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A Q-ANALOG OF THE BI-PERIODIC LUCAS SEQUENCE

ELIF TAN

ABSTRACT. In this paper, we introduce a g-analog of the bi-periodic Lucas
sequence, called as the g-bi-periodic Lucas sequence, and give some identi-
ties related to the g-bi-periodic Fibonacci and Lucas sequences. Also, we give
a matrix representation for the g-bi-periodic Fibonacci sequence which allow
us to obtain several properties of this sequence in a simple way. Moreover,
by using the explicit formulas for the g-bi-periodic Fibonacci and Lucas se-
quences, we introduce g-analogs of the bi-periodic incomplete Fibonacci and
Lucas sequences and give a relation between them.

1. INTRODUCTION

It is well-known that the classical Fibonacci numbers F,, are defined by the
recurrence relation

Fn =FlFp_1+ Fn_g, n Z 2 (11)

with the initial conditions Fy = 0 and F; = 1. The Lucas numbers L,,, which follows
the same recursive pattern as the Fibonacci numbers, but begins with Ly = 2 and
L; = 1. There are a lot of generalizations of Fibonacci and Lucas sequences. In [6],
Edson and Yayenie introduced a generalization of the Fibonacci sequence, called as
bi-periodic Fibonacci sequence, as follows:

aQn_1 + Gn_2, if n is even
= > )
n { bgn_1 + qn_2, ifnisodd ' "= 2 (1.2)

with initial values ¢ = 0 and ¢; = 1, where a and b are nonzero numbers. Note
that if we take a = b =1 in {g,}, we get the classical Fibonacci sequence. These
sequences are emerged as denominators of the continued fraction expansion of the
quadratic irrational numbers. For detailed information related to these sequences,
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we refer to [6, 19, 8, 11, 12, 17, 18, 15, 16]. Yayenie [19] gave an explicit formula of
Gn as:

2] ,
D VN G UL w3
=0

where £ (n) =n—2|%], ie., £(n) =0 when n is even and { (n) = 1 when n is odd.
Similar to (1.2), by taking initial conditions pg = 2 and p; = a, Bilgici [2]
introduced the bi-periodic Lucas numbers as follows:

, n > 2.

= bpp_1+pn—2, ifniseven
b= { apn—1+pn—2, ifnisodd = (1.4)

It should also be noted that, it gives the classical Lucas sequence in the case of
a =>b=11in {p,}. In analogy with (1.3), Tan and Ekin [14] gave the explicit
formula of the bi-periodic Lucas numbers as:

|2] .
pn=a*™ " § (n z_ Z) (ab) LB > (1.5)

n—1
i=0

On the other hand, there are several different g-analogs for the Fibonacci and
Lucas sequences [3, 4, 5, 13, 7, 1]. Particularly, Cigler [5] gave the (Carlitz-) g¢-
Fibonacci and ¢-Lucas polynomials

fo(z,8)=xf0 1 (2,8) +q" 2sfn_o(x,8); fo(z,8) =0, fi(zx,s) =1, (1.6)

ln(x,8) = fug1(z,8) + sfn_1(x,q8); lo(z,8) =2, l1 (z,s) ==, (L.7)

respectively.
Additionally, Ramirez and Sirvent [10] introduced a g-analog of the bi-periodic
Fibonacci sequence by

(a,b) n—>2 (a,b) . .
FT(L(L,b) (q, S) — a,F’?(l_bl) (Qa 5) +4q SFT(La_bQ) (q, S) s if n is even n > 9 (18)
bE, "V (q,8) +q"2sE, "y (¢,s), ifnisodd

n—1

with initial conditions Fo(a’b) (¢,s) = 0 and Fl(""b) (g,s) = 1. They derived the

following equality to evaluate the ¢-bi-periodic Fibonacci sequence:
a a,b a,b
F (q,8) = xu BV (g,45) — ¢sFL"8) (g,¢%s) , (1.9)

where y,, := a¢ (n+1)pE(n) Also, they gave the relationship between the g-bi-periodic
Fibonacci sequence and the (Carlitz-) ¢-Fibonacci polynomials as:

—\ &)
FP (g,s) = ( b) fn (\/% s) (1.10)
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By using (1.10), they obtained the explicit formula of the ¢-bi-periodic Fibonacci
sequence as:

| 5]

Fr(ba’b) (q,s) _ ag(n—l) Z |: n— ]]::3 -1 :| (ab)L%J_k qk23k, (1.11)
k=0
where [ Z } = % is the g-binomial coefficients with [n] =1+ ¢+ ¢+
coo4+¢" 1 and [n],!=1[1],[2], - [n],-

Motivated by the Ramirez’s results in [10], here we introduce a g-analog of the bi-
periodic Lucas sequence, called as the ¢-bi-periodic Lucas sequence, and give some
identities related to the g-bi-periodic Fibonacci and Lucas sequences. Also, we give
a matrix representation for the g-bi-periodic Fibonacci sequence which allow us to
obtain several properties of this sequence in a simple way. Moreover, by using the
explicit formulas for the g-bi-periodic Fibonacci and Lucas sequences, we introduce
g-analogs of the bi-periodic incomplete Fibonacci and Lucas sequences and give a
relation between them.

