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THE VORONOVSKAJA TYPE ASYMPTOTIC FORMULA FOR
¢-DERIVATIVE OF INTEGRAL GENERALIZATION OF
¢-BERNSTEIN OPERATORS

VISHNU NARAYAN MISHRA AND PRASHANTKUMAR PATEL

ABSTRACT. The Voronovskaja type asymptotic formula for function having ¢-
derivative of the integral generalization Bernstein operators based on g-integer
is discussed. The same formula for Stancu type generalization of this operators
is mentioned.

1. INTRODUCTION

The classical Bernstein-Durrmeyer operators D,, introduced by Durrmeyer [1] is
associated with an integrable function f on the interval [0, 1] and is defined as

Dn(f,.'l'}) = (n + 1) an,k(m)/ pn,k(t)f(t)dt> MS [07 1]a (1.1)
k=0 0

where p, x(z) = (Z) zF (1 — z)nk,

These operators have been studied by Derriennic [2] and many others. For the
last 30 years, g-calculus has been an active area of research in approximation theory.
In 1987, the g-analogues of Bernstein operators was introduced by Lupas [3] and in
[4], g-generalization of the operators (1.1) was introduced as

Dhg(fiz)=[n+1gY ¢ purla w)/ f(O)pn k(g qt)dqt, (1.2)
k=0 0

where p, 1(q;x) = (Z) zF(1 - a:)g_k.
q

The rate of convergence of the operators (1.2) was discussed by Zeng et al.
[5]. In 2014, Mishra and Patel [6, 7] introduced the generalization due to Stancu
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and proved Voronovskaja type asymptotic formula and various other approxima-
tion properties of the ¢g-Durrmeyer-Stancu operators. Here, in this manuscript, we
establish Voronovskaja type asymptotic formula for function having g-derivative.

2. ESTIMATION OF MOMENTS AND ASYMPTOTIC FORMULA
In the sequel, we shall need the following auxiliary results:

Theorem 1 ([8]). If m-th (m > 0,m € N) order moments of operator (1.2) is
defined as

n 1
D . (x) = Dy (™, 2) = [n+ 1], Zq”“pn,k(q;m)/ Prk(q; qt)t"dgt, x € [0,1],
k=0 0

then D%O(x) =1 and for n > m + 2, we have the following recurrence relation,
[n+m+2], D5 41 (2) = ([Im+1g+¢" 2lnlg) DY, (2) +2(1=2)q™ ' Dy (D], (2)).

To establish asymptotic formula for functions having g-derivative, it is necessary
to compute moments of first to fourth degree. Using above theorem one can have
first, second, third and fourth order moments. The first three moments of Lemma
1 was also established in [4].

Lemma 1 ([4, 8]). For allz € [0,1], n=1,2,... and 0 < ¢ < 1, we have
® Dy g(l,z)=1;

1t+gz(n]q
Tnt2lg
a32?[nlq([nlg—1)+(+a)?qzln]g+1+a

[n+3lq[n+2lq '
a23[n]g[n—1lg[n—2]g+22a*[3]2[nlg[n—1]q+ea[2]q[3]12[n]g +([3]¢[2]q

[n+dlqnt3lq[n+2lq i
a1624[n]gln—1]g[n—2]q[n—3lq+a°23[4)2[n]q[n—1]g[n—2]4
(n+5]q [(nF4lq[nF3lqn+2]q
a*2212]41812(14+42)%[nlq[n— 1] +a2[2]4[3]¢[412 [n]q+[2]4[3]q[4]q
[nF5]q [+l [n+3lqn+2]q

® Dp,g(t,z) =

o Dy q(t?,2) =

o Dpq(t3, 2) =

o Dy q(th 2) =

+

Lemma 2. For allz € [0,1], n=1,2,... and 0 < ¢ < 1, we have
1—<1+qn+l)z
[n+2]q
a22(2)q (712 (1-0)2 4% +[nlq (24% ~ [81¢)+[3lq) —@[2q (13]g +alnlq (—1—a+a?))+[2]q
[n+3lqnt2lq ;

