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ABSTRACT. In this paper, we study the pseudo-slant submanifolds of a nearly
Sasakian manifold. We characteterize a totally umbilical properpseudo-slant
submanifolds and find that a necessary and sufficient condition for such sub-
manifolds totally geodesic. Also the integrability conditions of distributions of
pseudo-slant submanifolds of a nearly Sasakian manifold are investigated.

1. INTRODUCTION

The differential geometry of slant submanifolds has shown an increasing develop-
ment since B.Y. Chen defined slant submanifolds in complex manifolds as a natural
generalization of both the invariant and anti-invariant submanifolds [3], [4]. Many
research articles have been appeared on the existence of these submanifolds in dif-
ferent knows spaces. The slant submanifolds of an almost contact metric manifolds
were defined and studied by A. Lotta [2]. After, such submanifolds were studied
by J.L. Cabrerizo et. al[6], in Sasakian manifolds . Recently, in [9],[10],[11],[13]
M. Atgeken studied slant and pseudo-slant submanifold in (LC'S),, —manifold and
other manifolds. The notion of semi-slant submanifolds of an almost Hermitian
manifold was introduced by N. Papagiuc [12]. Recently, A. Carrizo [5],[6] defined
and studied bi-slant immersions in almost Hermitian manifolds and simultaneously
gave the notion of pseudo-slant submanifolds in almost Hermitian manifolds. The
contact version of pseudo-slant submanifolds has been defined and studied by V.
A. Khan and M. A Khan [16].

The present paper is organized as follows.

In section 1, the notions and definitions of submanifolds of a Riemannian mani-
fold were given for later use. In this paper, we study pseudo-slant submanifolds of
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a nearly Sasakian manifold. In section 2, we review basic formulas and definitions
for a nearly Sasakian manifold and their submanifolds. In section 3, we recall the
definition and some basic results of a pseudo-slant submanifold of almost contact
metric manifold. We study characterization of totally umbilical proper-slant sub-
manifolds and find that a necessary and sufficient condition for such submanifolds
is to be totally geodesic. In section 4, the integrability conditions of distributions
of pseudo-slant submanifolds of a nearly Sasakian manifold are investigated.

2. PRELIMINARIES

In this section, we give some notations used throughout this paper. We recall
some necessary fact and formulas from the theory of nearly Sasakian manifolds and
their submanifolds.

Let M be an (2m + 1)—dimensional almost contact metric manifold with an
almost contact metric structure (¢, &,7,9), that is, ¢ is a (1,1) tensor field , £ is a
vector field; 7 is 1-form and g is a compatible Riemanian metric such that

P’ X = -X +n(X)E, (2.1)
and
9(pX,9Y) = g(X,Y) —=n(X)n(Y), g(¢X,Y)=—g(X,pY) (2.3)

for any vector fields X,Y € T'(T M ), where F(M ) denotes the set of all vector fields
on M. If in addition to above relations,

(Vx@)Y = g(X,Y)E —n(Y)X (2.4)
then M is called a Sasakian manifold, where V is the Levi-Civita connections of g.

The almost contact metric manifold M is called a nearly Sasakian manifold if it
satisfy the following condition

(Vx@)Y + (Vy)X = 29(X, V)¢~ n(Y)X —n(X)Y (2.5)
for any X,Y € I‘(TM).
Now, let M be a submanifold of an almost contact metric manifold M , we

denote the induced connections on M and the normal bundle T+M by V and V*,
respectively, then the Gauss and Weingarten formulas are given by

VxY =VxY +h(X,Y) (2.6)
and
VxV =—-AyX + V%V, (2.7)
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for any X,Y € T(T'M), V € T(T*+M), where h is the second fundamental form
and Ay is the Weingarten map associated with V' as

g(AVX, Y) = g(h(X’ Y)’V) (28)
for all X, Y € T(TM) and V € T'(T+M).

The mean curvature vector H of M is given by
1 m
H=— h(e;,e;), 2.9
= e (29)

where m is the dimension of M and {ej, e, ..., €, } is a local orthonormal frame of
M. A submanifold M of a Riemannian manifold M is said to be totally umbilical
if

B(X,Y) = g(X,V)H, (2.10)

for any X, Y € T'(T'M). A submanifold M is said to be totally geodesic if h = 0
and M is said to be minimal if H = 0.

