Available online: November 13, 2017

Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat.
Volume 67, Number 2, Pages 252-263 (2018)

DOI: 10.1501/Commual _ 0000000879

ISSN 1303-5991

COMMUNICATIONS
http://communications.science.ankara.edu.tr/index.php?series=A1 SERIES A1

SOME NEW SIMPSON TYPE INEQUALITIES FOR THE
p-CONVEX AND p-CONCAVE FUNCTIONS

IMDAT ISCAN, NIHAN KALYONCU KONUK, AND MAHIR KADAKAL

ABSTRACT. In this paper, we establish some new Simpson type inequalities for
the class of functions whose derivatives in absolute values at certain powers
are p-convex and p-concave.

1. INTRODUCTION
A function f:I CR — R is said to be convex if the inequality

flz+(1—t)y) <tf(z)+(1-1)f(y)

is valid for all z,y € I and t € [0, 1]. If this inequality reverses, then f is said to
be concave on interval I # (). This definition is well known in the literature.

It is well known that theory of convex sets and convex functions play an impor-
tant role in mathematics and the other pure and applied sciences. In recent years,
the concept of convexity has been extended and generalized in various directions
using novel and innovative techniques. For some inequalities, generalizations and
applications concerning convexity see [1, 2, 4, 5, 6, 16, 20].

In [9], the author gave definition harmonically convex and concave functions as
follow.

Definition 1. Let I C R\ {0} be a real interval. A function f: I— R is said to be
harmonically conver, if

Yy
f <tx+(1—t)y> <tf(y) + (1 —-t)f(z)

for all x,y € I and t € [0,1]. If this inequality is reversed, then f is said to be
harmonically concave.
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Definition 2. Let I C (0,00) be a real interval and p € R\{0}. A function
f:I— R is said to be a p-conver function, if

7 (Ita? + (U= 0)y77) < tf(2) + (1= ) f(y)

for all x,y € I and t € [0,1]. If this inequality is reversed, then f is said to be
p-concave.

According to Definition 2, It can be easily seen that for p = 1 and p = —1,
p-convexity reduces to ordinary convexity and harmonically convexity of functions
defined on I C (0, 00), respectively.

Hermite-Hadamard inequality for the p-convex function is following:

Theorem 1. Let f : I C (0,00) = R be a p-convexr function, p € R\ {0}, and
a,b € I with a <b. If f € L[a,b] then we have

2 —bP—qP ) xlP
a

1 b
; <[WD L [, f@+fb)
2

These inequalities are sharp [5, 8]. If these inequalities are reversed, then f is
said to be p-concave.

Many papers have been written by a number of mathematicians concerning in-
equalities for different classes of harmonically convex and p-convex functions see
for instance the recent papers [3, 7, 8, 9, 10, 11, 12, 17, 18, 19, 21, 22, 24] and the
references within these papers.

The following integral inequality, named Simpson’s integral inequality, is one of
the best known results in the literature.

Theorem 2. (Simpson’s Integral Inequality). Let f : I = [a,b] CR — R be a four
time continuously differentiable on I°, where I° is the interior of I and ||f(4)||Oo <
0o. Then

b
1 [f(a)+ f(b) a+b 1 / 1 " 4
- | F2 -— d <—H()H b— .
3 A b—a) T@H < 5egg |7 0~ )
a
There are substantial literature on Simpson type integral inequalities. Here we
mention the result of [13, 14, 15] and the corresponding references cited therein.
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Throughout this paper we will use the following notations. Let 0 < a < b and
p € R\{0}.

P_|_bp _|_b
A, = Ap(ab) =" A =A=Afab) ==
1 aP +bP|?r 2ab
M, = Mp(a,b):AP:[ 5 ,H:H(a,b):a+b
I (z, Ap;u,v) = ‘_%‘u
e 1—t)ap + A7
4
t— L1 -t
Jt(x7AP;u7’U) = | 3| ( Z,Qa
— xp+t P
[(1—1) Ay
t— 1"t
K (x, Apyu,v) = k]

(1= t)ar + 1A, ">

where t € [0,1] and u,v > 0.