® Dy g ((t—2)g, x) =

e Dn. g ((t — .L)g 1) =

e Dn. g ((t - z)g, z)

— 243 ‘17["]q["—1]q["—2]q _ 42[3]q["]q["—1]q + [2]q[n]q—4["+2]q
e [n+2]q[n+3lq[n+4]q [n+2]q[n+3]q [nF2]qn+3lq[n+4]q
g2 23[8)Z[nlgln—1q  [2)2[3]g[nlq 1214

9T k2l (n+3lgntaly ~ InF2lq(nF3lqy * [n+2lg

[8]q[nlq —[n+4] (3 [2]
+ o213l { AT |+ e il Ty

e Dng ((t —a)d, L)

g q'2[n]g[n—1]g[n—21qn—3]q  ¢®[4]g[nlgln—1lq[n—2]q . q([5]q+q2)[n]q[n—1]q _ Mglnlg | 2
=1 [n+5]q[n+alq[nF3lqn+2lq n+alq[n+3q[n+2lg m+3lgn+2lg m+2lg 1

3 o dT412[nlgIn—1]qln—2]4 a2[312[4]g[nlgln—11q | ((51g+a?)[212[nlg  qla],
T 20T Bl Al (nF8lgnFaly ~ [nFdlgnFslgnFaly T [m¥slgm¥2lg  ~ [nt2lg

5 [ P214312(1+4?) [nlg[n—1]q [2]q[3]3 [4]q[nlq (21¢ (151q +42)
1977\ FslgnFalgnFslglnTalg ~ [ntdlgn+3lgntaly T m¥slgntaly
‘e { [2]¢[3]q[4]q (a[4]q[n]g —[n+5]q) } 4 [2]4[3]4[4]4
[n+5]q[n+4]q[n+3lq[n+2]q [n+5]g[n+4]q[n+3lgn+2]q "
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Theorem 2. Let f be bounded and integrable on the interval [0,1] and (¢,,) denote
a sequence such that 0 < g, <1, ¢, — 1 and q;} — ¢ asn — 0o, where c is arbitrary
constant. Then we have for a point x € (0,1),

lim [y, [Dng, (f5) ~ ()] = (1 = 20) lim Dy, f(x) + (1~ ) lim D2 f(x)

n—00

Proof: By ¢-Taylor formula [9] for f, we have

f(t) = f(x) + Dy, f(x)(t — ) + mlq Dg, f(@)(t = 2)g + 0, (w:6)(t — 2)g, .

for 0 < g < 1, where

F(t) = f(z) = Dy, f(2)(t — ) — g— D3 f(x)(t — )],

if t
Oq, (1) = (t—a)2, ifz 7
0, if x =t.
(2.1)
We know that for n large enough
tlim 04, (z;t) = 0. (2.2)
That is for any € > 0, there exists a d > 0 such that
10q, (z;: )] < € (2.3)
for |t — x| < ¢ and n sufficiently large. Using (2.1), we can write
Dgn (z) 9 .
Dy g, (fi2)=f(z) = anf(w)Dn,qn((t—fv)qn;w)+TDn,qn((t—m)qn;x)+En” (2),
an
where
n 1
Egt(x) = [7’L + 1]Qn Z q_kpn,k(Q’n; .’L‘) / eqn (SL'; t)pn,k(Qn; Qnt) (t - LL‘)zn dQnt'
0

k=0
By Lemma 2, we have

lim [nl]g, Dp.g, ((t—2)4, ;) = (1—2z) and lim [n]ann,qn((L‘—Js)2 sx) = 2z(l—x).

n— o0 n— oo an’
In order to complete the proof of the theorem, it is sufficient to show that
lim,, oo [n]q, B4 () = 0. We proceed as follows: Let

dn"—n
qn _ - —k . ' . . 2
Pn,l(m) = [ng, [n+1]q, E Gn” Pk (Gn; @) 04, (5 0)Pnke (qn ant) (t — x)qn Xz (D) dg, t
0

k=0
and

Pg:ﬁ@) =

n 1
(g, 0+ 1, > a0 *Pr(gn; 7) / O, (23 1) (G gut) (E — 2)2 (1= ¥, (1)) dg, t,
k=0 0
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so that
[n]q, Eir (z) < Py (x) + Py (),

where x,(t) is the characteristic function of the interval {t : |t — x| < §}.
It follows from (2.3) that

Pl" (x) = 2ex(1 — x) as n — oo.