Let M be a submanifold of an almost contact metric manifold M. Then for any
X €eT(TM), we can write

0X =TX + NX, (2.11)

where T'X is the tangential component and N X is the normal component of ¢.X.
Similarly, for V € T(T+ M), we can write

eV =tV +nV, (2.12)

where tV is the tangential component and nV is the normal component of V.

Thus by using (2.1), (2.2), (2.11) and (2.12 ), we obtain

T? +tN=—-I1+n®¢& NT+nN =0, (2.13)
Tt+tn=0, n?>+Nt=-1I (2.14)

and
T¢E=0=NE§ noT =0=mnoN. (2.15)

Furthermore, for any X,Y € I'(TM), we have g(TX,Y) = —g(X,TY) and
V,U € D(T*+M), we get g(U,nV) = —g(nU, V). These show that T and n are also
skew-symmetric tensor fields. Moreover, for any X € ['(TM) and V € T'(T+ M),
we have

g(NX,V) =—g(X,tV) (2.16)

which gives the relation between N and t.
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The covariant derivatives of the tensor field T, N, t and n are, respectively,
defined by

(VxT)Y = VxTY —TVxY, (2.17)
(VxN)Y = VxNY — NVyY, (2.18)
(Vxt)V = VxtV —tVxV (2.19)
and
(Vxn)V = VxnV —nVxV (2.20)

for any X,Y € I(TM) and V € [T+ M).

Now, for any X,Y € I'(T'M), let us denote the tangential and normal parts of
(Vxe)Y by PxY and FxY, respectively. Then we decompose

(Vx@)Y = PxY + FxY (2.21)
thus, by an easy computation, we obtain the formulae
PxY = (VxT)Y — Ayy X — th(X,Y) (2.22)
and
FxY = (VxN)Y + h(X,TY) —nh(X,Y). (2.23)

Similarly, for any V € I'(T* M), denoting tangential and normal parts of (%X‘P)V
by PxV and FxV, respectively, we obtain

PxV = (Vxt)V — Apy X + TAy X (2.24)
and
FxV =(Vxn)V +h(tV,X)+ NAy X. (2.25)
Now, for any X,Y € I'(T'M), from (2.5), we have
(Vx@)Y + (Vyp)X = 29(X,Y)é —n(Y)X —n(X)Y (2.26)
that is,

(%XSO)Y + (6Y90)X o 6XSDY - 506XY + %Y‘PX - <P€YX-
By using (2.6), (2.7), (2.11) and (2.12), we get
(Vx@)Y + (Vyp)X = VxTY +VxNY —o(VyY +h(X,Y))
+VyTX +VyNX — o(VyX + h(X,Y)).
= VxTY +h(X,TY) — Ayy X + VxNY
—TVxY — NVxY —th(X,Y) —nh(X,Y)
+VyTX +h(Y,TX) - AnxY + V¥ NX —TVy X
— NVyX —th(X,Y) — nh(X,Y). (2.27)
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Making use of (2.27) and (2.26), we obtain
VxTY + h(X,TY) — Any X + VENY —TVyY — NVxY
—th(X,Y) — nh(X,Y) + VyTX + h(Y,TX) — AnxY
FVENX —TVy X — NVy X — th(X,Y) — nh(X,Y)
-29(X,Y)E+nY)X +n(X)Y =0.

By taking tangential and normal parts of the above equation, respectively, we have
equation

(VxT)Y +(VyT)X = AnxY +Any X +2th(X,Y)

+29(X, V)¢ —n(Y)X —n(X)Y (2.28)

and
(VxN)Y + (VyN)X = —h(X,TY) — h(Y,TX) + 2nh(X,Y) . (2.29)
On the other hand, for Y = ¢ in (2.5) and by using (2.2), (2.6) and (2.7), we see
T[X, & = (VD)X —TVeX —2th(X,€) — Avx&+ X —n(X)¢ (2.30)

and
N[X,& =(VeN)X — NV X —2nh(X,§) + h(TX, ). (2.31)

In contact geometry, A. Lotta introduced slant submanifolds as follows [2]:

Definition 2.1. Let M be a submanifold of an almost contact metric manifold
(M, p,€,1m,9). Then M is said to be a slant submanifold if the angle §(X) between
©X and Ty(p) is constant at any point p € M for any X linearly independent
of £. Thus the invariant and anti-invariant submanifolds are special class of slant
submanifolds with slant angles § = 0 and § = 7, respectively. If the slant angle 0 is
neither zero nor 7, then slant submanifold is said to be proper slant submanifold.

