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ON METALLIC SEMI-SYMMETRIC METRIC F—-CONNECTIONS

CAGRI KARAMAN

ABSTRACT. In this article, we generate a metallic semi-symmetric metric F-
connection on a locally decomposable metallic Riemann manifold. Also, we
examine some features of torsion and curvature tensor fields of this connection.

1. INTRODUCTION

The topic of connection with torsion on a Riemann manifold has been studied
with great interest in literature. Firstly, Hayden defined the concept of metric
connection with torsion [3]. For a linear connection V with torsion on a Riemann
manifold (M, g), if 69 = 0, then linear connection V is called a metric connection.
Then, Yano constructed a connection whose torsion tensor has the form: S(X,Y) =
w(¥Y)X — w(X)Y, where w is a 1—form, [I5] and named this connection as semi-
symmetric connection.

In [11], Prvanovic has defined a product semi-symmetric F'—connection on lo-
cally decomposable Riemann manifold and worked its curvature properties. A
locally decomposable Riemann manifold is expressed by the triple (M, g, F) and
the conditions VF = 0 and g(FX,Y) = g(X, FY) are provided, where F,g and
V are product structure, metric tensor and Riemann connection (or Levi-Civita
connection) of g on manifold respectively. For further references, see [8) 9] [10] [12].

The positive root of the equation 22 —x —1 = 0 is the number z; = 1+2\/g’ which
is called golden ratio. The golden ratio has many applications and has played
an important role in mathematics. One of them is a golden Riemann manifold
(M, g,p) endowed with golden structure ¢ and Riemann metric tensor g. The
golden structure ¢ created by Crasmareanu and Hretcanu is actually root of the
equality > — ¢ —I =0 [5]. In [2], the authors have defined golden semi-symmetric
metric F'—connections on a locally decomposable golden Riemann manifold and ex-
amined torsion, projective curvature, conharmonic curvature and curvature tensors

of this connection. Also, the golden ratio has many important generalizations. One
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of the them is metallic proportions or metallic means family which was introduced
by de Spinadel in [6] [7]. The positive root of the equation 2% — pz — q = 0 is called
the metallic means family, where p and ¢ are two positive integer. Also, the solution
of the metallic means family is as follows

_ptvpitig

Op,q = B
These numbers o, , are also named (p, ¢) metallic numbers. In the last equation,

o if p =g =1, then the number 0;; = 1+T\/§

is golden ratio;

o if p =2 and ¢ = 1, then the number 027 =1+ V2 is silver ratio, which is
used for fractal and Cantorian geometry;

o if p =3 and ¢ = 1, then the number o3, = 3+§/E is bronze ratio, which

plays an important role in dynamical systems and quasicrystals and so on.

Inspired by the metallic number family, Hretcanu and Crasmareanu was intro-
duced metallic Riemann structure [4]. Indeed, a metallic structure is polynomial
structure such that F? — pF' — qI = 0, where F is (1,1)-tensor field on manifold.
Given a Riemann manifold (M, g) endowed with the metallic structure F, if

g(FX,Y)=g(X,FY)
or equivalently
g(FX,FY) =pg(FX,Y)+q9(X,Y)
for all vector fields X and Y on M, then the triple (M, g, F)) is called a metallic
Riemann manifold.

In [1], For almost product structures J and the Tachibana operator ¢, the
authors proved that the manifold (M, g, F') is a locally decomposable metallic Rie-
mannian manifold iff ¢;, g = 0. In this article, we made a semi-symmetric met-
ric F'—connection with metallic structure F' on a locally decomposable metallic
Riemann manifold. Then we examine some properties related to its torsion and
curvature tensors.

2. PRELIMINARIES

Let M be an n-dimensional manifold. Throughout this paper, tensor fields,
connections and all manifolds are always assumed to be differentiable of class C'*°

For a (1,1)—tensor F' and a (r,s)—tensor K, The tensor K is named as a pure
tensor with regard to the tensor F', if the following condition is holds:

J1---Jr m J1--Jr m __ _ prdredr mo__

Kmi2...isFi1 - K’le’L;Flz e T Kilig...mFis -
mjz...5r J1 . Jim...Jr j2 o _ J1J2..m j,,,

