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BLENDING TYPE APPROXIMATION BY
BÉZIER-SUMMATION-INTEGRAL TYPE OPERATORS

TUNCER ACAR AND ARUN KAJLA

Abstract. In this note we construct the Bézier variant of summation integral
type operators based on a non-negative real parameter. We present a direct
approximation theorem by means of the first order modulus of smoothness and
the rate of convergence for absolutely continuous functions having a derivative
equivalent to a function of bounded variation. In the last section, we study
the quantitative Voronovskaja type theorem.

1. Introduction

In 1912 Bernstein introduced the most famous algebraic polynomials Bn(f ;x) in
approximation theory in order to give a constructive proof of Weierstrass’s theorem
which is given by

Bn(f ;x) =

n∑
k=0

pn,k(x)f

(
k

n

)
, x ∈ [0, 1],

where pn,k(x) =
(
n

k

)
xk(1− x)n−k and he proved that if f ∈ C[0, 1] then Bn(f ;x)

converges uniformly to f(x) in [0, 1].
The Bernstein operators have been used in many branches of mathematics and
computer science. Since their useful structure, Bernstein polynomials and their
modifications have been intensively studied. Among the other we refer the readers
to (cf. [2, 3, 12, 8, 23, 27]).
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196 TUNCER ACAR AND ARUN KAJLA

For f ∈ C[0, 1], Chen et al. [10] introduced a generalization of the Bernstein
operators based on a non-negative parameter α (0 ≤ α ≤ 1) as follows:

T (α)n (f ;x) =

n∑
k=0

p
(α)
n,k(x)f

(
k

n

)
, x ∈ [0, 1] (1.1)

where

p
(α)
n,k(x) =

[(n− 2
k

)
(1− α)x+

(n− 2
k − 2

)
(1− α)(1− x) +

(n
k

)
αx(1− x)

]
xk−1(1− x)n−k−1

and n ≥ 2. They proved the rate of convergence, Voronovskaja type asymptotic
formula and Shape preserving properties for these operators. For the special case,
α = 1, these operators reduce the well-known Bernstein operators.
In [19], Kajla and Acar introduced a sequence of summation-integral type operators
as follows:

D(α)
n (f ;x) = (n+ 1)

n∑
k=0

p
(α)
n,k(x)

∫ 1

0

pn,k (t) f(t)dt, (1.2)

where f ∈ L1[0, 1] (the space of all Lebesgue integrable functions on [0, 1]),

pn,k (t) =

(
n

k

)
tk(1 − t)n−k and p(α)n,k(x) is defined as above. In [19], Voronoskaja

type asymptotic formula, rate of convergence, local and global convergence results
were established for these operators (1.2).
The aim of this paper is to introduce Bézier variant of the operators (1.2) and

obtain the direct approximation results. Furthermore we study the rate of con-
vergence for an absolutely continuous function f having a derivative f ′ equivalent
with a function of bounded variation on [0, 1] and quantitative Voronovskaja type
theorem.

A Bézier curve is a parametric curve frequently used in computer graphics and
image processing. These are mainly used in approximation, interpolation, curve
fitting etc. Bézier-Bernstein type operators were established by many mathemati-
cians. The pioneer works in this direction are due to [3, 5, 9, 13, 24, 26, 28, 29, 30].
In these works, the direct approximation results were obtained and the rate of
convergence for functions of bounded variation were established. The order of ap-
proximation of the summation-integral type operators for functions with derivatives
of bounded variation is estimated in [1, 4, 6, 7, 14, 15, 16, 17, 18, 21, 20, 22, 25].

For f ∈ L1[0, 1], we define the Bézier variant of the operators D(α)
n (f ;x) as

S(ρ)n,α(f ;x) = (n+ 1)

n∑
k=0

Q
(ρ)
n,k,α(x)

∫ 1

0

pn,k(t)f(t)dt, x ∈ [0, 1], (1.3)



BÉZIER-SUMMATION-INTEGRAL TYPE OPERATORS 197

where ρ ≥ 1, Q(ρ)n,k,α(x) = [Jn,k,α(x)]
ρ − [Jn,k+1,α(x)]ρ and Jn,k,α(x) =

n∑
j=k

p
(α)
n,j (x),

when k ≤ n and 0 otherwise.
Alternatively we may rewrite the operators (1.3) as

S(ρ)n,α(f ;x) =

∫ 1

0

Mn,α,ρ(x, t)f(t)dt, x ∈ [0, 1], (1.4)

where

Mn,α,ρ(x, t) = (n+ 1)

n∑
k=0

Q
(ρ)
n,k,α(x)pn,k(t).