If M is a slant submanifold of an almost contact metric manifold, then the
tangent bundle T'M of M can be decomposed as

TM = Dy ®E,

where £ denotes the distribution spanned by the structure vector field £ and Dy is
the complementary distribution of £ in 7'M, known as the slant distribution on M.

For a slant submanifold M of an almost contact metric manifold M. , the normal
bundle T+ M of M is decomposed as

T+M = N(TM) & p

where p is the invariant normal subbundle with respect to ¢ orthogonal to N(T'M).
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In an almost contact metric manifold. In fact, J. L. Cabrerizo obtained the fol-
lowing theorem[6].

Theorem 2.2. [6]. Let M be a slant submanifold of an almost contact metric

manifold M such that & € I(TM). Then M is slant submanifold if and only if
there exists a constant A € [0, 1] such that

T?° = NI -n®¢) (2.32)
Furthermore, the slant angle 6 of M satisfies A = cos>6.

Hence, for a slant submanifold M of an almost contact metric manifold M , the
following relations are consequences of the above theorem.

9(TX,TY) = cos® 0 {g(X,Y) —n(X)n(Y)} (2.33)
and

g(NX,NY) =sin? 0 {g(X,Y) —n(X)n(Y)}. (2.34)
for any X, Y € (T M).

Lemma 2.3. [6]. Let Dy be a distribution on M, orthogonal to . Then, Dy is a
slant if and only if there is a constant A € [0,1] such that

(TP)*X = —-)\X (2.35)

for all X € T'(Dy), where Py denotes the orthogonal projection on Dy. Furthermore,
the slant angle 6 of M satisfies A\ = cos® 0.

3. PSEUDO-SLANT SUBMANIFOLDS OF A NEARLY SASAKIAN MANIFOLD

In this section, we will obtain the integrability condition of the distributions of
pseudo-slant submanifold of a nearly Sasakian manifold.

Definition 3.1. We say that M is a pseudo-slant submanifold of an almost contact
metric manifold (M, ¢, &,7,g) if there exists two orthogonal distributions Dy and
D+ on M such that

i. TM admits the orthogonal direct decomposition TM = D+ @& Dy, ¢ € T'(Dy)

ii. The distribution D+ is anti-invariant(totally-real) i.e., @D+ C (T+M),

iii. The distribution Dy is a slant with slant angle 0 # 0, 7, that is, the angle
between Dy and ¢(Dy) is a constant 6[16].

From the definition, it is clear that if & = 0, then the pseudo-slant submanifold
is a semi-invariant submanifold. On the other hand, if § = 7, submanifold becomes
an anti- invariant.



270 SULEYMAN DIRIK, MEHMET ATCEKEN, AND UMIT YILDIRIM

We suppose that M is a pseudo-slant submanifold of an almost contact metric
manifold M and we denote the dimensions of distributions Dtand Dy by d; and
ds, respectively, then we have the following cases:

i. If d; = 0 then M is an anti-invariant submanifold,

ii. If d; =0 and 0 = 0, then M is an invariant submanifold,

iii. If d; = 0 and ¢ € (0, §)then M is a proper slant submanifold
with slant angle 6,

iv. If 0 = 7, then M is an anti-invariant submanifold,

v. If dy.dy # 0 and 6 = 0, then M is a semi-invariant submanifold,
vi. If dy.dy #0and 6 € (0, 5), then M is a proper pseudo-slant submanifold.

If we denote the projections on Dtand Dy by P; and P, respectively, then for
any vector field X € T'(T'M), we can write

X =P X+ PX+nX)E. (3.1)
On the other hand, applying ¢ on both sides of equation (3.1), we have
X =P X +pPhX
and
TX+NX=NPX+TPX+NPX, TPX =0, (3.2)
from which
TX =TP,X, NX=NP X+ NPX
and
pPI X =NP X, TPX =0, oPbX=TPX+ NPX (3.3)
TP, X € T'(Dy).

For a pseudo-slant submanifold M of a nearly Sasakian manifold M , the normal
bundle T+ M of a pseudo-slant submanifold M is decomposable as

TM = (DY) & N(Dg) @ (DY) L N(Dyg) (3.4)

where p is an invariant subbundle of T M.
Now, we construct an example of a pseudo-slant submanifold in an almost contact
metric manifold.