2. MAIN RESULTS

In this section, we will use the following Lemma for we obtain the main results:

Lemma 1. Let f : I C (0,00) — R be a differentiable mapping on I° (interior of I)
and a,b € I° with a < b and p € R\ {0}. If f’ € L[a,b], then the following equality
holds:

b
Yr@varany v ren- ot [T
_ Mo ' ti% / —t)aP 5
o /0[(1—t)ap+tAp]1—éf([(1 f)a? + 147 ) di

1 t—% / i y
+/o [(1_t)AP+tbp]1_%f ([(1 t) Ay + tb7] )dt

Proof. Firstly, let’s calculate the following integral:

il 1 =3 / P %
4p l/o [(1_t)ap+3tAp}1_%f ([(1—t)a +tAy] )dt
)at .

=

1 t—% / ) )
+/0 Kl_t)Ap-i-tbP]l_%f ([(1 t) Ap + b
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For shortness, we will use the notations

/01 (t—)df([(l—t)a”—i—tA] )
I, = /Ol(t—)df([(l—t)AprP]i).

Using the partial integration method and the method of changing variables re-
spectively for the integrals I; and I, as following, we get

L = /Ol(t—>df([(1—t)a”+mp]i)
_ (t_> ( t)aP +tA,) )‘ —/ (1—t)ap+tA]%)d
1
3

= Zron - 52 [
I, = /;( 3) £ A, +tb”])
_ (t 3>f( [(1—1t) A, + o] )‘ —/ f([(l—t)A +tbp]%)d
1 f( S "),
3

bp — gPb A, xrl-p

B =

I

(2.1)

f(b) + (2.2)

Summing up side by side (2.1) and (2.2), we have

b
L+ = %[f(a)‘f'f(b)]"‘%f(Mp)_bp2_pap il(izdx’
L+1 1 P ["f)
1T2 = 6[f()+4f( )+f()]—bpiap j e

O

Theorem 3. Let f : I C (0,00) — R be a differentiable mapping on I° (the interior
of I) and a,b € I° with a < b and p € R\{0}. If f' € L[a,b] and |f'|* is p-convex
on I for ¢ > 1, then the following inequality holds:

b
Y@ aran)+re) - -2 [ L@,

1—
6 br —ar J, zl7P

[Cy (a,0)]' 75 | (@)]* Dy (a,5) + | ' (My)[* B (a,b)] *
+Tp [Fy (B I (My)[? Gy (a, ) + | £ (B)]* Hy (a,b)]F
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where

Cy (a,b)
E, (a,b)

Gp (a, b)

1 1
_ /It(a,Ap;l,l)dt, Dp(a,b):/ T (a, Ay;1,1) dt,
0 0
1 1
- /Kt(a,Ap;Ll)dt, Fp(a,b):/ Loy (b, Ay 1,1) dt,
0 0

1 1
= / K4 (b,Ay;1,1)dt, Hp(a,b) = / Ji—¢ (b, Ap;1,1) dt.
0 0

Proof. Using Lemma 1 and the power mean inequality, we have

b
sr@raron)+rol- 5t [
O e Y %
s 4p A [(1—t)ar +tAp]17% f ([(1 t)a? —I—tAp] )’dt

XY
+ 1
4p 0 [(1—t)A,+tb?] " »

i ([(1 1) A, + tbp]i) ’ dt]

1 1 1-3
b — P t— = 1
S 1 a / | 3| lildt
D 0 [(L—t)ar +tAy] P

N |
- </0 [(1—t)ap +tA,)' "%

-

7 (10— tyar +4,]7) ]q> g

1—1
_ ¥4 1 t_g q
i / L= ] —dt
4p 0 [(1—t)A,+tor) ¥

IN

bP — a? ! a
I+ (b,A,;1,1)dt
+ 4p </0 1t(7 D 7) )

' |t -3l
' </0 [(1—t) Ay + ] 77

P — qP 1 a
" (/0 I (a, Ap;1,1) dt>

[ [ Al @ whr] i
0

Q=

f ([(1 1) A, + tbf’]%) ‘q> dt

1—1

[(1—t)ar +tA,) "7
1—1

g O USRIIUY i
0

[(1—1t) A+ tbr)' "7
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1—1

P — aP 1 a
= ™ {/0 I, (a,Ap;l,l)dt]

1
x [|f’ @ [ (oA 0de+ |7 (4

0 0

P — aP 1
I Al 1
+ 4p |:/0 1 t(b7 Dy Ly )dt:|

1
K, (a,A,;1,1) dt}

1
-3

1
q

W /Kub&ﬂlﬁ+ﬁ /Ltb%mnﬂ

[Cy (a,0)]' 75 | (@)]* Dy (a,6) + | (My)]* By (a,b)] *

Q=

T[F( D)7 (1 (My)[* Gy (a,) + | (0)]" H,y (a,b)] 7
This completes the proof of theorem. O

Corollary 1. Under conditions of Theorem 3
i. If we take p =1, then we obtain the following inequality for convex function:

1 a+b
|+ 4f( IR
b—a 5\ 78 0, 2| (atb ok
= 1\ g1/ @+ 753 2
b—a (5\"9[29 |, (a+b\|T 8 . .7
M (m) [162 ( 2 ) TR }
which is the same of the inequality [6, Corollary 10] for s = 1.