If ρ = 1 then the operators S(ρ)n,α(f ;x) reduce to the operators D
(α)
n (f ;x).

Throughout this article, C denotes a positive constant independent of n and x, not
necessarily the same at each occurrence.

To express our results we give the following auxiliary results.

Lemma 1. [19] Let ei(t) = ti, i = 0, 4, then we have

(1) D(α)
n (e0;x) = 1;

(2) D(α)
n (e1;x) = x+

1− 2x
(n+ 2)

;

(3) D(α)
n (e2;x) = x2 +

2x2 (α− 3n− 4)
(n+ 2)(n+ 3)

+
2x(2n− α+ 1)
(n+ 2)(n+ 3)

+
2

(n+ 2)(n+ 3)
;

(4) D(α)
n (e3;x) = x3+

6x3 (−n(5 + 2n− α)− 2(1 + α))

(n+ 2)(n+ 3)(n+ 4)
+
3x2 (n(3n− 2α− 1) + 10(α− 1))

(n+ 2)(n+ 3)(n+ 4)

+
18x(n− α+ 1)

(n+ 2)(n+ 3)(n+ 4)
+

6

(n+ 2)(n+ 3)(n+ 4)
;

(5) D(α)
n (e4;x) = x4 +

x4 (−4(n+ 3)(16 + n(3 + 5n)) + 12α(n− 3)(n− 2))
(n+ 2)(n+ 3)(n+ 4)(n+ 5)

+
4x3(n− 2) (n(4n− 3α− 1) + 33(α− 1))

(n+ 2)(n+ 3)(n+ 4)(n+ 5)
+
24x2

(
n+ 3n2 + 14(α− 1)− 4nα

)
(n+ 2)(n+ 3)(n+ 4)(n+ 5)

+
48x(2n− 3α+ 3)

(n+ 2)(n+ 3)(n+ 4)(n+ 5)
+

24

(n+ 2)(n+ 3)(n+ 4)(n+ 5)
.

Hence we get

D(α)
n ((t− x);x) = 1− 2x

n+ 2
<
λ1(1− x)
n+ 1

, ∀x ∈ [0, 1] and ∀n ∈ N (1.5)

with λ1 ≥ 2 and

D(α)
n ((t− x)2;x) = 2x(1− x)(n− α− 2)

(n+ 2)(n+ 3)
+

2

(n+ 2)(n+ 3)
.

From [19], we have

D(α)
n ((t− x)2;x) < 2

(n+ 2)
γ2n(x), ∀x ∈ [0, 1] and ∀n ∈ N
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where γ2n(x) = ϕ2(x) + 1
(n+2) and ϕ

2(x) = x(1− x). Then we can write

D
(α)
n ((t− x)2;x) <

λ2γ2n(x)

n+ 2
, λ2 ≥ 2. (1.6)

D
(α)
n ((t− x)4;x) =

12x3(x− 2) (n(n− 2α− 19) + 46α− 36)
(n+ 2)(n+ 3)(n+ 4)(n+ 5)

+
12x2 (n(n− 2α− 25) + 58α− 38)
(n+ 2)(n+ 3)(n+ 4)(n+ 5)

+
24x(3n− 6α+ 1)

(n+ 2)(n+ 3)(n+ 4)(n+ 5)
+

24

(n+ 2)(n+ 3)(n+ 4)(n+ 5)
(1.7)

Remark 1. We have

S(ρ)n,α(e0;x) =

n∑
k=0

Q
(ρ)
n,k,α(x) = [Jn,0,α(x)]

ρ

=

 n∑
j=0

p
(α)
n,j (x)

ρ = 1, since n∑
j=0

p
(α)
n,j (x) = 1.