If |t — 2| > 6, then [0, (z;t)] < 42 (t — x)?, where M > 0 is a constant. Since
(t—m)2 = (t—q,zlx—i—q?l:c—x) (t—qi:c—i—qix—m)
= (t—aqu2) (t—gnz) + (g — 1) (t - qrz) +a(gy — 1) (t - gnz)
+a?(gn — 1)(ap — ) + 2*(gz — 1)(ap — 1),
we have

M
Pra@)| < =3 {[rle, Dug, (¢ = 2)5,52) + 2(2 = 45 = an)[nle, Do (¢ = @), 3 )

+a2? (g — 1)*[nlg, Dn.g, (t —2)3,32)} -
Using Lemma 2, we have

Doy (=)t i2) < O Do (-2 ) < 22 and Dy, (t-2)2,;2) <

&
" 3, " ()7, " [7)q,

and the desired result is obtained.

Corollary 1. Let f be bounded and integrable on the interval [0,1] and (g,) denote
a sequence such that 0 < ¢, <1, g, — 1 and g} — ¢ asn — 00, where c is arbitrary
constant. Suppose that the first and second derivatives f'(x) and f"(z) exist at a
point x € (0,1). Then, we have, for a point x € (0,1)

Tim [nly, [Dog, (:2) = f(@)] = (1= 20)"(2) + (1 = )" (2),

3. ASYMPTOTIC FORMULA FOR THE DURRMEYER-STANCU OPERATORS

In the year 1968, Stancu [10] generalized Bernstein operators and discussed its
approximation properties. After that many researchers gave Stancu type general-
ization of several operators on finite and infinite intervals. We refer the readers to
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20] and the references there in. As mention in the
introduction, Stancu generalization of ¢g-Durrmeyer operators (1.2) was discussed
by Mishra and Patel [6], which is defined as follows:

n 1

t+a
Dyl =Mn+1y) a " pa k(q;x)/ f ([n]q) Pk (@ qt)dyt, (3.1)
where 0 < a < 8 and p, r(q;z) as same as defined in (1.2). We shall need the
following lemmas for proving our results.
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[nlg+aln+2]g+gu[nly
[n+2]4([n]q+B) 7

Lemma 3 ([7]). We have DY (1;2) =1, Dyb(t;z) =

@ [n]g([n]q —1)1‘2+((q(1+q)2+2aq4) [n]2+2aq[3]q [n]z)x
([n]q+B)*[n+2]4 [n+3]q
+ o? + (1+Q+2@’13)["]3+20‘[3]q["]q
([n]q+8)? ([n]q+B8)*[n+2]4[n+3]q

Dy (8% @) =

Lemma 4 ([7]). We have

2

a,B(t _(_ alnly ) n]gtan+2]y
Dn,q (t x,x) = ([n+2]q([n]q+ﬂ) 1)z + 2], (], 1 5)°

o 9\ d' [t —a® )3 —2q[n]?[n+3]4([n]g+8)+n+2ly[n+3],([nl+8)° o
Dy ((t—w)* ) = ([n]o +5)2[n+2] [n+3], z
| 9040 [ +2qalnfg 0+ 3], — (2[nly + 2aln+2],) (043l (0l +5)

(g +B)2n+2l,[n+3l;
L Urolnli+2alnl,[n+3],
([7l]q+5)2[n+2}q[n+3]q ’

Remark 1 ([7]). For allm € NU{0}, 0 <« < 8, we have the following recursive
relation for the images of the monomials t™ under Df{f in terms of Dy 4, J =
0,1,2,...,m, as

