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BLENDING TYPE APPROXIMATION BY
BEZIER-SUMMATION-INTEGRAL TYPE OPERATORS

TUNCER ACAR AND ARUN KAJLA

ABSTRACT. In this note we construct the Bézier variant of summation integral
type operators based on a non-negative real parameter. We present a direct
approximation theorem by means of the first order modulus of smoothness and
the rate of convergence for absolutely continuous functions having a derivative
equivalent to a function of bounded variation. In the last section, we study
the quantitative Voronovskaja type theorem.

1. INTRODUCTION

In 1912 Bernstein introduced the most famous algebraic polynomials B,,(f;z) in
approximation theory in order to give a constructive proof of Weierstrass’s theorem
which is given by

Bn(f,l') = an,k(x)f (fl) , T € [07 1}7
k=0

where p, k(z) = <Z) 2¥(1 — 2)"~* and he proved that if f € C[0,1] then B, (f;x)

converges uniformly to f(z) in [0, 1].

The Bernstein operators have been used in many branches of mathematics and
computer science. Since their useful structure, Bernstein polynomials and their
modifications have been intensively studied. Among the other we refer the readers
to (cf. [2, 3, 12, 8, 23, 27]).
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For f € C]0,1], Chen et al. [10] introduced a generalization of the Bernstein
operators based on a non-negative parameter o (0 < o < 1) as follows:

T(fi0) = 3@ (£) . we ] (1)
k=0

where

mk—l(l _ x)n—k—l

Pslojl)c(x) = |:<n ; 2)(1 — o)z + (::;) 1-a)(1—2z)+ (Z)a;p(l — )

and n > 2. They proved the rate of convergence, Voronovskaja type asymptotic
formula and Shape preserving properties for these operators. For the special case,
«a = 1, these operators reduce the well-known Bernstein operators.

In [19], Kajla and Acar introduced a sequence of summation-integral type operators
as follows:

n 1
D (fix) = (n+1) Y pl)() / ok (t) F(£)dt, (1.2)
k=0 0

where f € L]0, 1] (the space of all Lebesgue integrable functions on [0, 1]),
D () = (Z) t*(1 — )" and pfla,i(x) is defined as above. In [19], Voronoskaja

type asymptotic formula, rate of convergence, local and global convergence results
were established for these operators (1.2).

The aim of this paper is to introduce Bézier variant of the operators (1.2) and
obtain the direct approximation results. Furthermore we study the rate of con-
vergence for an absolutely continuous function f having a derivative f’ equivalent
with a function of bounded variation on [0, 1] and quantitative Voronovskaja type
theorem.

A Bézier curve is a parametric curve frequently used in computer graphics and
image processing. These are mainly used in approximation, interpolation, curve
fitting etc. Bézier-Bernstein type operators were established by many mathemati-
cians. The pioneer works in this direction are due to [3, 5, 9, 13, 24, 26, 28, 29, 30].
In these works, the direct approximation results were obtained and the rate of
convergence for functions of bounded variation were established. The order of ap-
proximation of the summation-integral type operators for functions with derivatives
of bounded variation is estimated in [1, 4, 6, 7, 14, 15, 16, 17, 18, 21, 20, 22, 25].

For f € L1[0, 1], we define the Bézier variant of the operators Déa)(f; x) as

SO (frx) = (n+1)Y QY .(x) / Pak(®f(t)dt, ze€[0,1],  (13)
k=0 0
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where p > 1, ngp;c a( ) = [Jn,k,a(x)]p - [Jn,k-i-l,oz( )] and In.k, 0‘ Zp"d

when k& < n and 0 otherwise.
Alternatively we may rewrite the operators (1.3) as

S (f) / Mgl 0 f(B)dt, € [0,1], (1.4)

where

Mnap(xt n+ ZQ?LQ pnk()

If p = 1 then the operators Sn?a(f; x) reduce to the operators D" (f, x).
Throughout this article, C' denotes a positive constant independent of n and x, not
necessarily the same at each occurrence.

To express our results we give the following auxiliary results.