Lemma 2. [19] Let f ∈ C[0, 1]. Then for x ∈ [0, 1] we have

‖ D(α)
n (f) ‖≤‖ f ‖ .

2. Direct Estimates

To describe our results, we recall the definitions of the first order modulus of
smoothness and the K-functional [11]. Let ϕ(x) =

√
x(1− x), f ∈ C[0, 1]. The

first order modulus of smoothness is given by

ωϕ(f ; t) = sup
0<h≤t

{ ∣∣∣∣f(x+ hϕ(x)

2

)
− f

(
x− hϕ(x)

2

)∣∣∣∣ , x± hϕ(x)

2
∈ [0, 1]

}
,

and the appropriate Peetre’s K-functional is defined by

Kϕ(f ; t) = inf
g∈Wϕ

{||f − g||+ t||ϕg′||+ t2||g′||} (t > 0),

where Wϕ = {g : g ∈ ACloc, ||ϕg
′ || < ∞, ||g′ || < ∞} and ||.|| is the uniform

norm on C[0, 1]. It is well known that ([11], Thm. 3.1.2 ) Kϕ(f ; t) ∼ ωϕ(f ; t) which
means that there exists a constant M > 0 such that

M−1ωϕ(f ; t) ≤ Kϕ(f ; t) ≤Mωϕ(f ; t). (2.1)

Lemma 3. Let f ∈ C[0, 1]. Then, for x ∈ [0, 1], we have

‖ S(ρ)n,α(f) ‖≤ ρ ‖ f ‖ .
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Proof. Applying the inequality | aρ − bρ |≤ ρ | a− b | with 0 ≤ a, b ≤ 1, ρ ≥ 1 and
from definition of Q(ρ)n,k,α(x), we may write

0 < [Jn,k,α(x)]
ρ − [Jn,k+1,α(x)]ρ ≤ ρ (Jn,k,α(x)− Jn,k+1,α(x))

= ρ p
(α)
n,k(x).

Hence from the definition S(ρ)n,α(f ;x) and Lemma 2, we obtain

‖ S(ρ)n,α(f) ‖≤ ρ ‖ D(α)
n (f) ‖≤ ρ ‖ f ‖ .

�

Now we study a direct approximation theorem for the operators S(ρ)n,α.

Theorem 1. Suppose that f be in C[0, 1] and ϕ(x) =
√
x(1− x) then for every

x ∈ [0, 1), we have

| S(ρ)n,α(f ;x)− f(x) |< Cωϕ

(
f ;

1√
n+ 2

)
, (2.2)

where C is a constant independent of n and x.

Proof. By the definition of Kϕ(f ; t), for fixed n, x, we can choose g = gn,x ∈ Wϕ

such that

||f − g||+ 1√
n+ 2

||ϕg′||+ 1

n+ 2
||g′|| ≤ 2Kϕ

(
f ;

1√
n+ 2

)
. (2.3)

Using Remark 1, we can write

| S(ρ)n,α(f ;x)− f(x) | ≤ | S(ρ)n,α(f − g;x) | +|f − g|+ | S(ρ)n,α(g;x)− g(x) | (2.4)
≤ 2||f − g||+ | S(ρ)n,α(g;x)− g(x) | .

We only need to compute the second term in the above equation. We will have to
split the estimate into two domains, i.e. x ∈ F cn = [0, 1/n] and x ∈ Fn = (1/n, 1).

Using the representation g(t) = g(x) +

∫ t

x

g′(u)du, we get

∣∣∣S(ρ)n,α(g;x)− g(x)
∣∣∣ = ∣∣∣∣S(ρ)n,α

(∫ t

x

g′(u)du;x

)∣∣∣∣ . (2.5)

If x ∈ Fn = (1/n, 1) then γn(x) ∼ ϕ(x). We have∣∣∣∣ ∫ t

x

g′(u)du

∣∣∣∣ ≤ ||ϕg′||∣∣∣∣ ∫ t

x

1

ϕ(u)
du

∣∣∣∣. (2.6)
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For any x, t ∈ (0, 1), we find that∣∣∣∣ ∫ t

x

1

ϕ(u)
du

∣∣∣∣ =

∣∣∣∣ ∫ t

x

1√
u(1− u)

du

∣∣∣∣
≤

∣∣∣∣ ∫ t

x

(
1√
u
+

1√
1− u

)
du

∣∣∣∣
≤ 2

(
|
√
t−
√
x | + |

√
1− t−

√
1− x |

)
= 2|t− x|

(
1√

t+
√
x
+

1√
1− t+

√
1− x

)
< 2|t− x|

(
1√
x
+

1√
1− x

)
≤ 2

√
2 |t− x|
ϕ(x)