2. A ¢-ANALOG OF THE BI-PERIODIC LUCAS SEQUENCE

First, we consider the (Carlitz-) q-Lucas polynomials in (1.7), and define the
g-bi-periodic Lucas sequence by means of the (Carlitz-) ¢g-Lucas polynomials.

Definition 1. The g-bi-periodic Lucas sequence is defined by

= (/) (van) 2

where [,, (z, s) is the (Carlitz-) ¢-Lucas polynomials.
The terms of the g-bi-periodic Lucas sequence can be given as:

LYY (q,5)

2

a

ab+sq+s

a’b + as + asq + asq?

a’b? + abs + absq + absq® + absq® + s2¢* + s2¢*
a’b? + a®bs + a’bsq + a®bsq® + a’bsq® + a’bsq?
T1as?@® + as?q® + as?qt + asq® + as?q®

gl wl o~ oS

Note that if we take a = b = x, we obtain the (Carlitz-) ¢-Lucas polynomials
I (x,8).

In the following lemma, we state the g-bi-periodic Lucas sequence in terms of
the ¢-bi-periodic Fibonacci sequence.
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Lemma 1. For any integer n > 0, we have
LD (q,5) = F\%Y (q.5) + sFY (g,0s). (2:2)

n—1

Proof. By using the definition of the ¢-bi-periodic Lucas sequence and the relations
(1.7) and (1.10), we have

( Z>5<n> . (\/@ s)

B < a>£(n) (fn+1 (\/%, s) + Sfn_1 (\/CE, qs))

LY (q,5)

b
a &(n) A £(n)
- (%) ( ) (FL2 (q.9)+ sFY (g.05))
which gives the desired result. (Il

Now we give an another relation between the ¢-bi-periodic Fibonacci sequence
and ¢-bi-periodic Lucas sequence.

Theorem 1. For any integer n > 0, we have

Xn LY (q,95) = %Y (q,5) — ¢" T s FL"Y (g, %) (2.3)

where x,, = af M),
Proof. By using the definition of the ¢g-bi-periodic Fibonacci sequence in (1.8) and
the relations (2.2) and (1.9), we get

a,b)

Xn L&Y (g, 45) = x,, (F£+’1 (¢,q5) + qsF Y (q7q28))

= F\%Y (q,5) — qsFY (q,4%s) + xnqsF"Y (g, ¢%)
= F\%Y (q,5) — gs (Fr(ﬂ’b) (4,4%5) — X P2 (g, qQS))

a,b n a,b
= F7(L+2) (4,5) —q +12 polasb) (0. 4%)

n—2

O

If we take a = b = = in (2.3), it reduces to the relation between g-bi-periodic
Fibonacci sequence and Lucas polynomials

xl" (1:7 qs) = f7l+2 ($7 S) - qn+152fn—2 (ZE, q25)
which can be found in [5, Equation (3.15)].
In the following theorem, we give the explicit expression of the g-bi-periodic
Lucas sequence Lgf’b) (g, ). Since we define the incomplete sequences by using its

explicit formula, the following theorem play a key role for our further study in the
next section.
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Theorem 2. For any integer n > 0, we have

3]

Lglmb) (q7 S) — af(n) kZ:O [n[i] k] |: n ; k :| (ab)L%J —k qk27ksk. (24)

Proof. By using the relations (2.2) and (1.11), we have

LY (q,5) = F%Y (q,8)+sF Y (g,q5)

_ g [ ”;’f ] (ab)L ] g gk

k=0
g1, _— ) .
k=0

13
— ofm [ " ; & ] (ab)L%J—k ¢ s

k=0

l3]

M R [

_ _&(n) k n—k n—k—1 | LﬂJ_k K2k k
=a <q { i ]+[ k-1 | (ab)L2 q s".
By using the identity

A AT et

we obtain the desired result. O

If we take a = b = z in the above theorem, it reduces to the (Carlitz-) ¢-Lucas
polynomials

=
=
=
Il
S
=
o
| — |
3
|
5
| I
-
[V}
|
x>
V2]
-
)
7
[V
x>

k=0
which can be found in [5, Equation (3.14)].
Now we give a matrix representation for the g¢-bi-periodic Fibonacci sequence
which can be proven by induction. By using matrix formula, one can obtain several
properties of this sequence.
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0 1

Theorem 3. For n > 1, let define the matriz C (x,,, s) := < sy

) . Then we

have

My, (Xps 8) == C (X, @""8) C (Xn—1,9""%5) -+ C (x2,95) C (x1,9)

a,b &(n+1) a,b
_ ( SFT(L—l) (Qa qs) (3) £n) Ff(t ) (Qa 3) ) ) (2.5)
sEVY (q.05) (D) ESLY (0.5)

a

In the following theorem, we give the g-Cassini formula for the g-bi-periodic
Fibonacci sequence by taking the determinant of the both sides of the equation
(2.5).

