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1. Introduction and Preliminaries

In this section we define some basic concepts and notions which are going to be used in the paper.
The concept of b-metric spaces have been introduced by Czerwik [7] and Bakhtin [2].

Definition 1.1. [2 7] Let X be a nonempty set and let d : X x X — [0,+00) be a mapping satisfying the
following conditions for all x,y, z € X:

(Mpl) d(x,y) = 0 if and only if z = y;

(M3) d(z,y) < s[d(x, z) + d(z,y)] for some real number s > 1.

Then the mapping d is called a b-metric and the pair (X,d) is called a b-metric space(MpS) with a
constant s > 1.
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On the other hand, Branciari [3] proposed a generalization of the metric in which he replaced the
triangular inequality by a rectangular inequality. This new metric has been referred to by different names
such as generalized metric, rectangular metric and Branciari metric. Following the paper by Aydi et.al [,
we will call it Branciari metric.

Definition 1.2. [3] Let X be a nonempty set and let d : X x X — [0,+00) be a function such that for
all z,y € X and all distinct u,v € X each of which is different from x and y, the following conditions are
satisfied:

(BM1) d(z,y) = 0 if and only if z = y;
(BM2) d(z,y) = d(y,z);
(BM3) d(x,y) < d(w,u) + d(u,v) + d(v, ).
The map d is called a Branciari metric and the pair (X, d) is called a Branciari metric space (BMJS).

Combining the definitions of b-metric and Branciari metric, the so-called Branciari b-metric is defined
as follows.

Definition 1.3. [8] Let X be a nonempty set and let d : X x X — [0,+00) be a function such that for
all z,y € X and all distinct u,v € X each of which is different from « and y, the following conditions are
satisfied:

(BMpyl) d(z,y) = 0 if and only if x = y;

(BM3) d(z,y) < sld(x,u) + d(u,v) + d(v,y)] for some real number s > 1.

The map d is called a Branciari b-metric and the pair (X, d) is called a Branciari b-metric space (BM;S)
with a constant s > 1.

On a Branciari b-metric space we define and denote an open ball of radius r centered at x € X as
By (z,r) ={y e X :|d(z,y) <r}.

However, such an open ball is not always an open set.

Let P be the collection of all subsets ) of X with the following property: For each y € ) there exist
r > 0 such that B,(y) C Y. Then P defines a topology for the BM;S (X,d), which is not necessarily
Hausdorff.

Convergent sequence, Cauchy sequence, completeness and continuity on Branciari b-metric space are
defined as follows.

Definition 1.4. [§] Let (X,d) be a Branciari b-metric space, {z,,} be a sequence in X and x € X. Then

1. A sequence {z,} C X is said to converge to a point z € X if, for every € > 0 there exists ny € N such
that d(x,,z) < € for all n > ng. The convergence is also represented as follows.

lim z,, = x or x,, — x as n — oo.
n—oo
2. A sequence {z,,} C X is said to be a Cauchy sequence if, for every € > 0 there exists ng € N such that
d(zp, Tntp) < € for all n > ng, p > 0 or equivalently, if lim,, oo d(zy, Zn4p) = 0 for all p > 0.
3. (X,d) is said to be a complete Branciari b-metric space if every Cauchy sequence in X converges to
some z € X.
4. A mapping T : X — X on is said to be continuous with respect to the Branciari b-metric d if,
for any sequence {z,} C X which converges to some = € X, that is nh—>Holo d(xn,x) = 0 we have

lim d(Tz,,Tx)=0.
n—o0
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It should be noted that the limit of a sequence in a BM,S is not necessarily unique. In addition, a
convergent sequence in a BM}S is not necessarily a Cauchy sequence. Moreover, a Branciari b-metric is not
necessarily continuous. The following example illustrates these facts.

1
Example 1.5. Let A = {n,n € N}, B ={0,3} and X = AU B. Define the function d(z,y) : X x X —
[0, 00) such that d(z,y) = d(y, x) in the following way.