B (g 1) — L (m\ [nfiam i,
5370 =32 () i 5 gy Dl

=0

Now, let us compute the moments and central moments of order 3 and 4 for the
operators (3.1) in the following manner:

pes(ay PRI Taln =2y gl = 1y (300l +aln+ 4l)
7q ([nlq + B)3[n + 4]g[n + 3]q[n + 2]q ([nlq + B)3[n + 4]g[n + 3]q[n + 2]q
N qn]g ([214[3]7[n]7 + a[2]2[nlq[n + 4]q + o?[n + 4]q[n + 3]q) .

([n]q + B)3[n + 4]q[n + 3]q[n + 2]q
N [n]3[3lq[2lg + a2]q[n]3[n + 4]q + (a®[n]g + a®[n + 2]q) [0+ 4]q[n + 3]q
([nlq + B)3[n + 4lq[n + 3lq[n + 2]q .

Also,
DB (o) _ a0[n)3[n — 1]gln — 2]qln — 3lq 4 @Olnlkin — 1gln — 2lq ((412[n]q + aln +5]q)
e ([nlg + B)Y4[n + 5lq[n + 4lgln + 3lgIn + 2]q (Inlg + B)4[n + 5lgln + 4lqln + 3lgIn + 2]q

[21¢[812(1 + a®)2[n]2 + «[38]2[nlqn + 5lq + a2[n + 4]q[n + 5lq |
([nlqg + B)An + 5lq(n + 4lg[n + 3]g[n + 2]q

+atnidn - 1lg {

N aln12 (1214311412 (013 + (21g[312aln]2(n + 5l + (21202 [n]q(n + 4lg[n + 5l + a®[n + 8lq(n + dlq[n + 5]q) .
([nlg + B)4[n + 5lgn + 4lgn + 3lgln + 2q

[4]q[8]q[2]¢[n)* + al3]q[21g[nI3[n + 5lg + a?[2]g[nI2[n + 4lgln + 5lg  aP[nlq + at[n + 214

+ .
([nlg + B)4[n + 5lq[n + 4lq(n + 3lg[n + 2]q ([nlq + B)Y4[n + 2]q
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Now, using the identity (¢ — ;v)g =3 — [3],2t% + q[2],2%t — ¢*23 and linear

properties of the operators Dﬁjg , we get

Tio14r, _ 2 3, 2
D& (¢ = »)3s) = o q [ﬂar]q[n 1lg[n — 2]q B q [3Jq2[n1q[n 1q [2]q[n]2 1
(Inlg + B)3[n + 4lgln + 3lg[n +2lg  (Inlq + B)2[n +2]gln +3lg [0+ 2]q ([nlg + B)
P [n)gIn — 1q (InlqI813 + oln +4lq) 18l (215 + 204”) [0 + 2a[3]4[n3) L Blalnlg +oln+210] -
(Inlg + B)3[n + 4gln + 3lq[n + 214 ([nlg + 6)2[n + 2]gIn + 3]q [n + 2]q ([nlq + B)
. aln)g (21q[B130n3 + 215alnlgln +4lq + o®[n +4lgln +38lq)  Blga® (1444 20¢%)[s]g[n]2 + 2a([3]2[n]g B
([nlg + B)3[n + 4lg[n + 3lg[n + 21q (Inlqg + B)? ([nlg + B)2[n + 2]q[n + 3lq
(n1318q[2)q + al2lg[n]2[n + 4]q [nlga2 + a3[n + 2]q
(Inlg + B)3[n + 4lg[n + 3lgln + 2 [n+2lq([nlq + B3

Finally, using identity (t—z); = t* — [4]q2t + ¢ ([5]q + ¢°) 22t — ¢* 23 [4] 4t +
¢%z%, we have

