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ON METALLIC SEMI-SYMMETRIC METRIC F−CONNECTIONS

CAGRI KARAMAN

Abstract. In this article, we generate a metallic semi-symmetric metric F -
connection on a locally decomposable metallic Riemann manifold. Also, we
examine some features of torsion and curvature tensor fields of this connection.

1. Introduction

The topic of connection with torsion on a Riemann manifold has been studied
with great interest in literature. Firstly, Hayden defined the concept of metric
connection with torsion [3]. For a linear connection ∇̃ with torsion on a Riemann
manifold (M, g), if ∇̃g = 0, then linear connection ∇̃ is called a metric connection.
Then, Yano constructed a connection whose torsion tensor has the form: S(X,Y ) =
ω(Y )X − ω(X)Y , where ω is a 1−form, [15] and named this connection as semi-
symmetric connection.
In [11], Prvanovic has defined a product semi-symmetric F−connection on lo-

cally decomposable Riemann manifold and worked its curvature properties. A
locally decomposable Riemann manifold is expressed by the triple (M, g, F ) and
the conditions ∇F = 0 and g(FX, Y ) = g(X,FY ) are provided, where F, g and
∇ are product structure, metric tensor and Riemann connection (or Levi-Civita
connection) of g on manifold respectively. For further references, see [8, 9, 10, 12].
The positive root of the equation x2−x−1 = 0 is the number x1 = 1+

√
5

2 , which
is called golden ratio. The golden ratio has many applications and has played
an important role in mathematics. One of them is a golden Riemann manifold
(M, g, ϕ) endowed with golden structure ϕ and Riemann metric tensor g. The
golden structure ϕ created by Crasmareanu and Hretcanu is actually root of the
equality ϕ2−ϕ− I = 0 [5]. In [2], the authors have defined golden semi-symmetric
metric F−connections on a locally decomposable golden Riemann manifold and ex-
amined torsion, projective curvature, conharmonic curvature and curvature tensors
of this connection. Also, the golden ratio has many important generalizations. One
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of the them is metallic proportions or metallic means family which was introduced
by de Spinadel in [6, 7]. The positive root of the equation x2 − px− q = 0 is called
the metallic means family, where p and q are two positive integer. Also, the solution
of the metallic means family is as follows

σp,q =
p+

√
p2 + 4q

2
.

These numbers σp,q are also named (p, q) metallic numbers. In the last equation,

• if p = q = 1, then the number σ1,1 = 1+
√
5

2 is golden ratio;
• if p = 2 and q = 1, then the number σ2,1 = 1 +

√
2 is silver ratio, which is

used for fractal and Cantorian geometry;
• if p = 3 and q = 1, then the number σ3,1 = 3+

√
13

2 is bronze ratio, which
plays an important role in dynamical systems and quasicrystals and so on.

Inspired by the metallic number family, Hretcanu and Crasmareanu was intro-
duced metallic Riemann structure [4]. Indeed, a metallic structure is polynomial
structure such that F 2 − pF − qI = 0, where F is (1, 1)-tensor field on manifold.
Given a Riemann manifold (M, g) endowed with the metallic structure F , if

g(FX, Y ) = g(X,FY )

or equivalently
g(FX,FY ) = pg(FX, Y ) + qg(X,Y )

for all vector fields X and Y on M , then the triple (M, g, F ) is called a metallic
Riemann manifold.
In [1], For almost product structures J and the Tachibana operator φF , the

authors proved that the manifold (M, g, F ) is a locally decomposable metallic Rie-
mannian manifold iff φJ±g = 0. In this article, we made a semi-symmetric met-
ric F−connection with metallic structure F on a locally decomposable metallic
Riemann manifold. Then we examine some properties related to its torsion and
curvature tensors.