Example 3.2. Let M be a submanifold of R” defined by

x(u,v, 5, z,w) = (V3u,v,vsin6,v cos b, s cos z, —5 Cos 2, w).

We can easily to see that the tangent bundle of M is spanned by the tangent vectors

0 0 0 0
— = — 0—— 06— == —
f@ml 2= 50 tsinbg oy 805, © £ w
€3 = COs 2781}3 — coszaig e4 = —ssin z—axg + ssin z—ays
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For the almost contact structure of ¢ of R”, choosing

0 0 0 0 0
= )= —57— —) =0, 1< 35<3
90(8%) (9%7 v 6yj) 81‘j7 90(8w) ’ =bJ=
and & = a%, 7 = dw. For any vector field W = ui% + yj% + )‘8% c T(R7),
then we have

0 0
J = l—— — U;— Z.07) = 12 2
e i 9(pZ,0Z) = p; +v7j,

9(Z, Z) = M? +V? +)‘27 ’7(2) = 9(275) =A
and

0 0 0
—U— —Vi— — A=— + A =7 Z
i 8$z I/J 8y] aw + aw + 77( )f
for any i, j = 1,2,3. It follows that g(pZ, pZ) = g(Z,Z) —n*(Z). Thus (¢,£,7,9)
is an almost contact metric structure on R”. Thus we have

¢’Z =

0 0 ., 0 0
pep = \/ga—yl, peg = oz, +51n98—y2 —cos@(?—lp2

(pes = CcoOsSz—— +Ccosz—, peq = —ssinz— — ssinz—.
Y3 0x3 y3 Oz3

By direct calculations, we can infer Dy = span{ey, es} is a slant distribution with

_ glea,per) @ _ o :
slant angle cos§ = Tleallloer] = 2 0 = 45°. Since

g(pes,e1) = g(pes, ea) = gwes, eq) = g(wes, e5) = 0,

g(wes,e1) = g(pes, e2) = g(pea, e3) = g(pea, es5) = 0.

Thus ez and ey are orthogonal to M, D+ = span{es,es} is an anti-invariant dis-
tribution. Thus M is a 5-dimensional proper pseudo-slant submanifold of R7 with
its usual almost contact metric structure.

Theorem 3.3. Let M be a pseudo-slant of a nearly Sasakian manifold M. Then
the anti-invariant distribution D+ is integrable if and only if

AnxY = Any X (3.5)
for any X,Y €T (D).
Proof. By using (2.3), (2.6) and (2.8), we can write
29(Apy X, Z) = g(MZ, X),¢Y) +g(h(Z, X), pY)
= 9(VxZ,¢Y) +g(VzX,¢Y)
—9(pVxZ,Y) = g(¢VzX,Y)
= —g(Vx9Z,Y) = g(VzpX,Y)
+9(Vx9)Z + (V29)X,Y)
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forany X,Y €T (D1) and Z € T'(T'M). By using (2.5), (2.7) and (2.16) we have
29(Any X, Z) = —g(Vx9Z,Y) = g(Vz0X,Y)
+9(29(Z, X)§ —=n(Z2)X —n(X)Z,Y)
= g(VxY,0Z) + g(AnxZ.Y) —0(Z)g(X.,Y)
= 9(VxY,02) + g(AnxY, Z) = g(X,Y)g(&, Z)
= g(VxY,TZ) +g(MX,Y),NZ)
+9(AnxY. Z) — g(X,Y)g(&, 2)
= —g(TVxY,Z)+ g(-th(X,Y),Z)
+9(AnxY, Z) — 9(X,Y)g(£, Z).
This implies that

2Any X = AnxY —TVxY —th(X,Y) —g(X,Y)¢ (3.6)
interchanging X by Y in (3.6) , we have
2AnxY = ANy X —TVy X —th(X,Y) — g(X,Y)¢ (3.7
then from (3.6) and (3.7), we can derive.
2ANy X —2AnxY = AnxY —Any X +TVyX —TVxY

= ANXy—ANyX—FT(VYX - VXY)

here
3(Any X — AnxY) =T[X,Y].
For [X,Y] € T(D1), ¢[X,Y] = N[X,Y]. Since the tangent component of
¢ [X,Y] is the zero, the anti- invariant distribution D is integrability if and only
if (3.5) is satisfied. O

Theorem 3.4. Let M be a pseudo-slant of a nearly Sasakian manifold M. Then
the anti-invariant distribution D+ is integrable if and only if
AnxY +TVxY +th(Y, X))+ g(X,Y)E=0 (3.8)
for any X,Y €T (D).
Proof. For any X,Y €T (D1), from (2.5), we have
(Vx@)Y + (Vye)X = 29(X,Y)¢
which is equivalent to
VxpY — oVxY + VypX — oVy X — 29(X,Y)¢ = 0.