K, 2N = Kil...is Fl=. = Kil...is F

i1...%s m

where K72/ and F,” is the components the tensor K and (1,1)—tensor F' re-

spectively. Also, the Tachibana operator applied to a pure (r, s)—tensor K is given
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by
(GpK)pli, = B Omt] 7 — O (Ko F)jii (2.1)
S
+ Y (O B Kl
A=1
T . ) .
+ 30 (Bl = 0Bl ) KR
p=1
where
(KoF)jin = Kpnoon B ==K K"
— ijz_---er J1— — Kjljzf”mF Ir
i1...05 m 11...15 m

The equation firstly defined by Tachibana [I4] and the applications of this
operator have been made by many authors [I3 16]. For the pure tensor K, if
the condition ¢pK = 0 holds, then K is called as a ¢—tensor. Specially, if the
(1,1)—tensor F is a product structure, then K is a decomposable tensor [14].

A metallic Riemannian manifold is a manifold M equipped with a (1, 1)—tensor
field F' and a Riemannian metric g which satisfy the following conditions:

F? —pF —ql =0 (2.2)
and
g(FX)Y) =g(X,FY) (2.3)
Also, the equation (2.3) equal to g(FX,FY) = pg(FX,Y) + qg(X,Y), where p, q
are positive integers. The last two equations in local coordinates are as follows:
FrRJ = pF7 +¢5! (2.4)
and
Fi g = ijgikv (2.5)

It is obvious that F,*Fy; = pFi; + qg;; and F;; = Fj; (symmetry) from (2.4) and
(2.5). The almost product structure J and metallic structure F' on M are related
to each other as follows [4],

2 _
Jy=Lre(@raPyp (2.6)
2 2
or conversely
2 D

Fp—=+ < J— 1) , 2.7
20p,qg =D 20p,q =P ®1)
where 0y, ¢ = W which is the root of the 1) Also, it is obvious from |D

that a Riemann metric g is pure with regard to a metallic structure F' if and only
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if the Riemann metric g is pure with regard to the almost product structure J. By

using (2.7) and (2.1, we have
2 4K (2.8)

for any (r, s)—tensor K. We note that a metallic Riemann manifold (M, g, F) is a
locally decomposable metallic Riemann manifold if and only if the Riemann metric
g is a decomposable tensor, i.e., (¢Jg)kij = 0 and the condition (¢;g),;; = 0 is

equivalent to VJ;7 = 0 [I].

kij

3. THE METALLIC SEMI-SYMMETRIC METRIC F'—CONNECTION

Let (M, g, F') be alocally decomposable metallic Riemann manifold. We consider
an affine connection V on M. If the affine connection V holds

Z) %hgij =0 (3.1)
i) VuF,? = 0,
then it is called a metric F'—connection. In the special case, when the torsion tensor
Sfj of V is as following shape

= 1
Sk = w;of — widk + p (Wi F['FF — w ' FY) (3.2)

where w; are local ingredients of an 1—form, we say that the affine connection V is
a metallic semi-symmetric metric connection. N

Let Ffj be the ingredients of the metallic semi-symmetric metric connection V.
If we put

ffj =T5+ T, (3.3)
where Ffj and TZ; are the ingredients of the Riemann connection V of g and

(1,2)—tensor field T" on M respectively, then the torsion tensor §ij of V is as
following form

Sk _ Tk _ Tk _ Tk k
Sy =15 =15, =15 — Tj;.

When the connection (3.3)) provides the condition (i) of (3.1), by applying the
method in [3], we get

1
TZE =w;0) — whgi; + 4 (thjtFik - thktFij) 7

where w* = w;g'*, Fk* = F,'g’* and F;; = ijgik. Hence the connection 1}
becomes the following form

~ 1
Ffj = Ff‘j + wj(Sf — wkgij + 6 (thjtFik — thktFij) . (3.4)
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Also, by using the connection (3.4)), we obtain the following equation with a simple
calculation:

ViF = gri(w'F,? —w, Fit) = 0.

Therefore, the connection v given by lb is named metallic semi-symmetric metric
F'—connection.

4. CURVATURE AND TORSION PROPERTIES OF THE METALLIC SEMI-SYMMETRIC
METRIC F'—CONNECTION

In this section, we examine some properties associated with the torsion and
curvature tensor of the connection (3.4)).