2. Preliminaries

Let M be an n-dimensional manifold. Throughout this paper, tensor fields,
connections and all manifolds are always assumed to be differentiable of class C∞

For a (1, 1)−tensor F and a (r, s)−tensor K, The tensor K is named as a pure
tensor with regard to the tensor F , if the following condition is holds:

Kj1...jr
mi2...is

F m
i1 = Kj1...jr

i1m...is
F m
i2 = ... = Kj1...jr

i1i2...m
F m
is =

Kmj2...jr
i1...is

F j1
m = Kj1m...jr

i1...is
F j2
m = ... = Kj1j2...m

i1...is
F jr
m ,

where Kj1j2...jr
i1i2...is

and F j
i is the components the tensor K and (1, 1)−tensor F re-

spectively. Also, the Tachibana operator applied to a pure (r, s)−tensor K is given
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by

(φFK)
j1...jr
ki1...is

= F m
k ∂mt

j1...jr
i1...is

− ∂k (K ◦ F )
j1...jr
i1...is

(2.1)

+

s∑
λ=1

(∂iλF
m
k ) Kj1...jr

i1...m...is

+

r∑
µ=1

(
∂kF

jµ
m − ∂mF jµ

k

)
Ki1...m...ir
j1...js

,

where

(K ◦ F )
j1...jr
i1...is

= Kj1...jr
mi2...is

F m
i1 = ... = Kj1...jr

i1i2...m
F m
is

= Kmj2...jr
i1...is

F j1
m = ... = Kj1j2...m

i1...is
F jr
m .

The equation (2.1) firstly defined by Tachibana [14] and the applications of this
operator have been made by many authors [13, 16]. For the pure tensor K, if
the condition φFK = 0 holds, then K is called as a φ−tensor. Specially, if the
(1, 1)−tensor F is a product structure, then K is a decomposable tensor [14].
A metallic Riemannian manifold is a manifold M equipped with a (1, 1)−tensor

field F and a Riemannian metric g which satisfy the following conditions:

F 2 − pF − qI = 0 (2.2)

and
g(FX, Y ) = g(X,FY ) (2.3)

Also, the equation (2.3) equal to g(FX,FY ) = pg(FX, Y ) + qg(X,Y ), where p, q
are positive integers. The last two equations in local coordinates are as follows:

F k
i F

j
k = pF j

i + qδji (2.4)

and
F k
i gkj = F k

j gik, (2.5)

It is obvious that F k
i Fkj = pFij + qgij and Fij = Fji (symmetry) from (2.4) and

(2.5). The almost product structure J and metallic structure F on M are related
to each other as follows [4],

J± =
p

2
I ± (

2σp,q − p
2

)F (2.6)

or conversely

F± = ±
(

2

2σp,q − p
J − p

2σp,q − p
I

)
, (2.7)

where σp,q =
p+
√
p2+4q

2 which is the root of the (2.2). Also, it is obvious from (2.7)
that a Riemann metric g is pure with regard to a metallic structure F if and only
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if the Riemann metric g is pure with regard to the almost product structure J . By
using (2.7) and (2.1), we have

φFK = ± 2

2σp,q − p
φJK (2.8)

for any (r, s)−tensor K. We note that a metallic Riemann manifold (M, g, F ) is a
locally decomposable metallic Riemann manifold if and only if the Riemann metric
g is a decomposable tensor, i.e., (φJg)kij = 0 and the condition (φJg)kij = 0 is

equivalent to ∇kJ j
i = 0 [1].

3. The Metallic Semi-Symmetric metric F−connection

Let (M, g, F ) be a locally decomposable metallic Riemann manifold. We consider
an affi ne connection ∇̃ on M . If the affi ne connection ∇̃ holds

i) ∇̃hgij = 0 (3.1)

ii) ∇̃hF j
i = 0,

then it is called a metric F−connection. In the special case, when the torsion tensor
S̃kij of ∇̃ is as following shape

S̃kij = ωjδ
k
i − ωiδkj +

1

q

(
ωtF

t
j F

k
i − ωtF t

i F
k
j

)
, (3.2)

where ωi are local ingredients of an 1−form, we say that the affi ne connection ∇̃ is
a metallic semi-symmetric metric connection.
Let Γ̃kij be the ingredients of the metallic semi-symmetric metric connection ∇̃.