Lemma 1. [19] Let e;(t) =t',i=0,4, then we have
(1) D (eosa) = 1;

(2) DS (er;2) = o+ —— 2

(n+2)
222 (@ —3n—4) 2z2n—a+1) 2 )
(n+2)(n+3)  (+2)(n+3) (n+2)(n+3)’
623 (—n(5+2n —a) —2(1 +a)) 322 (n(3n — 2a — 1) + 10(a — 1))
(n+2)(n+3)(n+4) (n+2)(n+3)(n+4)
6

(3) DI (e2;x) = a2 +

(4) D,(la)(eg;m) =23+
18z(n —a+1) ]
(n+2)(n+3)(n +44) (n+2)(n+3)(n+4)’
(@, N _ z* (=4(n + 3)(16 + n(3 + 5n)) + 12a(n — 3)(n — 2))
(5) Dn (64,$)7$4+ (TZ+2)(TL+3)(TL+4)(?’Z+5)
4z3(n — 2) (n(4n — 3a — 1) +33(a — 1)) 2422 (n+ 3n? + 14(a — 1) — 4na)
(n+2)(n+3)(n+4)(n+5) (n+2)(n+3)(n+4)(n+5)
48z (2n — 3 + 3) 24
m+2)(n+3)(n+4)(n+5) (m+2)(n+3)(n+4)(n+5)

Hence we get
1—-2x M(1—2x)
n+2 n+1

D ((t —z);z) = , Ve €[0,1] and Vn € N (1.5)

with A\; > 2 and
2z(l—z)(n—a—2) n 2
(n+2)(n+3) (n+2)(n+3)

D ((t - 2)*2) =

From [19], we have
2 2

DI((t — x)% ) < (z), Vzel0,1] and Vn e N
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where 72 (z) = ¢*(z) + (U%Q) and p?(x) = z(1 — x). Then we can write

DY ((t— %) < Afﬁ(;), o > 2. (1.6)
D(a)((t— Yz = 1223 (xz — 2) (n(n — 2a — 19) + 46 — 36) 1222 (n(n — 2« — 25) + 58 — 38)
no T (n+2)(n+3)(n + 4)(n +5) (n+2)(n+3)(n+ )(n +5)
24x(3n — 6 + 1) 24

(n+2)(n+3)(n+4)(n+5) (n+2)(n+3)(n+4)(n+5) (1.7)

Remark 1. We have

Seoia) = 3 Qfka®) = noa@)’
k=0
n P n
= ZPELQJ) ()| =1, since Zpgla])(m) =1
j=0 §=0

Lemma 2. [19] Let f € C[0,1]. Then for x € [0,1] we have

D () I

2. DIRECT ESTIMATES

To describe our results, we recall the definitions of the first order modulus of
smoothness and the K-functional [11]. Let ¢(x) = y/z(1 —x), f € C[0,1]. The
first order modulus of smoothness is given by

we(fit) = sup {M“ h<p2(m)> _f<x_ h<p2(z)>

0<h<t

ho(z)
= 5 € [o, 1]},

and the appropriate Peetre’s K-functional is defined by

K, (f;t) = it {1 =gl +tlleg'|| + lg'|[} (¢ > 0),
@

where W, = {g : g € ACloe, |9 || < 00,]lg']| < oo} and ||.]| is the uniform
norm on C[0, 1]. It is well known that ([11], Thm. 3.1.2 ) K,(f;t) ~ w,(f;t) which
means that there exists a constant M > 0 such that

M~ w,(f5t) < Ky(fit) < Muw,(f;t). (2.1)
Lemma 3. Let f € C[0,1]. Then, for x € [0, 1], we have

ISEA <l f1-
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Proof. Applying the inequality |a? —b° |<pla—>b]|with0<a,b<1lp>1and
from definition of Qn k.o(T); We may write

0 < [Jn k a(x)}p - [Jn,k+1,a(x)]p <p (Jn,k@(m) - Jn,k+1,a(x))

= p pfﬁi( )-

Hence from the definition S, (f, x) and Lemma 2, we obtain

ISEAN ISP I DN IS el £

O
Now we study a direct approximation theorem for the operators S,(f,)l.
Theorem 1. Suppose that f be in C[0,1] and o(x) = \/x(1 — ) then for every
x €10,1), we have
| S (i) = Fla) < Cw, (f; L), 22)
vn+2

where C' is a constant independent of n and x.