By using (2.6), (2.7), (2.11) and (2.12), we can write

—Any X + VENY —TVxY — NVxY —2th(Y,X) — AnxY

+VENX —TVyX — NVy X — 2nh(Y, X) — 2¢(X,Y)¢ = 0.
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Then from the tangent components of the last equation and (3.5), we conclude that
2AnxY +TVxY + TVy X + 2th(Y, X) +2¢9(X,Y)¢ = 0,
which implies
T[X,Y]=2AnxY + 2TV Y + 2th(Y, X) + 29(X, Y)E.
This proves our assertion. O

Theorem 3.5. Let M be a pseudo-slant submanifold of a nearly Sasakian manifold
M. Then the slant distribution Dy is integrable if and only if

—2(VyN)X + VENX — VENY + h(Y,TX) — h(X,TY) + 2nh(X, TY) € pu & N(Dy)
for any Y, X € I'(Dy).
Proof. For any Y, X € I'(Dy) and Z € I'(D1), we have
9V, X],2) = g(VyX,Z)-g(VxY,2)
= 9(eVyX,92) - g(¢VxY,92).
Since of 7(Z) =0 and pZ = NZ for any Z € I'(D"), we obtain
a[Y.X].2) = g(VypX,NZ) - g(Vx¢Y,NZ)
+9((Vx@)Y = (Vy@)X,N7Z)
= 9(VypX.NZ) ~ g(VxpY,NZ)

+9(Vx@)Y + (Vy @)X, NZ) = 2¢((Vy ) X,NZ).

By using (2.5) in this equation, we have
9V, X1,2) = 9(VypX,NZ) - g(Vx¢Y,NZ) = 2g((Vy¢)X,NZ)

+9(29(Y, X)§ —n(Y)X —n(X)Y,NZ).

Also using (2.11) in this equation, we have
g([Y,X],2) = g(VyTX,NZ)+g(VyNX,NZ) - g(VxTY,NZ)

—g(VxNY,NZ) - 29((Vy @)X, NZ).

From the Gauss and Weingarten formulas, the above equation takes the form
9([V.X],2) = =29((Vy9)X,NZ)+g(VyNX,NZ) - g(Vx NY,NZ)
+9(h(Y, TX),NZ) — g(h(X,TY),NZ). (3.9)
Substituting 2¢((Vy ¢)X, NZ) into the (3.9), we get
20(Vy9)X,NZ) = 29((VyT)X — AnxY — th(Y, X),NZ)

+29((Vy N)X + h(Y,TX) — nh(X,TY),NZ)
29(VyN)X + h(Y,TX) —nh(X,TY),NZ). (3.10)



274 SULEYMAN DIRIK, MEHMET ATCEKEN, AND UMIT YILDIRIM

Substituting (3.10) in the equation (3.9), we have
[V, X],2) = g(=2(VyN)X —2h(Y,TX)+2nh(X,TY),NZ)
+9(VyNX —VxNY + h(Y,TX) — h(X,TY),NZ),
= g(=2(VyN)X + Vi NX — Vi NY
+R(Y,TX) — h(X,TY) + 2nh(X,TY),NZ).
Thus we conclude [Y, X] € T'(Dy) if and only if
—2(VyN)X+VENX —VENY +h(Y, TX)—h(X,TY)+2nh(X,TY) € p&N(Dy).
(]

Theorem 3.6. Let M be a pseudo-slant submanifold of a nearly Sasakian manifold
M. Then the slant distribution Dy is integrable if and only if

P{(VyT)X +VxTY —TVyX — AnxY — Any X
—2th(X,Y)+n()X +n(X)Y} =0 (3.11)
for any X, Y € T'(Dy).