1. If we take p = —1, then we obtain the following inequality for harmonically
conver function:

1

G[f(H_ f<2ab>+f }_ ab /f
()

Gor(@b) + 17 ) Hor (a, b)} ’

a

b—a L1 ,
O @] I @ D0+

7 2ab \ |
a+b
Theorem 4. Let f : I C (0,00) — R be a differentiable mapping on I° (the interior
of I) and a,b € I° with a < b and p € R\{0}. If f' € L[a,b] and |f'|* is p-convex

E1Mﬁﬂ

+bu1(mmﬂﬁ{

4ab
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on I forq>1, %—I—%zl, then
1 P b f(2)
U@+ ) +f 0] - s [ e
P — gP 1 1 1 1
< Ty [N @) AT (7 @I 1 (4)I%) + O (a,8) A (1 ()11 0]

where

1
Npr(a,b) = /0 Ii (a, Ap;r,7) dt,

1
Op,r (a;b) = / Iy (b, Ap;r, ) dt.
0
Proof. From Lemma 1, Holder’s integral inequality and the p-convexity of |f/|? on

[a, b], we have,

b
HITORSTIIA RIyI0) [ iy sC2 ¥

1
q

IN
>~
=
W
=
o
S
SR
%
=
o>~
S~—
N
h

1
q

7 (((1 —t) A, + tb”)%) ‘th>

1
1 q

leir (a,b) (/01 (A=) @I+t ] (Mp)]") dt)

IN

+ Ojr (a,b) (/0 (A=) [/ )"+t 0)) dt) q]

— P gy (AU ORI | o (L0 O]

bP — aP

= T [N (@) My (1F @1 17 O)1) + 05 a,0) My (1 (M) 1 )]

This completes the proof of theorem. ([l

Corollary 2. Under conditions of Theorem 4,
i. If we take p = 1, then we obtain the following inequality for convex function:

é{f(a)+4f(a;b)+f(b)} —bia/abf(x)dx

r(5)])

b—a {1—&-2”1

< Lt i[Mq (17 @r.

(5] 1r o)
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which is the same as the inequality in [22, Theorem 8] for s = 1.
1. If we take p = —1, then we obtain the following inequality for harmonically
convex function:

é {f (a) +4f <a2f’b) +f(b)} - ba_ba /ab fx(f)dx

< DN () My @1 () + 02 (a0 My U7 G011 )]

Theorem 5. Let f : I C (0,00) — R be a differentiable mapping on I° (the interior
of I) and a,b € I° with a < b and p € R\{0}. If f’ € L[a,b] and |f'|* is p-convex
on I forq>1, %—i—%:l, then

b
LIRS TRGTR R I00) . ey g 42

5 dz

Q=

Wo—a? [1+2177 L o\
< ot 55| {@n@n i @F R @nlr 0n)1

+ (S 0) 1 O + Ty (0.0 | 1)}

where
1 1
Qo (ah) = / Ji(a, Ay 0,q)dt, Sy (ab) = / K1t (b Ay 0,q) dt,
0 0
1 1
Ry q(a,b) = /Kt(a,Ap;O,q)dt, Tp’q(a,b):/ Ji—¢ (b, Ap; 0, q) dt.
0 0
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Proof. From Lemma 1, Holder’s integral inequality and the p-convexity of |f’|? on
[a, b], we obtain,

1 p ["f(=)
g (@ FAf M)+ f O] - =5 | qmpde
Ww—af [* 1 1 1
I p A l»
= o /0 : 3‘ [(l—t)ap—&—tA]llf([( et ])
W —af [* 2 1 1
_z _F ([ =) Ay +tb7)7 )| d
5 /0 t 3‘ [(1_t)A,,+tbp]1vf(K ) Ay +t ]) t
w—a? [1+277 [ [ 1 , TNV
= iy [3(T+1)} </0 [(1—t)a? +tA,) 7 / ([(14)(1 ] )‘ dt)
P —aP [14 2711 1 , N 1
13 [ 7’+1} (0 0 A ] f ([(1—t)M5+tbP] )) dt)
W ap [14 20177 , , 1
o 2] 1@ @1 @1+ Byt 11
+ [Spa (@ D) [ )1 + Ty (a,5) 7 ()] 7}
This completes the proof of theorem. ([l