Proof. By the definition of K,(f;t), for fixed n,z, we can choose g = gn . € W,
such that

1 , 1 1
- gl < 2K (f——— ). 2.3
I = sll + Smgllenl + 5ol < 2K, (fimmss ) 23)
Using Remark 1, we can write
| SEL(fim) = f@) | < | SYLf —gi2) | +If — gl+ | SEL(gi2) — g(x) | (2.4)
< 2lf = gll+ | S¥A(g;2) — g(x) | -

We only need to compute the second term in the above equation. We will have to
split the estimate into two domains, i.e. z € FS =1[0,1/n] and x € F,, = (1/n,1).
t

Using the representation g(t) = g(x) + / g’ (u)du, we get
T

S, < /I t g (u)du; x) ‘ . (2.5)

If x € F, = (1/n,1) then v, () ~ ¢(z). We have

e

SO (g:2) — 9()| =

t

1
—dul.
» p(u) ‘
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For any z,t € (0, 1), we find that
1

/thO(U)dU

u(l —u)
(G =)
— + —— |du
B x \/a 1—u
< o1Vi-vE |+ VITT-viz| )
2t = al( e+ )
= -z
Vi+yz J1—-t+V1-2
1
< 2|t
-5+ =)
2v/2 |t —
M_ (2.7)
o(x)
Combining (2.5)-(2.7) and using Cauchy-Schwarz inequality, we obtain
[S0(gi0) = g(@)] < 2v2|lpg " (2)SYA(It — x5 2)
1/2
< 2V2llpg (@) (SYA((E — 2)%2))
1/2
< 2V3leg' (@) (p DIO((t — 2)% )
From (1.6), we get
Clleg'll
S - 2.8
S3a (g5 x) — g(a)] 3 (2.8)
For x € F¢ =1[0,1/n], v, (x) ~ \/7% and
¢
[ gwdu] < g 1t al.
Therefore, using Cauchy-Schwarz inequality we have
S (g5 ) —g(@)] < [lgISLA(E — x]; )
V() ¢
< . .
< cligl 2 < Sl (29
From (2.8) and (2.9), we have
!/
S0ho52) — 9] < O T + — gl (2.10)

Using K, (f;t) ~ wy(f;t) and (2.3), (2.4), (2.10), we get the desired relation (2.2).
This completes the proof of the theorem. O
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3. RATE OF CONVERGENCE

In this section we would like to obtain the rate of convergence of the operators

Sy(f ()X (f;z) for an absolutely continuous function f having a derivative f’ equivalent
to a function of bounded variation on [0, 1].
Throughout this section DBV[0, 1] will denote the class of all absolutely continuous
functions f defined on [0, 1] and having on (0, 1), a derivative f/ equivalent with a
function of bounded variation on [0, 1]. We notice that the functions f € DBV[0, 1]
possess a representation

f@) = [ g+ 10,
0
where g € BV[0, 1], i.e., g is a function of bounded variation on [0, 1].

Lemma 4. Let x € (0,1], then for p > 1, 2 > 2 and sufficiently large n, we have

y
(1) Opaplz,y) = / Moy p(z, t)dt < pAz fy"< ) 0<y<uz,
0

1 (n+2) (@ —y)
(2) 1=Vpaplz,2) = / My ap(x,t)dt < (np:\er) (Z”( )) r<z<l.

Proof. (i) From Lemmas 1 and 2, we get

v Ve —t\2
Inonp(@y) = /O Mooy, t)dt < /O ( )Mw,p(a:,t)dt

r—=y
= SYL(t—2)%2) (& —y)72 <pD((t—2)%2) (x —y)~°
P2 ()
(n+2) (z—y)*
The proof of (ii) is similar to the proof of (i). Hence it is omitted. O

Theorem 2. Let f € DBV(0,1),p > 1 and let v5(f) be the total variation of f..
on [a,b] C [0,1]. Then for every x € (0,1) and for sufficiently large n, we have

A
[siin) - s@] < SR e @oly (2 )

pA2
(n+2)

vn(a:)L |/ (@+) = f'(z—)]

AQ’YH 71 x T /
+p 7(71_'_2 Z Vo (a/k) (f2) + ﬁvﬁ_(m/\/ﬁ)(fz)

Vn

A272 (x) T (=) k) AN (CRVVED)
17
) §j () + 1= (72):

TPt ¢
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where Ao > 2 and the auxiliary function and f. is defined by