. (2.7)

Combining (2.5)-(2.7) and using Cauchy-Schwarz inequality, we obtain

|S(ρ)n,α(g;x)− g(x)| < 2
√
2||ϕg′−1(x)S(ρ)n,α(|t− x|;x)

≤ 2
√
2||ϕg′−1(x)

(
S(ρ)n,α((t− x)2;x)

)1/2
≤ 2

√
2||ϕg′−1(x)

(
ρ D(α)

n ((t− x)2;x)
)1/2

.

From (1.6), we get

|S(ρ)n,α(g;x)− g(x)| <
C||ϕg′||√
n+ 2

. (2.8)

For x ∈ F cn = [0, 1/n], γn(x) ∼
1√
n+ 2

and∣∣∣∣ ∫ t

x

g′(u)du

∣∣∣∣ ≤ ||g′|| |t− x|.
Therefore, using Cauchy-Schwarz inequality we have

|S(ρ)n,α(g;x)− g(x)| ≤ ||g′||S(ρ)n,α(|t− x|;x)

≤ C||g′|| γn(x)√
n+ 2

<
C

n+ 2
||g′||. (2.9)

From (2.8) and (2.9), we have

|S(ρ)n,α(g;x)− g(x)| < C

(
||ϕg′||√
n+ 2

+
1

n+ 2
||g′||

)
. (2.10)

Using Kϕ(f ; t) ∼ ωϕ(f ; t) and (2.3), (2.4), (2.10), we get the desired relation (2.2).
This completes the proof of the theorem. �
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3. Rate of Convergence

In this section we would like to obtain the rate of convergence of the operators
S(ρ)n,α(f ;x) for an absolutely continuous function f having a derivative f ′ equivalent
to a function of bounded variation on [0, 1].
Throughout this section DBV [0, 1] will denote the class of all absolutely continuous
functions f defined on [0, 1] and having on (0, 1), a derivative f

′
equivalent with a

function of bounded variation on [0, 1].We notice that the functions f ∈ DBV [0, 1]
possess a representation

f(x) =

∫ x

0

g(t)dt+ f(0),

where g ∈ BV [0, 1], i.e., g is a function of bounded variation on [0, 1].

Lemma 4. Let x ∈ (0, 1], then for ρ ≥ 1, λ2 ≥ 2 and suffi ciently large n, we have

(1) ϑn,α,ρ(x, y) =
∫ y

0

Mn,α,ρ(x, t)dt <
ρλ2

(n+ 2)

γ2n(x)

(x− y)2 , 0 ≤ y < x,

(2) 1− ϑn,α,ρ(x, z) =
∫ 1

z

Mn,α,ρ(x, t)dt <
ρλ2

(n+ 2)

γ2n(x)

(z − x)2 , x < z < 1.

Proof. (i) From Lemmas 1 and 2, we get

ϑn,α,ρ(x, y) =

∫ y

0

Mn,α,ρ(x, t)dt ≤
∫ y

0

(
x− t
x− y

)2
Mn,α,ρ(x, t)dt

= S(ρ)n,α((t− x)2;x) (x− y)−2 ≤ ρD(α)
n ((t− x)2;x) (x− y)−2

<
ρλ2

(n+ 2)

γ2n(x)

(x− y)2 .