Proof. For any X,Y € I'(Dg) and we denote the projections on D+ and Dy by Py
and Py, respectively, then for any vector fields X,Y € T'(Dy), by using equation
(2.5), we obtain

(Vx@)Y + (Vy§)X = 29(X,Y)E — n(¥)X —n(X)Y,
that is,
VxoY — VY + VypX — oVy X = 29(X,Y)¢ — (V)X — n(X)Y.
By using equations (2.6), (2.7), (2.11) and (2.12), we can write
VxTY +h(X,TY) — Any X + VxNY —TVxY — NVxY
—th(X,Y) —nh(X,Y)+ VyTX + h(Y,TX) — AnxY
+V$NX —TVyX — NVy X — th(X,Y) — nh(X,Y)
—29(X,Y)E+n(Y)X +n(X)Y =0
From the tangential components of the last equation, we conclude that
VxTY —TVxY +(VyT)X — AnxY — Anyy X
—2th(X,Y) — 29(X,Y)§E +n(Y)X +n(X)Y =0
which implies that
T[X,Y] =VxTY —-TVyX + (VyT)X — AyxY — Any X
—2th(X,Y) —29(X,Y)¢+n(Y)X + n(X)Y. (3.12)
Applying P; to (3.12), we get (3.11) O
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Theorem 3.7. Let M be a proper pseudo-slant submanifold of a nearly Sasakian
manifold M. Then Dy is integrable if and only if

29(VxY, Z) = {g(Anz X, TY) + g(An7Y, TX) + g(VANY, NZ) + g(VE NX,NZ)}
for any X,Y € I'(Dy) and Z € T'(D%).
Proof. For any X,Y € I'(Dy) and Z € I'(D1), by using (2.3), we have
9(VxY,2) = g(VxY, Z) = g(pVxY,0Z) +n(VxY)n(Z).
Since n(Z) = 0, we get
9(VxY.Z) = g(¢VxY.N2),
from which
9(VxY,Z) = g(Vx¢Y,NZ) — g(Vx¢)Y,NZ).
From the Gauss and Weingarten formulas and structure equation (2.5), we get
9(VxY.Z) = g(VxTY,NZ)+g(VxNY,NZ) = g((Vx@)Y,NZ)
= g(h(X,TY),NZ) +g(VxNY,NZ) + g((Vy¢)X,NZ)
—29(X,Y)g(&, N2) +n(X)g(Y, NZ) +n(Y)g(X, NZ)
= g(WX,TY),NZ)+ g(VxNY,NZ) + g((Vyp)X, NZ)3.13)
Interchanging X by Y in (3.13), we have
9(VyX.Z) = g(M(Y.TX),NZ) + g(VyNX.NZ) + g(Vxp)Y.NZ).  (3.14)
From (3.13) and (3.14), we can derive
9(VxY.2) +9(VyX.Z) = g(h(X,TY),NZ)+g(VxNY.NZ) +g((Vy)X,NZ)
+g(h(Y.TX),NZ) + g(Vy NX,NZ) + g(Vx9)Y,NZ)
= g(h(X,TY),NZ)+g(h(Y,TX),NZ)
+9(V¥NX,NZ) + g(VxNY,NZ)
+9((Vy @)X + (Vx¢)Y,NZ)
By using (2.5), we obtain
Q(VXY, Z) +g(vYAXa Z) = g(h’(Xﬂ TY)aNZ) + +g(h(KTX)3NZ)
+9(VyNX,NZ) + g(VxNY,NZ)
Using the property of Lie bracket, we derive
29(VxY, 2)+g([V.X],Z) = g(h(X,TY),NZ)+ g(h(Y, TX),NZ)
+9(V¥NX,NZ) + g(VxNY,NZ),
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which implies that
29(VxY,Z) = {g(ANzx, TY) +9(AnzY, TX) + g(VxNY,NZ) + g(Vy N X, NZ)} :
This proves our assertion.

Theorem 3.8. Let M be a totally umbilical proper pseudo-slant submanifold of a
nearly Sasakian manifold M. Then the endomorphism T is parallel on M if and
only if M is anti-invariant submanifold of M.