Corollary 3. Under conditions of Theorem 5,
i. If we take p =1, then we obtain the fallowz'ng inequality for convex function:

s @ (50) s o) - 52

1
b—a [1+27H1]" a+b a+b
< — |7—= M, ! ! M,
< " [aen) [ (vren) ( z )D+ (7 (457 on)]
which reduce the inequality in Corollary 2 (i).
1. If we take p = —1, then we obtain the following inequality for harmonically

conver function:

Hf()+ f(zab)ﬂ“ }— @ /f

—a r+1 ?
112@ E;il)] {[Qfl,q (a,b) |f (a)|" + R_1,4 (a,b) | f' (H)|"]

4 (S (@B |F D+ Tor g (a,b) £ ()]}

Q=
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Theorem 6. Let f: I C (0,00) — R be a differentiable mapping onl® (the interior
of I) and a,b € I° with a < b and p € R\ {0}. If f’ € Lla,b] and |f'|? is p-concave
on I forq>1, %—i—%:l, then

b
Lir@rarony s po) - P [ 1@y,

6[ bp —ar J, x'-P

(=)o)

Proof. From Lemma 1, Holder’s integral inequality and the p-concavity of| f’|? on
[a, b], we have,

P — gP

<
= p

Ny (a,b) + 05 (a,b)

b
Lr@raron) s - P [ 1@y,

6 b —ar J, xl-P

1
P — aP 1 q

N ) (

IN

/ (((1 —t)a? +tAp)%) ‘th)

0

1 7

bP —aP 1 114
- T ! _ P\
Ok (a,b)( 0 (((1 t) A, + tbP) )\ dt>

woa [ 1 A Ak
5 ol (5] oo ([=527)]

This completes the proof of theorem. ([l

+ Op.r(a,b)

Corollary 4. Under conditions of Theorem 6,
1. If we take p = 1, then we obtain the following inequality for concave function:

§lf@ar (50) 40 - 52

b—a[1+27177 (|, /3a+b ,(a+3b
< 5 lsernl (% )\*f( i )H

This is the same of the inequality in [6, Corollary 28] for s = 1.

1. If we take p = —1, then we obtain the following inequality for harmonically
concave function:
1 2ab f
s @ (25) 1w - 2
b— 4ab 4ab
< NT .
= dab [ fip (@) <a+3b>’+0_1”" (a,5) <3a+b>H
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3. CONCLUSION

The paper deals with Simpson type inequalities for p-convex and p-concave func-

tions. Firstly, we give a new identity for differentiable functions and get some new
integral inequalities for the p-convex and p-concave functions by using this identity.

REFERENCES

[1] Anderson, G.D., Vamanamurthy M.K. and Vuorinen, M., Generalized convexity and inequal-

[2

11
12

13

15

16

17

]

]
]
]

]

]

ities, Journal of Mathematical Analysis and Applications, 335(2) (2007), 1294-1308.

Avcl, M., Kavurmaci H. and Ozdemir, M. E., New inequalities of Hermite-Hadamard type via
s-convex functions in the second sense with applications, Appl. Math. Comput., 217 (2011),
5171-5176

I. A. Baloch and 1. Iscan, Some Ostrowski Type Inequalities for Harmonically (s, m)- convex
functions in Second Sense, International Journal of Analysis, vol. 2015 (2015), Article ID
672675, 9 pages, http://dx.doi.org/10.1155/2015/672675.

Dragomir S.S. and Agarwal, R.P., Two Inequalities for Differentiable Mappings and Appli-
cations to Special Means of Real Numbers and to Trapezoidal Formula, Appl. Math. Lett.
11(5) (1998), 91-95.

Fang Z. B. and Shi, R., On the (p;h)-convex function and some integral inequalities, J.
Inequal. Appl., 2014(45) (2014), 16 pages.