The proof of (ii) is similar to the proof of (i). Hence it is omitted. �

Theorem 2. Let f ∈ DBV (0, 1), ρ ≥ 1 and let υba(f ′x) be the total variation of f ′x
on [a, b] ⊂ [0, 1]. Then for every x ∈ (0, 1) and for suffi ciently large n, we have
∣∣∣S(ρ)n,α(f ;x)− f(x)

∣∣∣ <
1

ρ+ 1

∣∣f ′(x+) + ρf ′(x−)
∣∣√ ρλ2

(n+ 2)
γn(x)

+

√
ρλ2

(n+ 2)
γn(x)

ρ

ρ+ 1

∣∣f ′(x+)− f ′(x−)∣∣
+ρ

λ2γ2n(x)

(n+ 2)
x−1

[
√
n ]∑

k=1

υxx−(x/k)(f
′
x) +

x
√
n
υx
x−(x/

√
n)
(f ′x)

+ρ
λ2γ2n(x)

(n+ 2)
(1− x)−1

[
√
n ]∑

k=1

υ
x+((1−x)/k)
x (f ′x) +

1− x
√
n
υ
x+((1−x)/

√
n)

x (f ′x),
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where λ2 ≥ 2 and the auxiliary function and f ′x is defined by

f ′x(t) =

 f ′(t)− f ′(x−), 0 ≤ t < x
0, t = x

f ′(t)− f ′(x+) x < t ≤ 1.

Proof. Using the fact that
∫ 1

0

Mn,α,ρ(x, t)dt = S(ρ)n,α(e0;x) = 1, we have

S(ρ)n,α(f ;x)− f(x) =

∫ 1

0

[f(t)− f(x)]Mn,α,ρ(x, t)dt

=

∫ 1

0

(∫ t

x

f ′(u)du

)
Mn,α,ρ(x, t)dt. (3.1)

From definition of the function f ′x, for any f ∈ DBV (0, 1), we can write

f ′(t) =
1

ρ+ 1

(
f ′(x+) + ρf ′(x−)

)
+ f ′x(t)

+
1

2

(
f ′(x+)− f ′(x−)

)(
sgn(t− x) + ρ− 1

ρ+ 1

)
+δx(t)

(
f ′(x)− 1

2

(
f ′(x+) + f ′(x−)

))
, (3.2)

where

δx(t) =

{
1 , x = t
0 , x 6= t.

It is clear that∫ 1

0

Mn,α,ρ(x, t)

∫ t

x

[
f ′(x)− 1

2

(
f ′(x+) + f ′(x−)

)]
δx(t)dudt = 0.

By (1.4) and simple computations, we have

P1 =

∫ 1

0

(∫ t

x

1

ρ+ 1

(
f ′(x+) + ρf ′(x−)

)
du

)
Mn,α,ρ(x, t)dt

=
1

ρ+ 1

∣∣∣∣f ′(x+) + ρf ′(x−)∣∣∣∣ ∫ 1

0

|t− x|Mn,α,ρ(x, t)dt

≤ 1

ρ+ 1

∣∣∣∣f ′(x+) + ρf ′(x−)∣∣∣∣ (S(ρ)n,α((t− x)2;x)
)1/2
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and

P2 =

∫ 1

0

(∫ t

x

1

2

(
f ′(x+)− f ′(x−)

)(
sgn(u− x) + ρ− 1

ρ+ 1

)
du

)
Mn,α,ρ(x, t)dt

=
1

2

(
f ′(x+)− f ′(x−)

) [
−
∫ x

0

(∫ x

t

(
sgn(u− x) + ρ− 1

ρ+ 1

)
du

)
Mn,α,ρ(x, t)dt

+

∫ 1

x

(∫ t

x

(
sgn(u− x) + ρ− 1

ρ+ 1

)
du

)
Mn,α,ρ(x, t)dt

]
≤ ρ

ρ+ 1

(
f ′(x+)− f ′(x−)

) ∫ 1

0
|t− x|Mn,α,ρ(x, t)dt

=
ρ

ρ+ 1

(
f ′(x+)− f ′(x−)

)
S(ρ)n,α (|t− x| ;x)

≤ ρ

ρ+ 1

(
f ′(x+)− f ′(x−)

) (
S(ρ)n,α((t− x)2;x)

)1/2
.