Proof. If T is parallel, then from (2.10) and (2.28), we have

Anx X +th(X, X) + g(X, X)€ — (X)X =0 (3.15)
Interchanging X by TX in (3.15), we drive
AntxTX + th(TX,TX) + g(TX,TX)& = 0. (3.16)

Taking the inner product of (3.16) by £, we get
0 = g(AnrxTX +th(TX, TX)+ g(TX,TX)E, )
= g(h(TX,§),NTX)+g(TX, TX)
= g((TX,)H,NTX)+g(TX,TX)
= g(TX,TX) = cos® 0{g(X, X) — n(X)n(X)}

for any vector field X on M. This implies that M is an anti-invariant submanifold.
If M is an anti-invariant submanifold, then it is obvious that V1 = 0. ([l

Theorem 3.9. Let M be totally umbilical proper pseudo-slant submanifold of a

nearly Sasakian manifold M. Then M is a totally geodesic submanifold if H,
Vi H eT(y).

Proof. For any X,Y € I'(T'M), we have
VxpY = (Vxp)Y + opVxY. (3.17)
Making use of (2.6), (2.7), (2.10), (2.11) and (3.17) equation takes the form
VxTY + g(X,TY)H — Any X + VENY = (Vx@)Y +TVxY
+NVxY + g(X,Y)pH.
Taking the inner product with @H the last equation, we obtain
9(VENY,pH) = g(Vx@)Y,oH) + g(NVxY, oH) + g(X,Y) || H|*
by using (2.7), we get
g(VxNY,oH) = g(Vxp)Y,oH) + g(X,Y) |H|*. (3.18)
In same way, we have

9(VyNX,pH) = g(Vy @)X, oH) + g(X,Y) |H||*. (3.19)
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Then from (3.18) and (3.19), we can derive
g(VXNY +VyNX, oH) = g(Vx¢)Y + (Vy¢) X, pH) +29(X, V) | H|* .
From (2.5), we obtain
g(VxNY + Vy NX, oH) = g(2g(X,Y)¢ = n(Y)X — n(X)Y, oH) + 29(X,Y) | H|*.
Hence
g(VXNY + Vy NX, oH) = 29(X.Y) | H|?. (3.20)
Now, for any X € T'(T'M), we have
6){@]‘[ = (ﬁxw)H-l-(pﬁxH

by means of (2.6), (2.7), (2.11), (2.12), ( 2.24) and (2.25), we obtain

~AopX +VxpH = PxH+ FxH —TAyX — NAgX +nVxH.  (3.21)

Taking the inner product with NY and taking into account that nVyH € I'(u),
we see that

g(VxoH,NY) = g(FxH,NY) — g(NAg X,NY). (3.22)
From (2.8), (2.10), (2.34) and (3.22), we obtain
9(VEeH,NY) = —sin0 {g(X, V) |H|* = n(Ay X)n(¥)}
+g(FxH,NY).

Since V is metric connection, NY and ¢H are mutually orthogonal, by using (2.2),
(2.7), (2.8) and (2.10), we get

g(VxNY,pH) =sin®0{g(X,Y) —n(X)n(Y)}||H]*

—g(FxH,NY). (3.23)
Similarly, we have
9(VyNX,pH) = sin’®0{g(X,Y) - n(X)n(Y)}|H|
—g(FyH,NX). (3.24)

From (3.23) and (3.24), we obtain
g(VxNY + VyNX,oH) =2sin’0{g(X,Y) - n(X)n(¥)}[|H]
—g(FxH,NY) — g(Fy H,NX). (3.25)
Thus (3.20) and (3.25) imply
29(X,Y) |H|* = 2sin*0 {g(X,Y) = n(X)n(¥)} || H|”
Thus we have

1
cos? 0g(X, Y) | H|I* +sin 0n(X)n(Y) [ = 3 {g(Fx H, NY) + g(Fy H,NX)}.
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In view of (2.20) and (2.25) the fact that H € I'(11), then the above equation takes
the form

cos® 0g(X,Y) || H|* + sin® On(X)n(Y) | H|* = —sin®0g(X,Y) | H|?
+sin? 6n(X)n(Y) | H|?. (3.26)
From (3.26), we conclude that g(X,Y)||H|* = 0, VX,Y € I'(TM). Since M is a
proper-slant, we obtain H = 0. This tells us that M is totally geodesic in M. [
|

Theorem 3.10. Let M be a totally umbilical pseudo-slant submanifold of a nearly
Sasakian manifold M. Then at least one of the following statements is true;

i. dim(D*) =1,

1. HeT'(p),

itt. M is a proper pseudo-slant submanifold.