Theorem 4. For any integer n > 0, we have

b &(n) (ab) (a.b) b E(n+1) X X
<a) FooV (q,a8) By’ (g8) — <a> F{*?) (q,5) F\™Y (q,¢s)

n(n—1)

= (-D)"s" gz . (2.6)
Note that by taking a = b = z, we obtain the result in [5, Equation (3.12)].

Theorem 5. For any integer n > 0, we have

a\sm o (ab n a a n b
Fz(f?b) (q,8) = (*) q sF,(ffl) (q.4""'s) Flab) (g, 5) + F\ (¢, ¢"s) F,(Li’l) (q,8).

b
(2.7)

Proof. Since My 4n (XnsS) = Mm, (Xn, ¢S) My, (Xn, $) , if we equate the correspond-
ing entries of each matrices and take m = n in the resulting equality, we get the
desired result. O

One can get several properties of the g-bi-periodic Fibonacci sequence by taking
proper powers of the matrix in (2.5).

3. ¢—BI-PERIODIC INCOMPLETE FIBONACCI AND LUCAS SEQUENCES

In this section, we define ¢-bi-periodic incomplete Fibonacci and Lucas sequences.
Let n be a positive integer and I be an integer.

Ramirez [9] defined the bi-periodic incomplete Fibonacci numbers by using the
explicit formula of the bi-periodic Fibonacci sequences in (1.3) as:

i () = €D ("7 )@l s |22
=0

Similarly, by using the explicit formula of the bi-periodic Lucas sequence in (1.5),
Tan and Ekin [14] defined the bi-periodic incomplete Lucas numbers as:

=3 (" Yl o< (]
1=0
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Analogously, by using the explicit formulas of the g-bi-periodic Fibonacci sequence
in (1.11) and the g-bi-periodic Lucas sequence in (2.4), we define the g-bi-periodic
incomplete Fibonacci and Lucas sequences as follows.

Definition 2. For any non negative integer n, the g-bi-periodic incomplete Fi-
bonacci and Lucas sequences are defined by

l
e et | g3 1
Frsi,b)(q’s):aﬁ(”l)Z[n h k}(ab)L 7k g st oglgvz J
k=0

(3.1)
and
!
L&Y (g,5) = a5 { —k } (ab) LBl g —kgk o< < gJ , (3.2)
k:O
respectively.

If we take [ = L”TlJ in (3.1), we obtain the g-bi-periodic Fibonacci sequence,
and if we take [ = L%J in (3.2), we obtain the g-bi-periodic Lucas sequence.
Next, we give non-homogenous recurrence relation for the g-bi-periodic incom-

plete Fibonacci sequence.

Theorem 6. For 0 < [ < ”T_Q, the non-linear recurrence relation of the q-bi-

periodic incomplete Fibonacci sequence s

a, a,b . .
(a,b) (q )_{ F,(Hll))lﬂ( s)+q" SF( )( s), ifn is even

n2041 A" (a5) + @Y (q,5),  ifm s odd

(3.3)

n,l
The relation (3.3) can be transformed into the non-homogeneous recurrence relation

n—1

n ab n—1-—1
Fr(L—‘rQ)l (¢, ) = aFT(L—‘rl)l (¢,8)+q SF'r(L,l ) (g,8)—a [ I } (ab)L 2

J -l qn-l—lzsl-i-l

(3.4)
for even n, and

a, a, a n—1-—1 n=ll_ 1 a2
F (a9) = bR (09) + " sFy <q,s>[ ! }(abﬂ g
(3.5)

for odd n.

n+1

Proof. If n is even, then LTJ = L%J . By using the Definition (3.1), we can write

the RHS of (3.3) as

+1
Q1 +Em) Z { n-— } )ng—k ¢ s*

+q"saf"7Y Z { n-l=k } (ab) L7 1% g gk

k
k=0
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I+1 !
_ n—Fk 2]k K2k n n—1-k 22l ok k2 kel
aZ{ 2 }(ab)LJ q" s +q akz_o{ i ](ab)L J ¢~ skt
+1
_kj n|_ 2
:“Z[nk }(ab)LZJ gk s
k=0
I+1
n _k nol_ ._1)2
+q GZ{Zl }(ab)tzJ Fglm sk
k=1