12 5 5 4
paf (1= b ) = o a'2[n15[n — 1gln — 21g[n — 3lq _ dPHglnlgln — lgln - 2]
’ (Inlg + B)*n + 5lgln + lgln +3lgln +2lg  (nlg + /)30 + lgln + 3lq[n + 2]q
a(18lq + a2) (n3[n - 11q [41q[n]2 2] 4
- q

4
([nlg + B)2[n + 2]qln +3lg [0+ 2]q (Inlg + B)

2 aT[n]kln — 1gln — 2lg ([4120n)g + aln +5lq)  a2[4lqn)3[n — 11q (1312[nlq + aln + 41q)
q
([nlg + BY4[n + 5lgIn + 4lg[n + 3lg[n + 21q ([nlg + B)3[n + 4lg[n + 3lqn + 21q

| (81g +a®) (1213 + 200%) ()] + 20l31g[n)7)  aldlq (indg + aln +210) | s
([nlg + B)2[n + 2lgIn + 3lq [n +2]q ([nlq + B)

Y (21g1812(1 + a®)%[n)2 + a[3]2[n]qln + 5lq + a2[n + 4lgIn + 5lg }

([nlqg + B)4[n + 5lq[n + 4lq[n + 3lg[n + 2]q

aBm1dn — l]q{

[41g 1012 (121413121712 + [2galnlqln + 4lq + a2[n + 4]q[n + 3]¢)
- ([n]q + B)3[n + 4lgln + 3]q[n + 2]g
o? (5lg + %) (18)g +4) 0+ a +20¢%) ]2 + 2a3lg[nlq |
(Inlq + )2 (Inlq + /2[n + 2lqln + 31q }*

aln12 (12143141213 + a(21¢[312 (012 [0 + 51q + a2[212(nlg[n + 4lg[n + 5lq + a®[n + 3l¢[n + 4lg[n + 5lq)
([nlg + B)4[n + 5lgIn + 4lg[n + 3lq(n + 2]q
[n]314]4[81q[2]q af4]q[2]qn]3 [4]q[nlga? + a®[4]gln + 2]q

T (nlg + £)3[n + dlqln + 3lgln + 21g  (Inlq + B)3[n + 3lg[n + 2Iq [n +2]g([nlg + B)3

N [4]q[8]q[2]¢[n)* + al8]q[2q[n)3[n + 5lq + a2[2]g[n)2[n + 4lgln + 5lg  o®[nlg + ot[n + 214
([nlq + B)4[n + 5lq[n + 4]q[n + 3]g[n + 2]q (Inlq + B)4[n + 2]q

Theorem 3. Let f be bounded and integrable on the interval [0,1] and let
(gn) denote a sequence such that 0 < q, <1, ¢, — 1 and ¢! — ¢ as n — oo,
where ¢ is arbitrary constant. Then, we have, for a point x € (0,1)
lim [n]g, [Df{:gﬂ (f;x)—f(z)] = (1+a—(24+P)x) lim Dy, f(z)+z(1—z) lim Dgnf(a:).
n—o0 n—oo n—oo

The proof of the above lemma follows along the lines of the proof of
Theorem 2, using Lemma 4 and Remark 1; thus, we omit the details.
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Corollary 2 ([6]). Let f be bounded and integrable on the interval [0, 1]
and let (gn) denote a sequence such that 0 < ¢, < 1, g, — 1 and q! — ¢
as n — oo, where ¢ is arbitrary constant. Suppose that the first and second
derivatives f'(x) and f"(x) exist at a point x € (0,1). Then, we have, for a
point x € (0,1),

Tim [ng, [Dy (fi2) = f@)] = (L +a— 2+ H2)f'(2) + 2(1 - 2)["(=).
Remark 2. Theorem 2 and Theorem 3, give asymptotic formula for q-
Durrmeyer operators and q-Durrmeyer-Stancu operators respectively. If f
has first and second derivatives, then lim Dy, f(z) = f'(x) and lim Dgnf(a:) =

n—oo n—oo

f"(z). We obtain the results of Mishra and Patel [6, Theorem 5|, which are
mentioned in Corollary 2. So our results are more general than the existing
ones.
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