Let (M,g,F) be a locally decomposable metallic Riemann manifold endowed
with the connection 1) We say easily that the torsion tensor S of the connection

(3.4) is pure. Indeed, by using (2.4) and (3.2), we get
ok m __ Qk m __ am k
Sim ;" = Sy ™ =S E.

In T3], the author prove that a F'—connection is pure iff torsion tensor of that
connection is pure. Thus, the connection (3.4) provides the following condition:
Tk Tk Fmo k
ijFim = Fiijm = FZLFm .

Theorem 4.1. Let (M, g, F) be a locally decomposable metallic Riemann manifold
endowed with the connection (3.4). If the 1—form w is a ¢p—tensor,then the torsion

tensor S of the connection is a ¢p—tensor and holds following equation:
ka(vmsfj) = Fim(vksinj) = ij(vkszl‘m)' (4~1)

Proof. Let (M, g, F) be a locally decomposable metallic Riemann manifold. Since
a zero tensor is pure, a F'—connection with torsion-free is always pure. Hence, we
can say that the Levi-Civita connection V of g on M is always pure with respect
to F. _

If we implement the Tachibana operator ¢, to the torsion tensor S of the con-
nection , then we have

(¢F5)kijl = ka@msﬁj) - ak(sfnjFim)
= ka<vm5’fj + aniséj + anjszl‘s - anssisj)
_Fim(vksfnj + Fimséj + F}j:jsfm — e i)

When the torsion tensor S and Levi-Civita connection V are pure, the above rela-
tion reduces to

(¢F§)kijl = ka(vmgzl'j) - Fim(vkgfnj)‘ (42)
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Substituting (3.2)) into (4.2)), we get
(¢F§)kijl = [(Vmwj)ka - (kam)ij]éi (4.3)
_[(vmwi)ka - (kam)Fim](Sé-
1
(Vo) EES g(vkws)Fjs — Vw;]F!

1
—[5(Vmws)kaFis _ g(vkws)ﬂs — Viwi] B

Also, for the 1—form w, we calculate
(¢Fw)kj = ka(amwj) — O (ijwm)
= F"(Vaw;+ I‘fnjws) — ij(kam +Iy,,ws)
= F""(Vnw;) — ij(kam).
From last equation, we can say that the 1—form w is a ¢—tensor iff
F' (Vip;) = FJ" (Vipm). (4.4)

Assuming that the 1—form w is a ¢—tensor, thanks to (2.4) the relation (4.3
becomes (¢FS)kijl = 0, i.e., the torsion tensor S is a ¢—tensor. Also, from the

equation (4.2) we get
Fk"l(vmgéj) = Fim(vkgfnj) = ij(vkgfm)

The proof is complete. O

From the equation 1' it is obvious that the torsion tensor S of the connection
(3.4) and the 1—form w are hold following equality

¢J§:0 and ¢ ;w =0,

i.e., they are decomposable tensors, where J is the product structure associated
with the metallic structure F. From on now, we shall consider 1—form w is a
¢—tensor (or decomposable tensor), i.e., the following conditions are provided:

and
J"(Vimw;) = ij(kam).

It is well known that the curvature tensor ]le],i of the connection 1' is as
follows:

Rl = 0, — 0,8, + T, F — Y,

A im=* jk jm* ik-
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Then, the curvature tensor éij,i can be expressed
Eijlﬁ = Rijkl + 55'“41‘]@ — 62Ajk + gik.Ajl — gjkAil (4.5)
1
+5(Flekt.Ait — F'F A, + F F" Ay — FjF" A,
where Rijkl are the ingredients of the Riemann curvature tensor of the Riemann

connection V and

1 1 1
Aj = Vjwg —wjwy + iwmwmgkj — gwmthktij + Q—qw’”thanjk. (4.6)

It is clear that the tensor A provide A, — Ai; = Vjwi — Viw; = 2(dw) i, where
the operator d is exterior differential on M. Thus, we say that A;, — Ap; = 0 if
and only if 1—form w is closed.

Also, from the equation (4.5]), we obtain

R‘jkl = Ryn + g Aix — guAjx + gicAji — g1 Au (4.7)
1
i« — FirFy t'Ait)'

+6(Fle,int — FuFy ' Ay + FiFP A,

It is clear that the curvature tensor satisfies Eijkl = — Njikl and ﬁijkl = —Eijlk.