Proof. For any X € I'(D1) from (2.5), we have
(Vxp)X = g(X, X)¢,
or,
VxNX — p(VxX + h(X, X)) - || X]*€ = 0.
From the last equation, we have
—AnxX +VxNX — NVxX — th(X, X) — nh(X, X) — ||X||2§ =0.
The tangential components of (3.27), we obtain
Anx X +th(X, X) + | X|[P¢ =0
Taking the inner product by Y € I'(D1), we have
g(Anx X +th(X,X),Y) =0.
This implies that
g(h(X,Y),NX) +g(th(X,X),Y)=0.
Since M is totally umbilical submanifold, we obtain
g(g( X, Y)H,NX) + g(g(X, X)tH,Y)=0
or,
9(X,Y)g(H,NX) + g(X, X)g(tH,Y) = 0,
which implies that
g(tH,Y)X —g(tH,X)Y = 0.

Here, tH is either zero or X and Y are linearly dependent. If tH # 0, then the
vectors X and Y are linearly dependent and dim(D=+) = 1.



PSEUDO-SLANT SUBMANIFOLDS OF A NEARLY SASAKIAN MANIFOLD 279

On the other hand, tH = 0, i.e., H € T'(u). Since dim (Dy) # 0, M is a
pseudo-slant submanifold. Since 6 # 0 and d;.dy # 0, M is a proper pseudo-slant
submanifold. O

Theorem 3.11. Let M be totally umbilical proper pseudo-slant submanifold of a
nearly Sasakian manifold M. Then following conditions are equivalent

i. HeT(u),

1. <p2X = *VTxf y

itt. M is an anti-invariant submanifold,

for any X e T'(TM).

Proof. For any X € I'(T M), from (2.5), we have
(Vx9)X = g(X, X)§ —n(X)X.

By means of (2.6), (2.7), (2.11) and (2.12), we obtain

0 = VxTX+VxNX —p(VxX +h(X,X)) - g(X,X)&+n(X)X

= VxTX +h(X,TX) - AyxX + VxNX —TVxX - NVxX
—th(X,X) —nh(X,X) — g(X, X)¢+n(X)X. (3.27)

The tangential components of (3.27), we obtain

VxTX —TVxX —th(X,X) — AnxX — g(X, X)§+n(X)X =0.

Since M is a totally umbilical submanifold, we can derive AxxX = g(H, NX)X,
then we have

VxTX —TVxX — g(X, X)tH — g(H,NX)X

—g(X, X)€ + (X)X =0. (3.28)
If H eT(p), then from (3.28), we conclude that
VxTX — TVxX — g(X, X)€ + (X)X = 0. (3.29)
Taking the inner product of (3.29) by &, we get
9(VxTX, &) = g(X, X) — n*(X). (3.30)

Interchanging X by TX in (3.30) and making use of (2.33), we derive
g(vTXT2X5 5) = g(TXa TX)?
or,

9(Vrx&T°X) = —cos® Og(¢ X, pX),

9(Vrxé, —cos? 0(X —n(X)€)) = —cos? Og(p X, pX),
that is,

cos? 0{g(pX, pX) — g(Vrx& (X —n(X)€)} = 0.
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Since M is a proper pseudo-slant submanifold, we have

9(pX, pX) — g(Vrxé, (X —n(X)€)) =0,
that is,

9(pX, pX) — g(Vrx§, X) +n(X)g(Vrx§, §) = 0. (3.31)

Taking the covariant derivative of above equation with respect to T'X for any X €

[(TM), we obtain g(Vrx¢, &) + g(§, Vrx§) = 0, which implies g(Vrx§,§) = 0
and then (3.31) becomes

9(X. X) —n?(X) — g(Vrx&, X) = 0. (3.32)

This proves ii. of the Theorem. So if (3.32) is satisfied, then (3.28) implies H € I'(u).
Now, interchanging X by TX in (3.32), we derive

9(TX,TX) - g(Vr2x§, TX) =0,
that is,
cos? 0g(pX, pX) + cos? 09(V(x—nx)e)é, TX) =0,
from which
cos? 0g(pX, pX) + cos® 0g(Vx&,TX) — cos® On(X)g(Ve&, TX) = 0.
Since V¢& = 0, we obtain
cos® 0{g(¢pX,pX) + g(Vx&,TX)} = 0. (3.33)
We note
9(pX, 0 X) +9(Vx§,TX) #0

from (3.33, we can derive if cos§ = 0, then M is an anti-invariant submanifold. O
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