If we put

Γ̃kij = Γkij + T kij , (3.3)

where Γkij and T kij are the ingredients of the Riemann connection ∇ of g and

(1, 2)−tensor field T on M respectively, then the torsion tensor S̃kij of ∇̃ is as
following form

S̃kij = Γ̃kij − Γ̃kji = T kij − T kji.
When the connection (3.3) provides the condition (i) of (3.1), by applying the
method in [3], we get

T kij = ωjδ
k
i − ωkgij +

1

q

(
ωtF

t
j F

k
i − ωtF ktFij

)
,

where ωk = ωig
ik, F kt = F t

i g
ik and Fij = F k

j gik. Hence the connection (3.3)
becomes the following form

Γ̃kij = Γkij + ωjδ
k
i − ωkgij +

1

q

(
ωtF

t
j F

k
i − ωtF ktFij

)
. (3.4)
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Also, by using the connection (3.4), we obtain the following equation with a simple
calculation:

∇̃kF j
i = gki(ω

tF j
t − ωtF jt) = 0.

Therefore, the connection ∇̃ given by (3.4) is named metallic semi-symmetric metric
F−connection.

4. Curvature and Torsion properties of the Metallic Semi-Symmetric
metric F−connection

In this section, we examine some properties associated with the torsion and
curvature tensor of the connection (3.4).

Let (M, g, F ) be a locally decomposable metallic Riemann manifold endowed
with the connection (3.4). We say easily that the torsion tensor S̃ of the connection
(3.4) is pure. Indeed, by using (2.4) and (3.2), we get

S̃kimF
m
j = S̃kmjF

m
i = S̃mij F

k
m .

In [13], the author prove that a F−connection is pure iff torsion tensor of that
connection is pure. Thus, the connection (3.4) provides the following condition:

Γ̃kmjF
m
i = Γ̃kimF

m
j = Γ̃mijF

k
m .

Theorem 4.1. Let (M, g, F ) be a locally decomposable metallic Riemann manifold
endowed with the connection (3.4). If the 1−form ω is a φ−tensor,then the torsion
tensor S̃ of the connection (3.4) is a φ−tensor and holds following equation:

F m
k (∇mS̃lij) = F m

i (∇kS̃lmj) = F m
j (∇kS̃lim). (4.1)

Proof. Let (M, g, F ) be a locally decomposable metallic Riemann manifold. Since
a zero tensor is pure, a F−connection with torsion-free is always pure. Hence, we
can say that the Levi-Civita connection ∇ of g on M is always pure with respect
to F .
If we implement the Tachibana operator φF to the torsion tensor S̃ of the con-

nection (3.4), then we have

(φF S̃) l
kij = F m

k (∂mS̃
l
ij)− ∂k(S̃lmjF

m
i )

= F m
k (∇mS̃lij + ΓsmiS̃

l
sj + ΓsmjS̃

l
is − ΓlmsS̃

s
ij)

−F m
i (∇kS̃lmj + ΓskmS̃

l
sj + ΓskjS̃

l
ms − ΓlksS̃

s
mj).

When the torsion tensor S̃ and Levi-Civita connection ∇ are pure, the above rela-
tion reduces to

(φF S̃) l
kij = F m

k (∇mS̃lij)− F m
i (∇kS̃lmj). (4.2)
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Substituting (3.2) into (4.2), we get

(φF S̃) l
kij = [(∇mωj)F m

k − (∇kωm)F m
j ]δli (4.3)

−[(∇mωi)F m
k − (∇kωm)F m

i ]δlj

+[
1

q
(∇mωs)F m

k F s
j −

p

q
(∇kωs)F s

j −∇kωj ]F l
i

−[
1

q
(∇mωs)F m

k F s
i −

p

q
(∇kωs)F s

i −∇kωi]F l
j .

Also, for the 1−form ω, we calculate

(φFω)kj = F m
k (∂mωj)− ∂k(F m

j ωm)

= F m
k (∇mωj + Γsmjωs)− F m

j (∇kωm + Γskmωs)

= F m
k (∇mωj)− F m

j (∇kωm).