By using (1.6) and considering (3.1), (3.2) we obtain the following estimate∣∣∣S(ρ)n,α(f ;x)− f(x)
∣∣∣ < |En,α,ρ(f ′x, x) + Fn,α,ρ(f ′x, x)|

+
1

ρ+ 1
|f ′(x+) + ρf ′(x−)|

√
ρλ2

(n+ 2)
γn(x)

+
ρ

ρ+ 1
|f ′(x+)− f ′(x−)|

√
ρλ2

(n+ 2)
γn(x), (3.3)

where

En,α,ρ(f
′
x, x) =

∫ x

0

(∫ t

x

f ′x(u)du

)
Mn,α,ρ(x, t)dt

and

Fn,α,ρ(f
′
x, x) =

∫ 1

x

(∫ t

x

f ′x(u)du

)
Mn,α,ρ(x, t)dt.

To complete the proof, it is suffi cient to estimate the terms En,α,ρ(f ′x, x), Fn,α,ρ(f
′
x, x).

Since
∫ b
a
dtϑn,α,ρ(x, t) ≤ 1 for all [a, b] ⊆ [0, 1], using integration by parts and ap-

plying Lemma 4 with y = x− (x/
√
n), we have

|En,α,ρ(f ′x, x)| =

∣∣∣∣∫ x

0

(∫ t

x

f ′x(u)du

)
dtϑn,α,ρ(x, t)

∣∣∣∣
=

∣∣∣∣∫ x

0

ϑn,α,ρ(x, t)f
′
x(t)dt

∣∣∣∣
≤

(∫ y

0

+

∫ x

y

)
|f ′x(t)| |ϑn,α,ρ(x, t)| dt

< ρ
λ2γ

2
n(x)

(n+ 2)

∫ y

0

υxt (f
′
x)(x− t)−2dt+

∫ x

y

υxt (f
′
x)dt

≤ ρ
λ2γ

2
n(x)

(n+ 2)

∫ y

0

υxt (f
′
x)(x− t)−2dt+

x√
n
υxx−(x/

√
n)(f

′
x).
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By the substitution of u = x/(x− t), we get

ρ
λ2γ

2
n(x)

(n+ 2)

∫ x−(x/
√
n)

0

(x− t)−2υxt (f ′x)dt = ρ
λ2γ

2
n(x)

(n+ 2)
x−1

∫ √n
1

υxx−(x/u)(f
′
x)du

≤ ρ
λ2γ

2
n(x)

(n+ 2)
x−1

[
√
n ]∑

k=1

∫ k+1

k

υxx−(x/u)(f
′
x)du

< ρ
λ2γ

2
n(x)

(n+ 2)
x−1

[
√
n ]∑

k=1

υxx−(x/k)(f
′
x).

Hence we reach the following result

|En,α,ρ(f ′x, x)| < ρ
λ2γ

2
n(x)

(n+ 2)
x−1

[
√
n ]∑

k=1

υxx−(x/k)(f
′
x) +

x√
n
υxx−(x/

√
n)(f

′
x).

Using integration by parts and applying Lemma 4 with z = x + ((1 − x)/
√
n), we

have

|Fn,α,ρ(f ′x, x)| =

∣∣∣∣ ∫ 1

x

(∫ t

x
f ′x(u)du

)
Mn,α,ρ(x, t)dt

∣∣∣∣
=

∣∣∣∣ ∫ z

x

(∫ t

x
f ′x(u)du

)
dt(1− ϑn,α,ρ(x, t)) +

∫ 1

z

(∫ t

x
f ′x(u)du

)
dt(1− ϑn,α,ρ(x, t))

∣∣∣∣
=

∣∣∣∣[(∫ t

x
f ′x(u)du

)
(1− ϑn,α,ρ(x, t))

]z
x

−
∫ z

x
f ′x(t)(1− ϑn,α,ρ(x, t))dt

+

∫ 1

z

(∫ t

x
f ′x(u)du

)
dt(1− ϑn,α,ρ(x, t))

∣∣∣∣
=

∣∣∣∣ ∫ z

x
f ′x(u)du(1− ϑn,α,ρ(x, z))−

∫ z

x
f ′x(t)(1− ϑn,α,ρ(x, t))dt

+

[ ∫ t

x
f ′x(u)du(1− ϑn,α,ρ(x, t))