0 t=x

f'@t)—f(a=), 0<t<uz
fi(t) = :
F) — fllad) z<t<l

1
Proof. Using the fact that / Mo ap(x,t)dt = 872/’)2!(60; x) =1, we have
0

SOL(frx) - flz) = / F() = F(@) Mo p ()t

) _
/0 </; f/(u)du)/\/l7,,,a7p(:1:,t)dt. (3.1)

From definition of the function f., for any f € DBV(0, 1), we can write

1o = (e eren) + Lo
#3100 = @) (somte -0+ 257
#0010 - 3 (00 + 1) ). (3.2

where
1, z=t
§m(t){ 0, z#t.
It is clear that

/O 1 M op(2, 1) / t {f’(x) - ;<f’(m+) + f’(x))} 3o (t)dudt = 0.

By (1.4) and simple computations, we have

P o= /O 1 ( /x tpil<f’(x+)+Pf/(:v—)>du>/\/ln,a,p(:c,t)dt
f(z+) + pf’(x—)’ /01 [t — x| Moy (2, t)dt

+1

1/2

IN

p+1

Fa) +of (o) (S - o'52)
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and

Py

L2 52)asi
% (f"(z+) = [ (z=)) [* /0m (/j (sgn(uf z) + pTi) du) Ma.ap (@, t)dt

+/xl (/; (sgn(u —z)+ Z%) du) Ma.op(2, t)dt}

1
< _r (f (z+) — f/(xf))/o [t — x| Mp,a,p(z, t)dt

p+1
= A (P = @) St (= als)

P y / () /2

< e = 1) (S - tm) T

By using (1.6) and considering (3.1), (3.2) we obtain the following estimate
SES52) = F@)| < |Bnap(fas2) + Fuap(fhso)

pAs (o)

1 , ,
+ﬁ|f (z+) + pf'(z—) D

Py / 2
S - Faol Gy @, 63)

Enoy(fhsa) = /U ' < / t f;(u)du) Mooy ()t
Fron(f! /(/f du) v ().

To complete the proof, it is sufficient to estimate the terms E, o ,(f5, ), Fn o, (fo, ).
Since f diVn,a,p(x,t) < 1 for all [a,b] C [0, 1], using integration by parts and ap-
plying Lemma 4 with y =  — (/+/n), we have

Ow </: f,;(U)du> dtﬂn7a7p(z’t)‘

- } / ) ﬂn,a,p(w,t)f;(t)dt‘

( / K / ) 7200 )

Y x
0

n+2 y

where

and

| Enop(fo @) =

IN

)\2777, Y _92 s . ,
(n+2) /0 Nz =)t —mvr oy (fa)-
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By the substitution of u = z/(x —t), we get

A2 (2) = {a/vr) 2 . Aoy (z) N ,
(n+2) / (x—t)20f(fr)dt = p ) x V2 (o (f1)
]

)\2’}’%(1') -1 ket T /

NG

—

£

P
Rl
- -

A5 () L1
(n+2)

Ui—(m/k)(f:/v)'
1

E
I

Hence we reach the following result
)\27 (vn ]
|En,a,p(f;,1‘)| < p L 71 Z U.L (z/k) fgc \F r— (L/f)(fx)

Using integration by parts and applying Lemma 4 with z = z 4+ ((1 — z)/y/n), we

have
P (710 2)] ([ rrtan) Mo a1
(/f(udu)dt(l—ﬁnap(w H) + /(/ Falu du)dt(l—ﬂmp(w H)
H(/ ) (1= O, 0)] = [ SO0 = Duplo )l
([ ) e =90 p000)

/ " (W) du(1 = O p (2, 2)) — / ") = D, 1))

+f ()1 ﬂn,a,p(m,t»E -/ G ﬁn,a,p(w,t»dt\

z 1
[ 500 dnaplminar+ [ f;(t)(l—ﬁn,a,p(m,t))dt‘

A2va (2) /1 tp (4 =2 /z topl
Pt ). v (f)(t — )~ 7dt + ; v (fz)dt
X277 ()
Pn+2) /t+((1—w)/\/ﬁ)
By the substitution of u = (1 — z)/(t — =), we get