From last equation, we can say that the 1−form ω is a φ−tensor iff

Fmk (∇mpj) = Fmj (∇kpm). (4.4)

Assuming that the 1−form ω is a φ−tensor, thanks to (2.4) the relation (4.3)
becomes (φF S̃) l

kij = 0, i.e., the torsion tensor S̃ is a φ−tensor. Also, from the
equation (4.2) we get

F m
k (∇mS̃lij) = F m

i (∇kS̃lmj) = F m
j (∇kS̃lim).

The proof is complete. �

From the equation (2.8), it is obvious that the torsion tensor S̃ of the connection
(3.4) and the 1−form ω are hold following equality

φJ S̃ = 0 and φJω = 0,

i.e., they are decomposable tensors, where J is the product structure associated
with the metallic structure F . From on now, we shall consider 1−form ω is a
φ−tensor (or decomposable tensor), i.e., the following conditions are provided:

F m
k (∇mωj) = F m

j (∇kωm)

and

J m
k (∇mωj) = J m

j (∇kωm).

It is well known that the curvature tensor R̃ l
ijk of the connection (3.4) is as

follows:

R̃ l
ijk = ∂iΓ̃

l
jk − ∂jΓ̃lik + Γ̃limΓ̃mjk − Γ̃ljmΓ̃mik.
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Then, the curvature tensor R̃ l
ijk can be expressed

R̃ l
ijk = Rijk

l + δljAik − δ
l
iAjk + gikA l

j − gjkA l
i (4.5)

+
1

q
(F l
j F

t
k Ait − F

l
i F

t
k Ajt + FikF

ltAjt − FjkF ltAit),

where Rijk
l are the ingredients of the Riemann curvature tensor of the Riemann

connection ∇ and

Ajk = ∇jωk − ωjωk +
1

2
ωmωmgkj −

1

q
ωmωtF

t
k F

m
j +

1

2q
ωmωtF

t
mFjk. (4.6)

It is clear that the tensor A provide Ajk−Akj = ∇jωk−∇kωj = 2(dω)jk, where
the operator d is exterior differential on M . Thus, we say that Ajk − Akj = 0 if
and only if 1−form ω is closed.
Also, from the equation (4.5), we obtain

R̃ijkl = Rijkl + gjlAik − gilAjk + gikAjl − gjkAil (4.7)

+
1

q
(FjlF

t
k Ait − FilF

t
k Ajt + FikF

t
l Ajt − FjkF

t
l Ait).

It is clear that the curvature tensor satisfies R̃ijkl = −R̃jikl and R̃ijkl = −R̃ijlk.
For Ricci tensors of the connection (3.4) R̃jk, contracting (4.5) with respect to i

and l, we have

R̃jk = Rjk + (4− n)Ajk − traceAgjk (4.8)

+
1

q

(
2p− F l

l

)
F t
k Ajt −

1

q
FjkF

t
lAlt,

where Rjk is Ricci tensors of the Riemann connection ∇ of g and

traceA = A l
l = ∇lω

l + (
n− 4

2
)ωlω

l − 1

q
ωtω

mF t
m(p−1

2
F l
l ).

Contracting the last equation with gjk, for the scalar curvature τ of the connections
(3.4), we get

τ = τ + 2 (2− n) traceA+
2

q

(
p− F l

l

)
F tlAlt, (4.9)

where τ is scalar curvature of Levi-Civita connection ∇ of g. From the equation
(4.8), we can have

R̃jk − R̃kj = (n− 4) (Akj −Ajk) +
1

q

(
2p− F l

l

)
F t
k (Ajt −Atj) . (4.10)

From the equation (4.10), we easily say that if the 1−form ω is closed, then R̃jk −
R̃kj = 0.
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Lemma 4.2. Let (M, g, F ) be a locally decomposable metallic Riemann manifold
endowed with the connection (3.4). Then the tensor A given by (4.6) is a φ−tensor
(or decomposable tensor) and thus the following relation holds:

(∇mAij)F m
k = (∇kAmj)F m

i = (∇kAim)F m
j .