]1
z

−
∫ 1

z
f ′x(t)(1− ϑn,α,ρ(x, t))dt

∣∣∣∣
=

∣∣∣∣ ∫ z

x
f ′x(t)(1− ϑn,α,ρ(x, t))dt+

∫ 1

z
f ′x(t)(1− ϑn,α,ρ(x, t))dt

∣∣∣∣
< ρ

λ2γ2n(x)

(n+ 2)

∫ 1

z
υtx(f

′
x)(t− x)−2dt+

∫ z

x
υtx(f

′
x)dt

≤ ρ
λ2γ2n(x)

(n+ 2)

∫ 1

x+((1−x)/
√
n)
υtx(f

′
x)(t− x)−2dt+

(1− x)
√
n

υ
x+((1−x)/

√
n)

x (f ′x).

By the substitution of u = (1− x)/(t− x), we get

ρ
λ2γ2n(x)

(n+ 2)

∫ 1

x+((1−x)/
√
n)
υtx(f

′
x)(t− x)−2dt = ρ

λ2γ2n(x)

(1− x)(n+ 2)

∫ √n
1

υ
x+((1−x)/u)
x (f ′x)du

< ρ
λ2γ2n(x)

(1− x)(n+ 2)

[
√
n ]∑

k=1

∫ k+1

k
υ
x+((1−x)/u)
x (f ′x)du

≤ ρ
λ2γ2n(x)

(1− x)(n+ 2)

[
√
n ]∑

k=1

υ
x+((1−x)/k)
x (f ′x).
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Thus, we get

|Fn,α,ρ(f ′x, x)| < ρ
λ2γ

2
n(x)

(1− x)(n+ 2)

[
√
n ]∑

k=1

υx+((1−x)/k)x (f ′x)

+
1− x√
n
υx+((1−x)/

√
n)

x (f ′x). (3.4)

Collecting the estimates (3.3)-(3.4), we get the required result. This completes the
proof of theorem. �

4. quantitative Voronovskaja-type theorem

Now we are going to study a quantitative Voronovskaja-type result for the op-
erators S(ρ)n,α. This result is given using the first order Ditzian-Totik modulus of
smoothness.

Theorem 3. Let f ∈ C2[0, 1]. Then there hold∣∣∣√n(S(ρ)n,α(f ;x)− f(x)
)∣∣∣ ≤ √

2ρ

{
ϕ2(x) +

1

n+ 2

}
||f ′′||+ ||f ′′|| ρ√

n
ϕ2(x)

+
C√
n
ωϕ(x)

(
f ′′;

2
√
3√
n
ϕ(x)

)
+ ◦(n−1);

∣∣∣√n(S(ρ)n,α(f ;x)− f(x)
)∣∣∣ ≤ √

2ρ

{
ϕ2(x) +

1

n+ 2

}
||f ′′||+ ||f ′′|| ρ√

n
ϕ2(x)

+
C√
n
ωϕ(x)ϕ(x)

(
f ′′;

2
√
3√
n

)
+ ◦(n−1)

Proof. Let f ∈ C2[0, 1] and x, t ∈ [0, 1]. Then Taylor’s expansion, we may write

f(t)− f(x) = (t− x)f ′(x) +
∫ t

x

(t− u)f ′′(u)du.

Thus,

f(t)−f(x) = f ′(x)(t−x)− 1
2
(t−x)2f ′′(x)+

∫ t

x

(t−u)f ′′(u)du−
∫ t

x

(t−u)f ′′(u)du.

Operating S(ρ)n,α(·;x) to both sides of the above relation, we get

|S(ρ)n,α(f ;x)− f(x)| = |f ′(x)|S(ρ)n,α(|t− x|;x) +
1

2
|f ′′(x)|S(ρ)n,α((t− x)2;x)

+S(ρ)n,α

(∣∣∣∣∫ t

x

|t− u| |f ′′(u)− f ′′(x)|du
∣∣∣∣ ;x) . (4.1)
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Therefore, g ∈Wϕ we have

∣∣∣∣∫ t

x

|t− u| |f ′′(u)− f ′′(x)|du
∣∣∣∣ ≤ ||f ′′ − g||(t− x)2 + 2||ϕg′||ϕ−1(x)|t− x|3.