0 if z=uy,
4 if xz,y€A,
d = 1
(z,y) — if zeAyeB,
n
2 if z,yeB.
Notice that ] 1 3
d(=,1)=4>d(=,0)+d(0,1) = =
(27 ) > (2’ )+ (7 ) 27

so, d(z,y) is not a metric. In addition,

1 1
d(5,1) =4 > d(5,0) +d(0,3) +d(3,1) = g

hence, d(x,y) is not a Branciari metric. Moreover,

=4 s[d(%,owd(o,i)] _gmtn

m mn

)

d(

S
SN

mn

for n,m € N satisfying > s. Therefore, d(z,y) is not a b-metric as well. However, it is Branciari

b-metric with s = 2. Indeed, then we have

m—+n

d( )-

)

)= 4 < 20d(-,0) +d(0,3) +d3, )] =22+

S|

1
m mn
Observe also that

lim d(i,O) = lim L 0,

n—>oo ' 2n n—oo 2m
and . )
lim d(—,3) = lim — =0,

n—oo 2N n—oo 2n

that is, both 0 and 3 are limits of the sequence {4}

1
Another fact about this metric is that even though the sequence {2—} is convergent, it is not a Cauchy
n

sequence. Obviously,

. . 1 1 .
plggo d(Tn, Tnyp) = plggo o’ m) = nh_>n304 =4
Finally, we note that although the open set By(3) contains 0, that is By(3) = {0,3, %}, there is no
positive r for which B,(0) C B (3).
Regarding the above facts about Branciari b-metric, we need the following property of Branciari metric
space, the proof of which can be found in [10].

Proposition 1.6. [10] Let {x,} be a Cauchy sequence in a Branciari metric space (X,d) such that
lim d(zp,z) = 0, where x € X. Then lim d(z,,y) = d(x,y), for all y € X. In particular, the sequence
n—oo

n—oo

{zn} does not converge to y if y # x.

Remark 1.7. The Proposition [1.6]is valid if we replace Branciari metric space by a Branciari b-metric space.
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Berinde [4] and Rus [I1] defined and later modified a class of functions called comparison functions.
These functions are being used by many authors to replace the usual contractive condition by a more
general one. We next define the comparison and (b)-comparison functions.

An increasing function ¢ : [0,4+00) — [0, +00) satisfying ¢™(t) — 0, n — oo for any ¢ € [0,00) is called
a comparison function, (C'F') (see e.g. [4],[11])..

A (b)-comparison function, (BCF), (see e.g.[5],[6] ) is a function ¢ : [0, +00) — [0, 4+00) satisfying the
conditions

(b1) p is increasing,
(b2) there exist kg € N, a € (0,1) and a convergent series of nonnegative terms Y .-, v, such that
sngo]gH(t) < astl(t) + vy, for k > ko and any t € [0, 00).

for some s > 1.

In the sequel, we denote the class of comparison functions by ® and the class of (b)-comparison functions
by ®,.

Comparison and (b)-comparison functions satisfy the following properties.

Lemma 1.8. (Berinde [J|/, Rus [11]) Any comparison function ¢ : [0,4+00) — [0,400) satisfies the following:

(1) Every iterate o of ¢ k > 1, is also a comparison function;
(2) ¢ is continuous at 0;
(3) ¢(t) <t, for anyt >0 .

Lemma 1.9. [6] A (b)-comparison function ¢y : [0, +00) — [0, +00) satisfies the following:

(1) the series > 7o, s*@F(t) converges for any t € [0, +00);
(2) the function by : [0,+00) — [0,400) defined by bs(t) = > po, stk(t), t € [0,00) is increasing and
continuous at 0.

Finally, we note that any (b)-comparison function is a comparison function.
We also need to recall the notion of a-admissibility introduced by Samet et al [12] (see also [9]).

Definition 1.10. A mapping T : X — X is called a-admissible if for all z,y € X we have
a(z,y) > 1= a(Tz,Ty) > 1, (1.1)

where a : X x X — [0,00) is a given function.

2. Existence and uniqueness theorems on complete Branciari b-metric spaces
In what follows, we define some classes of a-admissible contractions.

Definition 2.1. Let (X, d) be a Branciari b-metric space with a constant s > 1 and let av: X x X — [0, 00)
and @ € ®p be two given functions.

(1) An a — ¢, contractive mapping 7' : X — X is of type (A) if it is a-admissible and satisfies

a(z,y)d(Tz, Ty) < pp (M(z,y)), for all z,y e X (2.1)

where

M(z,y) = max{d(z,y), d(z, Tx),d(y, Ty)}.
(13) An « — ¢y contractive mapping T : X — X is of type (B) if it is a-admissible and satisfies

alz,y)d(Tz, Ty) < ¢p (N(z,y)), for all z,y e X (2.2)

where

N(r,y) = max{d(z,y), 5_ld(r, Tz) +d(y, Ty)]}.
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Remark 2.2. Clearly, we have d(z,y) < N(z,y) < M(x,y) for all z,y € X.