IA

L) =) P+ SOV ),

9 i 2 vn
pxﬂn(a:)/ VLD - 2)2dt = phvin(fv)/ pTH A=/ g1y,
(n+2) 1—2)/ V) (1-2)(n+2) L
WVl ki1
)\g—yi(:c) /+ z+((1—z)/u) / pr
< —_— Vg T du
’)(1—51:)(n+2),;1 k Vo)
(v ]
_2ema@) NN e (@/m) g
S Pty 2 o)

k=1
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Thus, we get
Vn ]
AQ’YQ (.’,E) T —z
|Fn,a,p(f;;7x)| < pm Z Uer((l )/k)(f;)
k=1
1—
(), (3.4)
Collecting the estimates (3.3)-(3.4), we get the required result. This completes the
proof of theorem. O

4. QUANTITATIVE VORONOVSKAJA-TYPE THEOREM

Now we are going to study a quantitative Voronovskaja-type result for the op-

erators Sr(l’f 2! This result is given using the first order Ditzian-Totik modulus of
smoothness.

Theorem 3. Let f € C?[0,1]. Then there hold

Vi (SEf2) - f@)] < \/2p{ ()+}|f”l+||f”|\/pﬁs@2($)
+fﬁw@<x> ( " %%x)) +o(n™);
Vi (SEf2) - f@)] < %p{mwn;}w+||f"|jﬁso2<x>

+\%w@(x)w(w) ( "; 2\}?) +o(n™)

Proof. Let f € C?[0,1] and x,t € [0,1]. Then Taylor’s expansion, we may write

)~ F@) = (t—2) f'(2) + / (t — u) " (u)d.

t

£(6)- 112) = F@)t-3)~ 5 t-2P @)+ [

T

(t—u)f" (u)du 7/ (t—u)f" (u)du.

Operating S,(,f’&(-; x) to both sides of the above relation, we get

SP(fr2) = fla)] = If’(w)ISé’,’i(lt—wl;w)Jr%|f"(x)\sgeg((t—x)2;x)
+S£€L< t—ul |f"(uw) — f"(z)|du x) (4.1)




206 TUNCER ACAR AND ARUN KAJLA

Therefore, g € W, we have

t
el 1 () = " @)ldu] < 1177 = gll(t — ) + 2llpg o~ (@)l — 2l

Thus, in view of (4.1), (??), (1.7) and using Cauchy-Schwarz inequality, we may
write

SO0~ f@)| < 1 @ISEA = ala) + 517 @ISEA( - 2)5a)
HIF" = glISIEA((E = @)% 2) + 2lleg 97! (@) (1t - 2 )
< I (SEAE — %) 4 SIS LA — %5 2) + 15— gllSEA(( — 2)%52)
2lleg ke~ (@) (SUAE - 2% ) 7 (SEM(E - 2)him))
= \/(nzfz) {e@+ o5+ {ee+ =5 )
+2Ar@+ S e @ {@+ 5
><< (1236 (z —2) (n(n — 2a — 19) + 46« — 36)
(n+2)(n+3)(n+4)(n+5)
1222 (n(n — 2a — 25) + 58a — 38) 24z(3n — 6 + 1)
(4 D+ @A DM +5) | (n+ 2+ Hn+ 4+ 5)
24 ))1/2
T r2)mt3)mr)n o)
2p " 7 2
< otz @+ S5 ee
+n2’+’)2{ @) lp(a )2f} o(n=3/?).
Since ¢%(z) < ¢(z) < 1,z € [0,1], we have
(p) = 17 " =
[SEL(s2) - )| < \/( 5 {# (>+—}||f 1+ 11 =2 6% @)
{If’”ll }+o<n—3/2). (42)

[SEA(f32) - f(@)]

\/(ffz) {«P%'v) + —}nf”u 1L @)

2p " \f ° n73/2
+7+250( ){f ”f}+ ( )- (4-3)
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By taking the infimum on the right hand side of the above relations over g € Wy,

we get
Vi (S¥h(fim) - f@))| < 2p{so2<x>+niQ}|f“|+||f“|jﬁso2<x>
+\%K¢ ”;2\\/?@(35) +o(n™h);
Vi (S¥h(fim) - f@))| < 2p{<p2(x)+n}r2}|f"l+||f"|fﬁw2(w)
+%<p(w)f<7 2\\//5 +o(n™).
Applying K, (f,t) ~ wy(f,t), the theorem is proved. O

The first author is partially supported by Research Project of Kirikkale Univer-
sity, BAP, 2017/014 (Turkey).
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