Thus, in view of (4.1), (??), (1.7) and using Cauchy-Schwarz inequality, we may
write

∣∣∣S(ρ)n,α(f ;x)− f(x)
∣∣∣ ≤ |f ′(x)|S(ρ)n,α(|t− x|;x) +

1

2
|f ′′(x)|S(ρ)n,α((t− x)2;x)

+||f ′′ − g||S(ρ)n,α((t− x)2;x) + 2||ϕg′||ϕ−1(x)S(ρ)n,α(|t− x|3;x)

≤ ||f ′||
(
S(ρ)n,α((t− x)2;x)

)1/2
+
1

2
||f ′′||S(ρ)n,α((t− x)2;x) + ||f ′′ − g||S(ρ)n,α((t− x)2;x)

+2||ϕg′||ϕ−1(x)
(
S(ρ)n,α((t− x)2;x)

)1/2 (
S(ρ)n,α((t− x)4;x)

)1/2
=

√
2ρ

(n+ 2)

{
ϕ2(x) +

1

n+ 2

}
||f ′′||+ ||f ′′|| ρ

n+ 2

{
ϕ2(x) +

1

n+ 2

}
+

2ρ

n+ 2

{
ϕ2(x) +

1

n+ 2

}
||f ′′′||ϕ−1(x)

{
ϕ2(x) +

1

n+ 2

}
×
(
ρ

(
12x3(x− 2) (n(n− 2α− 19) + 46α− 36)

(n+ 2)(n+ 3)(n+ 4)(n+ 5)

+
12x2 (n(n− 2α− 25) + 58α− 38)
(n+ 2)(n+ 3)(n+ 4)(n+ 5)

+
24x(3n− 6α+ 1)

(n+ 2)(n+ 3)(n+ 4)(n+ 5)

+
24

(n+ 2)(n+ 3)(n+ 4)(n+ 5)

))1/2
≤

√
2ρ

(n+ 2)

{
ϕ2(x) +

1

n+ 2

}
||f ′′||+ ||f ′′|| ρ

n+ 2
ϕ2(x)

+
2ρ

n+ 2

{
ϕ2(x)||f ′′′||ϕ(x) 2

√
3

√
n

}
+ ◦(n−3/2).

Since ϕ2(x) ≤ ϕ(x) ≤ 1, x ∈ [0, 1], we have

∣∣∣S(ρ)n,α(f ;x)− f(x)
∣∣∣ ≤

√
2ρ

(n+ 2)

{
ϕ2(x) +

1

n+ 2

}
||f ′′||+ ||f ′′|| ρ

n+ 2
ϕ2(x)

+
2ρ

n+ 2

{
||f ′′′||ϕ(x) 2

√
3

√
n

}
+ ◦(n−3/2). (4.2)

∣∣∣S(ρ)n,α(f ;x)− f(x)
∣∣∣ ≤

√
2ρ

(n+ 2)

{
ϕ2(x) +

1

n+ 2

}
||f ′′||+ ||f ′′|| ρ

n+ 2
ϕ2(x)

+
2ρ

n+ 2
ϕ(x)

{
||f ′′′||2

√
3

√
n

}
+ ◦(n−3/2). (4.3)
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By taking the infimum on the right hand side of the above relations over g ∈ Wφ,
we get∣∣∣√n(S(ρ)n,α(f ;x)− f(x)

)∣∣∣ ≤ √
2ρ

{
ϕ2(x) +

1

n+ 2

}
||f ′′||+ ||f ′′|| ρ√

n
ϕ2(x)

+
C√
n
Kϕ

(
f ′′;

2
√
3√
n
ϕ(x)

)
+ ◦(n−1);

∣∣∣√n(S(ρ)n,α(f ;x)− f(x)
)∣∣∣ ≤ √

2ρ

{
ϕ2(x) +

1

n+ 2

}
||f ′′||+ ||f ′′|| ρ√

n
ϕ2(x)

+
C√
n
ϕ(x)Kϕ

(
f ′′;

2
√
3√
n

)
+ ◦(n−1).

Applying Kϕ(f, t) ∼ ωϕ(f, t), the theorem is proved. �

The first author is partially supported by Research Project of Kirikkale Univer-
sity, BAP, 2017/014 (Turkey).
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