We state and prove an existence theorem for fixed point of o — ¢, contractive mapping in class (A).
Theorem 2.3. Let (X,d) be a complete Branciari b-metric space with a constant s > 1. Suppose that
T:X — X is an a — @y contractive mapping of type (A) satisfying the following conditions.

(i) There erxists xg € X such that a(zg, Tro) > 1 and a(zo, T?x0) > 1.

(13) T is continuous.

Then T has a fized point.

Proof. Regarding the condition (i), we choose z9 € X such that a(zg,Txg) > 1 and a(zg, T?x¢) > 1 and
define the sequence {z,} as
Tpy1 =Tz, for n € N

First, we assume that any two consecutive members of the sequence {x,} are distinct, that is, z, # 11
for all n > 0. Otherwise, we would have x, = x,11 = Tz, for some p € N, which means that z, is a fixed
point of T.

Since T' is a-admissible, the condition (¢) implies

a(zg, 1) = a(zo, Txo) > 1= a(Txo, Tx1) = a(z1, z2) > 1, (2.3)

or, continuing in this way,

a(xp, Tpy1) > 1, for all n € N, (2.4)
In a similar way, starting with
alxg, 2) = a(ze, T?x0) > 1 = aTxg, Tas) = axy, x3) > 1, (2.5)
we deduce
a(Zp, Tpi2) > 1, for all n € N. (2.6)

The rest of the proof is done in 4 steps.
Step 1: We will prove that
lim d(xy,zp41) = 0. (2.7)

n—oo

For z = x,, and y = x,,+1 with the use of (2.4]), the contractive condition ([2.1) becomes

d(xnawn—f—l) d(Txn—lnyl:n)
«

(@t @) d(Tn_1, Tn) < op(M (201, 20)), (28)

<
for all n > 1, where

M(xn—la xn) = Inax {d($n_1, xn)7 d(xn—la T$n—1)a d({L‘n, Txn)}
= max {d(Tn—1,%n), d(Tn—1,7n), d(Tn, Tni1)}
= max {d($n—l7 xn)y d((]?n, wn—i—l)}

The first possibility, that is M (z,—1,x,) = d(zn, Tny1) for some n > 1, implies
d<xn7xn+1) < Wb(M(xn—la xn)) - Sob(d(mn7xn+l)) < d(xnaxn—l-l)a

since d(zy, n+1) > 0 and ¢(t) < t, which is not possible. Hence, for all n > 1 we must have
M(zp—1,2n) = d(zp—_1,2,). Then the inequality (2.8) becomes

d(xn, Tnt1) < ep(M(Tp—1,20)) < op(d(Tn-1,2n)) < d(Tp-1,x,), for all n > 1. (2.9)
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Therefore, the sequence {d(x,_1,2,)} is decreasing ,that is,
d(xn, Tpt1) < d(xp—1,2,), for all n > 1. (2.10)
Repeated application of yields,
d(xni1,Tn) < ¢y (d(zo,21)), for all n > 1. (2.11)

Taking limit as n — oo in(2.11)) and using the statement (1) of Lemma we obtain

nlgrolo d(zp, xnt1) = 0.

Step 2: At this step we prove that
lim d(xy,, zp42) = 0. (2.12)

n—o0

Let = x,,—1 and & = zp,41 in (2.1]) and take into account (2.6)). This gives

d(.%'n, xn+2) = d(Txn—la Tmn—i—l)

2.13
< (-1, Tny1)d(Trp_1, Trpg) < op(M(2p_1, 2ni1)), (2.13)
for all n > 1, where
M(zp—1,2nt1) = max{d(zp_1,Zn+1),d(xn—1,TTn-1),d(Tnt1,TTnt1)} (2.14)
= max {d(ﬂfn—la fEn—&-l)v d(l'n—lv xn)a d(xn—i—la 1:n+2)} .
Regarding (2.10), M (xy—1,Zn4+1) can be either d(x,—1, Tp41) O d(Tp—1,Tn).
Define a,, = d(zy, zp42) and b, = d(xy, Tpt1). Thus, from (2.13)) we have
an = d(l'nv xn—i—Z) < Sob(M(xn—lvxn—i-l)) (2 15)