Proof. The tensor A is pure with regard to F . Indeed

F t
k Ait − F

t
i Atk = (∇iωt)F t

k − (∇tωk)F t
i = 0.

If the Tachibana operator is applied to the tensor A, then we get

(φFA)kij = F m
k (∂mAij)− ∂k(AmjF m

i )

= F m
k

(
∇mAij + ΓsmiAsj + ΓsmjAis

)
−F m

i (∇kAmj + ΓskmAsj + ΓskjAms).

From the purity of the Riemann connection ∇ and the tensor A , we have

(φFA)
kij

= (∇mAij)F m
k − (∇kAmj)F m

i . (4.11)

Substituting (4.6) into (4.11), standard calculations give

(φFA)
kij

= (∇m∇iωj)F m
k − (∇k∇mωj)F m

i . (4.12)

When we apply the Ricci identity to the 1−form ω, we get

(∇m∇iωj)F m
k = (∇i∇mωj)F m

k − 1

2
ωsR

s
mijF

m
k

and

(∇k∇mωj)F m
i = (∇k∇iωm)F m

j

= (∇i∇kωm)F m
j − 1

2
ωsR

s
kimF

m
j

= (∇i∇mωk)F m
j − 1

2
ωsR

s
kimF

m
j

With the help of the last two equation, from (4.12), the equation (4.12) becomes
as follows,

(φFA)
kij

= −1

2
ωs(R

s
mijF

m
k −R s

kimF
m
j ).

In a locally decomposable metallic Riemann manifold (M, g, F ), the Riemann cur-
vature tensor R is pure [1]. This instantly gives (φFA)

kij
= 0. Hence, from (4.11)

we can write
(∇mAij)F m

k = (∇kAmj)F m
i = (∇kAim)F m

j .

Also, with help of (2.8), we can say that φJA = 0, i.e., the tensor A is decom-
posable, where J is the product structure associated with the metallic structure
F. �
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By using the purity of the tensor A, standard calculations give
R̃ l
imkF

m
j = R̃ l

ijmF
m
k = R̃ m

ijk F
l
m = R̃ l

mjkF
m
i ,

i.e., the curvature tensor R̃ is pure with respect to metallic structure F .
If Tachibana operator φF is applied to the curvature tensor R̃, then we get

(φF R̃)
t

kijl = F m
k (∂mR̃

t
ijl )− ∂k(R̃ t

mjlF
m
i ) (4.13)

= F m
k (∇mR̃ t

ijl + ΓsmiR̃
t

sjl + ΓsmjR̃
t

isl + ΓsmlR̃
t

ijs − ΓtmsR̃
m

ijl )

−F m
i (∇kR̃ t

mjl + ΓskmR̃
t

sjl + ΓskjR̃
t

msl + ΓsklR̃
t

mjs − ΓtksR̃
s

mjl)

= (∇mR̃ t
ijl )F m

k − (∇kR̃ t
mjl)F

m
i

from which, by (4.5), we find

(φF R̃)
t

kijl = (φFR)
t

kijl + [(∇kAjm)F m
l − (∇mAjl)F m

k ]δti

+[(∇mAil)F m
k − (∇kAim)F m

l ]δ tj

+[(∇mAtj)F m
k − (∇kAmj )F t

m]gil

+[(∇kAmi )F t
m − (∇mAti)F m

k ]gjl.

In a locally decomposable metallic Riemann manifold (M, g, F ), since the Riemann
curvature tensor R is a φ−tensor [1], considering Lemma 4.2, the last relation
becomes φF R̃ = 0. Also, from the equation (2.8), we can say that φJ R̃ = 0, where
J is the product structure associated with the metallic structure F. Thus we obtain
the following theorem:

Theorem 4.3. Let (M, g, F ) be a locally decomposable metallic Riemann manifold
endowed with the connection (3.4). The curvature tensor R̃ of the connection (3.4)
is a φ−tensor (or decomposable tensor).
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