:;i([ e ) @l @l

k=0
a,b
= F7$+2)l+1 (‘Jv 5) .
Also from equation (3.3), we have
a,b Py
F75+2)z (¢,8) = aFT§,+1)l( )+QLSF751 )1( ,8)
a,b n a,
=l (09) + "sEGY (a,9) + a"s(FLGY (a,9) = FLGY (a.9)

a n n—1-—1 n—1 12
= aF7(L+1)z( s)+4q SF( )( 3)—(1{ ] ]( )L qu+l gL

If n is odd, the proof is completely analogous. ([l

Note that the g-bi-periodic Lucas sequence does not satisfy a recurrence like (3.3),

since Féj_’ll)) (q,s) and F,(Lil) (g, qs) do not satisfy the same recurrence relation.
Finally we give the relationship between the ¢-bi-periodic incomplete Fibonacci
and Lucas sequences as follows:

Theorem 7. For 0 <[ < {%J , we have

a,b b ,
Ly (a.8) = By (a.8) + 2D, (a,09) (3.6)
Proof. Tt can be proved easily by using the definitions (3.1) and (3.2). O

4. ACKNOWLEDGEMENT

This research is supported by Ankara University Scientific Research Project Unit
(BAP). Project No:17H0430002.



228 ELIF TAN

REFERENCES

| Andrews, G. E., Fibonacci numbers and the Rogers-Ramanujan identities, Fibonacci Quart.
42(1) (2004), 3-19.

| Bilgici, G., Two generalizations of Lucas sequence, Applied Mathematics and Computation
245 (2014) 526-538.

| Carlitz, L., Fibonacci notes 4: q-Fibonacci Polynomials. The Fibonacci Quarterly 13(2)
(1975), 97-102.

] Cigler, J., A new class of g-Fibonacci polynomials, Electron. J. Comb.10 (2003), ArticleR19.

Cigler, J., Some beautiful g-analogues of Fibonacci and Lucas polynomials, arXiv:11042699.

| Edson, M. and Yayenie, O., A new generalizations of Fibonacci sequences and extended
Binet’s Formula, Integers 9, (A48) (2009), 639-654.

| Jia, C. Z., Liu, H. M., and Wang, T. M., g-Analogs of Generalized Fibonacci and Lucas
Polynomials, The Fibonacci Quarterly (451) 2007, 26-34.

| Panario, D., Sahin, M. and Wang, Q., A family of Fibonacci-like conditional sequences,
Integers 13 (2013).

| Ramirez, J. L., Bi-periodic incomplete Fibonacci sequences, Ann. Math. Inform. 42(2013),
83-92.

| Ramirez, J. L. and Sirvent, V. F., A gq-Analoque of the Biperiodic Fibonacci Sequence, Journal
of Integer Sequences, Vol. 19 (2016).

] Sahin, M., The generating function of a family of the sequences in terms of the continuant,
Applied Mathematics and Computation 217 (2011) 5416-5420.

] Sahin, M., The Gelin-Cesaro identity in some conditional sequences, Hacet. J. Math. Stat.
40(6) (2011), 855-861.

] Schur, I., Ein beitrag zur additiven zahlentheorie. Sitzungsber, Akad. Wissencsh. Berlin,
Phy.-Math. Klasse (1917), 302-321.

| Tan, E. and Ekin, A. B., Bi-periodic Incomplete Lucas Sequences, Ars Combinatoria. 123
(2015), 371-380.

| Tan, E. and Ekin, A. B., Some Identities On Conditional Sequences By Using Matrix Method.
Miskolc Mathematical Notes. 18 (1) (2017), 469-477.

] Tan,E., On bi-periodic Fibonacci and Lucas numbers by matrix method, Ars Combinatoria.
133 (2017), 107-113.

] Tan, E., Yilmaz, S. and Sahin, M., On a new generalization of Fibonacci quaternions, Chaos,
Solitons and Fractals 82 (2016) 1-4.

] Tan, E., Yilmaz, S. and Sahin, M., A note on bi-periodic Fibonacci and Lucas quaternions,
Chaos, Solitons and Fractals 85 (2016) 138-142.

| Yayenie, O., A note on generalized Fibonacci sequeence, Appl. Math. Comput. 217 (2011)
5603-5611.

E-mail address: etan@ankara.edu.tr
Current address: Department of Mathematics, Faculty of Sciences, Ankara University, 06100

Tandogan Ankara, Turkey

ORCID Address: http://orcid.org/0000-0002-8381-8750