Iscan, I., New estimates on generalization of some integral inequalities for s-convex functions
and their applications, International Journal of Pure and Applied Mathematics, 86(4) (2013),
727-746.

iscan, I., Hermite-Hadamard Type Inequalities for p-Convex Functions, International Journal
of Analysis and Applications, Volume 11, Number 2 (2016), 137-145.

iscan, 1., Ostrowski type inequalities for p-convex functions, New Trends in Mathematical
Sciences, NTMSCI 4, No. 3, 140-150 (2016).

iscan, I., Hermite-Hadamard type inequalities for harmonically convex functions, Hacettepe
Journal of Mathematics and Statistics, 43(6) (2014), 935-942.

iscan, I., M. Kunt, Hermite-Hadamard-Fejer Type Inequalities for Harmonically s-convex
Functions via Fractional Integrals, Australian Journal of Mathematical Analysis and Appli-
cations, 12(1) (2015), Article 10, 1-16.

Iscan, 1., M. Aydin, S. Dikmenoglu, New integral inequalities via harmonically convex func-
tions, Mathematics and Statistics, 3(5): 134-140, 2015. DOI: 10.13189/ms.2015.030504.
Iscan, 1., On generalization of different type inequalities for harmonically quasi-convex func-
tions via fractional integrals, Applied Mathematics and Computation, 275 (2016) 287-298.
iscan, 1., Hermite-Hadamard and Simpson-like type inequalities for differentiable harmoni-
cally convex functions, Journal of Mathematics, Volume 2014 (2014), Article ID 346305, 10
pages.

iscan, I., K. Bekar and S. Numan, Hermite-Hadamard and Simpson type inequalities for
differentiable quasi-geometrically convex functions, Turkish Journal of Analysis and Number
Theory, 2014, vol. 2, no. 2, 42-46.

iscan, 1., S. Numan and K. Bekar, Hermite-Hadamard and Simpson type inequalities for
differentiable harmonically p-functions, British Journal of Mathematics & Computer Science,
4(14) (2014), 1908-1920.

Kirmaci, U.S., Inequalities for differentiable mappings and applications to special means of
real numbers and to midpoint formula, Appl. Math. Comput. 147 (2004), 137-146.

Kunt, M. Iscan, I., Hermite-Hadamard-Fejer type inequalities for p-convex functions, Arab
Journal of Mathematical Sciences, vol.23, pp.215-230, 2017.



SIMPSON TYPE INEQUALITIES 263

[18] Kunt, M. Iscan, I., Hermite-Hadamard-Fejer type inequalities for p-convex functions via
fractional integrals, Communication in Mathematical Modeling and Applications, vol.2, no.1,
pp.1-15, 2017.

[19] Kunt, M. Iscan, I., Hermite-Hadamard type inequalities for p-convex functions via fractional
integrals, Moroccan Journal of Pure and Applied Analysis, vol.3, no.1, pp.22-35, 2017.

[20] Niculescu, C. P., Convexity according to the geometric mean, Math. Inequal. Appl., 3(2)
(2000), 155-167.

[21] Noor, M. A., Noor, K. L., Iftikhar, S., Nonconvex Functions and Integral Inequalities, Punjab
University Journal of Mathematics, Vol. 47(2)(2015), 19-27.

[22] Noor, M. A., Noor, K. I., Mihai, M. V. and Awan, M. U., Hermite-Hadamard inequalities for
differentiable p-convex functions using hyper geometric functions, Publications De L’Institut
Mathématique, Nouvelle série, tome 100(114)) (2016), 251-257.

[23] Sarikaya, M.Z., Set, E. and Ozdemir, M.E., On new inequalities of Simpson’s type for s-convex
functions, Computers and Mathematics with Applications 60 (2010), 2191-2199.

[24] Zhang K.S. and Wan, J.P., p-convex functions and their properties, Pure Appl. Math. 23(1),
(2007), 130-133.

Current address: IMDAT ISCAN: Department of Mathematics, Faculty of Arts and Sciences,
Giresun University, 28100, Giresun, Turkey.

E-mail address: imdat.iscan@giresun.edu.tr

ORCID Address: http://orcid.org/0000-0001-6749-0591

Current address: NIHAN KALYONCU KONUK: Institute of Sciences and Arts, Giresun
University-Giresun-Turkey

E-mail address: nihankalyoncu@hotmail.com

ORCID Address: http://orcid.org/0000-0003-1287-3370

Current address: MAHIR KADAKAL: Department of Mathematics, Faculty of Arts and Sci-
ences, Giresun University, 28100, Giresun, Turkey.

E-mail address: mahirkadakal@gmail.com

ORCID Address: http://orcid.org/0000-0002-0240-918X



