x))

� kA∗[S(gx, gx, gy) + S(gy, gy, gx)]A
= 2kA∗S(gx, gx, gy)A

and
‖S(gx, gx, gy)‖ ≤ 2k‖A‖2‖S(gx, gx, gy)‖

< ‖S(gx, gx, gy)‖
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by (3.2) and Lemma 3.3. But it is a contradiction. Therefore gx = gy and

F (x, y) = gx = gy = F (y, x).

�

Theorem 3.15. Let (X,A, S) be a C*-algebra-valued S-metric space. Suppose
that F : X × X → X and g : X → X are mappings satisfying k-contraction
for k ∈ (0, 12 ) and L-condition. If g(X) is continuous with closed range such that
F (X ×X) ⊂ g(X), then there is a unique x in X such that gx = F (x, x) = x.

Proof. Let x0, y0 ∈ X. By the fact that F (X × X) ⊆ g(X), two elements x1, y1
could be chosen as follows:

gx1 = F (x0, y0) and gy1 = F (y0, x0).

Starting from the pair (x1, y1), two sequences {xn} and {yn} in X can be obtained
such that

gxn+1 = F (xn, yn) and gyn+1 = F (yn, xn).

The inequality (3.2) gives the following for n ∈ N:
S(gxn−1, gxn−1, gxn) � kA∗[S(gxn−2, gxn−2, gxn−1) + S(gyn−2, gyn−2, gyn−1)]A.

(3.3)
On the other hand, we get

F (yn−2, xn−2) = S(gyn−1, gyn−1, gyn) �kA∗[S(gyn−2, gyn−2, gyn−1)
+ S(gxn−2, gxn−2, gxn−1)]A.

(3.4)

If we sum (3.3) and (3.4), we get

S(gxn−1, gxn−1, gxn) + S(gyn−1, gyn−1, gyn) �2kA∗[S(gxn−2, gxn−2, gxn−1)
+ S(gyn−2, gyn−2, gyn−1)]A

for all n ∈ N. If (3.2) is applied adequately,
S(gxn, gxn, gxn+1) � 2k2(A∗)2[S(gxn−2, gxn−2, gxn−1) + S(gyn−2, gyn−2, gyn−1)]A2

. . .

� 1
2
kn(
√
2A∗)n[S(gx0, gx0, gx1) + S(gy0, gy0, gy1)](

√
2A)n.

Using the definition of C*-algebra-valued S-metric space and Lemma 3.3,

S(gxn, gxn, gxm) � 2
m−2∑
i=n

S(gxi, gxi, gxi+1) + S(gxm−1, gxm−1, gxm)

� 2
m−2∑
i=n

1

2
ki(
√
2A∗)i[S(gx0, gx0, gx1) + S(gy0, gy0, gy1)](

√
2A)i

+
1

2
km−1(

√
2A∗)m−1[S(gx0, gx0, gx1) + S(gy0, gy0, gy1)](

√
2A)m−1,
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where m,n ∈ N, m > n+ 2, then we conclude that

‖S(gxn, gxn, gxm)‖ ≤
m−2∑
i=n

ki‖
√
2A‖2i[S(gx0, gx0, gx1) + S(gy0, gy0, gy1)]

+
1

2
km−1‖

√
2A‖2m−2[S(gx0, gx0, gx1) + S(gy0, gy0, gy1)].

Since ‖A‖ < 1√
2
, when n,m → ∞, we get ‖S(gxn, gxn, gxm)‖ → 0. So {gxn}

is a Cauchy sequence. In a similar way, {gyn} is a Cauchy sequence. From the
closedness of g(X), {gxn} and {gyn} are convergent to x ∈ X and y ∈ X. Since g
is continuous, {g(gxn)} is convergent to gx and {g(gyn)} is convergent to gy. Since
F and g satisfy the L-condition, we get

g(gxn+1) = g(F (xn, yn)) = F (gxn, gyn)

g(gyn+1) = g(F (yn, xn)) = F (gyn, gxn).

This shows that the following inequalities:

S(g(gxn+1), g(gxn+1), F (x, y)) � kA∗[S(g(gxn), g(gxn), gx)+S(g(gyn), g(gyn), gy)]A
and

‖S(g(gxn+1), g(gxn+1), F (x, y))‖ ≤ k‖A‖2‖S(g(gxn), g(gxn), gx) + S(g(gyn), g(gyn), gy)‖.

If we take the limit as n→∞,
‖S(gx, gx, F (x, y))‖ ≤ k‖A‖2‖S(gx, gx, gx)‖+ ‖S(gy, gy, gy)‖ = 0.

So gx = F (x, y). Similarly, gy = F (y, x). From Lemma 3.14, (x, y) is a coupled
coincidence point of the mappings F and g. So gx = F (x, y) = F (y, x) = gy. Since

S(gxn+1, gxn+1, gx) = S(F (xn, yn), F (xn, yn), F (x, y))

� kA∗(S(gxn, gxn, gx) + S(gyn, gyn, gy))A
and

S(gyn+1, gyn+1, gy) � kA∗(S(gyn, gyn, gy) + S(gxn, gxn, gx))A,
we have

S(gxn+1, gxn+1, gx)+S(gyn+1, gyn+1, gy) � 2kA∗(S(gxn, gxn, gx)+S(gyn, gyn, gy))A
and

‖S(gxn+1, gxn+1, gx)+S(gyn+1, gyn+1, gy)‖ ≤ 2k‖A∗‖‖S(gxn, gxn, gx)+S(gyn, gyn, gy)‖‖A‖.
Taking the limit as n→∞, we obtain the following:

‖S(x, x, gx) + S(y, y, gy)‖ ≤ 2k‖A∗‖‖S(x, x, gx) + S(y, y, gy)‖‖A‖
= 2k‖A‖2‖S(x, x, gx) + S(y, y, gy)‖.

Since 2k < 1 and ‖A‖ < 1√
2
, we have S(x, x, gx) = 0 and S(y, y, gy) = 0. So gx = x

and gy = y, that is, gx = gy = x = y. As a result, we have gx = F (x, x) = x.
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To show the uniqueness, assume that there is an element z 6= x in X such that
z = gz = F (z, z). We have

S(x, x, z) = S(F (x, x), F (x, x), F (z, z))

� 2kA∗S(gx, gx, gz)A
= 2kA∗S(x, x, z)A.

Since 2k < 1, ‖A‖ < 1√
2
and

‖S(x, x, z)‖ ≤ 2k‖A‖2‖S(x, x, z)‖,
we conclude that S(x, x, z) = 0, that is, x = z. �
The following corollary can be easily deduced from the Theorem 3.15.

Corollary 3.16. Let (X,A, S) be a C*-algebra-valued S-metric space. If a mapping
F : X ×X → X satisfies the following condition

S(F (x, y), F (u, v), F (z, w)) � kA∗[S(x, u, z) + S(y, v, w)]A
with respect to A for all x, y, z, u, v, w ∈ X and k ∈ (0, 12 ), then there exists a unique
element x ∈ X such that F (x, x) = x.

4. Conclusion

In this work, we investigate whether there are correspondences of some metric
and fixed point properties in S-metric spaces taking the domain set of S-metric
function as A which is a C*-algebra-valued set, and first present C*-algebra-valued
S-metric space on the set having this structure using properties of this algebraic
notion. This given structure is important in terms of integrating some metric
constructions of algebraic topology and fixed point theory.
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