For Ricci tensors of the connection l) Ej &, contracting 1) with respect to i
and [, we have

Ejk = Rjr+ (4—n)Aji — traceAg;i, (4.8)
1 1 1 l
+5 (20— F')F'A;, - B AL
where R, is Ricci tensors of the Riemann connection V of g and

-4 1 1
traceA = A' = Vw' + (nT)wlwl - awtme t(pféFll).

Contracting the last equation with ¢7%, for the scalar curvature 7 of the connections

(3-4), we get

2
T=74+2(2—n)traceA+ - (p*le) thAL (4.9)
q

where 7 is scalar curvature of Levi-Civita connection V of g. From the equation
(4.8), we can have

~ ~ 1
Rjk = Ry = (n—4) (Ay; — Aji) + 4 (20— F') By (Aje — Ayj) .- (4.10)

From the equation |j we easily say that if the 1—form w is closed, then Ejk -
Rkj =0.
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Lemma 4.2. Let (M, g, F) be a locally decomposable metallic Riemann manifold
endowed with the connection , Then the tensor A given by @ i$ a p—tensor
(or decomposable tensor) and thus the following relation holds:

(Vi Aij) B = (VieAnj) ;™ = (VieAim) F;™
Proof. The tensor A is pure with regard to F. Indeed
B Ay = Fi' Ay = (Viwy) By = (Vews) Fy' = 0.
If the Tachibana operator is applied to the tensor A, then we get
(@pA)y; = B (OmAig) — Ok(Ami ;™)
= F (VA + T As + anins)
— ;" (VieAmg + Ui Asj + T jAms)-
From the purity of the Riemann connection V and the tensor A , we have
(65 A) ;= (VinAis) B — (Vi) Fi™ (4.11)
Substituting into , standard calculations give

(d)F‘A)ku = (vaiwj) ka — (vkvij) Fim. (412)
When we apply the Ricci identity to the 1—form w, we get

1
(Vi Viw;) B, = (ViViw;) Fi™ — zws R, 5 F™

9 J
and
(VeVipw;) F™ = (ViViwn) F;™
= (ViViwm) F;™ - %wSRkianjm
= (ViVnwk) F;™ = %wstmfij

With the help of the last two equation, from (4.12)), the equation (4.12) becomes
as follows,

1 S m S m
(beA)m'j = _§Ws(Rmij F." = Ry F )-

In a locally decomposable metallic Riemann manifold (M, g, F'), the Riemann cur-
vature tensor R is pure [1]. This instantly gives (¢5.A),,;; = 0. Hence, from (4.11)
we can write

(Vi Aij) B = (ViAmj) B = (VeAim) F;™.

Also, with help of (2.8), we can say that ¢ ;A = 0, i.e., the tensor A is decom-
posable, where J is the product structure associated with the metallic structure
F. O
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By using the purity of the tensor A, standard calculations give
Rimlijm R ka — E”ani _ Emjl‘kFiT”7

jm ijk

i.e., the curvature tensor Ris pure with respect to metallic structure F'.
If Tachibana operator ¢ is applied to the curvature tensor R, then we get

(GrR)uy = FOnRyl) = (R, F™) (4.13)
= ka(vaijl +ani§sjlt +anijsl +I7 lRZJs sﬁijlm)
m(vkém;l + Fimf’usﬁ + FZj‘éanl + Fklijs - Zsﬁm;l)
= (vmfiijlt)ka - (Vkémjt'l)Fim
from which, by , we find

GpRy = (@pR) st + (Vidim) Fi™ = (Vindsi) F)6
(Vi) ™ = (Vi) F; ™3]
(VA F™ = (VeAT)F,ilga
H(VRAT)E,! — (Vi ADE g0

In a locally decomposable metallic Riemann manifold (M, g, F'), since the Riemann
curvature tensor R is a ¢—tensor [II, con51der1ng Lemma H the last relation

becomes ¢FR = 0. Also, from the equation (2 , we can say that QSJR = 0, where
J is the product structure associated with the metalhc structure F. Thus we obtain
the following theorem:

Theorem 4.3. Let (M, g, F) be a locally decomposable metallic Riemann manifold
endowed with the connection . The curvature tensor R of the connection

is a p—tensor (or decomposable tensor).
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