= pp(max{an_1,bn—1}) < max{an_1,b,—1}, foralln>1
On the other hand, by (2.10)) we also have
bp <bp1 < maX{an—b bn—l}-

As a result, we get
max{an, b,} < max{a,—1,b,_1} for all n > 1,

that is, the sequence {max{ay,by}} is non increasing and hence, it converges to some [ > 0. If [ > 0, due to

(2.7) we have
[ = lim max{a,,b,} = max{ lim a,, lim b,} = lim a,
n—o0 n—00 n—00 n—00

Now, we let n — oo in ([2.15]), so that we conclude
[ = lim a, < lim max{a,—1,bn—1} =1,
n—oo n—oo
which is a contradiction and hence, [ = 0. Then, we conclude

nli}n;o d($n, $n+2) = 07

that is, (2.12) is proved.
Step 3: We shall prove that for all n # m,

T F Tm. (2.16)
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Assume that x, = z,, for some m,n € N with n # m. We already have d(zp,z,+1) > 0 for each p € N,

hence, without loss of generality we may take m > n + 1. Consider now

d(p, Tpt1) = d(zn, Try) = d(Tm, Tam)
= d(TIm—lu Txm) < O5(37771—17 xm)d(Txm—ly Tﬂjm)
< SDb(M(wm—la xm))v

where
M(xm—lvxm) :max{d(azm_l,mm), ($m_1,T$m_1),d($m,T$m)}

d
= max {d(Tm—1,Tm), ATm—1,Tm), A(Tm, Tmy1) }
= max {d(xm—h xm)y Cl((]?m, xm+1)} = d(xm—la 1'm),

because of . Then we have,

d(@m, Tom) < pp(d(@m-1,Tm)),
for all m € N. Hence,

d(m, TTm) < @b(d(wm—laxm)) < Spl%(d(xm—%xm—l)) <--- < szn_n(d(xnaxn+1))v
Combining and we get
d(xn, Tni1) = d(Tm, Tom) < 0" (d(@n, Tni1))-

Since every iterate of a comparison function is also a comparison function, then

ey " (d(zn, Tny1)) < d(@n, Tnir),
thus, the inequality yields

d(Tn, Tny1) < Sobmin(d(xna Tn+1)) < d(Tn, Tnt1),

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

which is not possible. Therefore, our initial assumption is incorrect and we should have x, # x,, for all

m #n.
Step 4: At this step we will prove that {x,} is a Cauchy sequence, that is,

lim d(xy,zp4x) =0, for all k € N.

n—oo

(2.22)

The cases k = 1 and k = 2 are proved, respectively in (2.7) and (2.12). Assume that & > 3. We have

two cases:

Case 1: Suppose that kK = 2m + 1 where m > 1. Regarding Step 3, we have x; # x5 for all [ # s, so that

we can apply the condition BM}3 in Definition together with ([2.11]) implies

d(l‘na $n+2m+1) < S[d(l‘n, :L'nJrl) + d($n+1a $n+2) + d($n+27 :L'n+2m+1)]
sld(zn, Tni1) + d(Tn1, Ti2)]

Q[d(anr?v Tpt3) + d(Tnt3, Tnia) + d(Tnta, Tngame1)]

sld(@n, 2p41) + d(@pt1, Tng2)] + $2[d(Tnr2, Tnys) + d(Tnt3, Tota)]
53[d(xn+4> Tnts) + A(Tnts, Tnte)] + -0 + st [d(Znt2m, Tt2m+1)]

d(l'nv xn—i—k)

+ N A+ IA
»

sPle" T (d (o, 21) + " P (d(wo, 21))] + - . + ™ [@" T2 (d(20, 31))]
s (d(zo,71)) + 5% T (d (w0, 1)) + s30T (d(w0, 71))

sttt (d(wo, 21)) + P (d(wo, 21) + - . . + $2M T2 (A, 31))
= [s" ¢y (d(z0, 1)) + 8" op T (d(wo, 21) + "2 T2 (d (20, 21)))
R s"+2mg0’g+2m(d(aco,x1))] )

+ A F A -

_l’_

slip (d(zo, 1)) + @3 (d(o, 21))] + %[y T (d(wo, 21)) + ¢ 7 (d(20, 21))]
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Define n
Sy = Z sPoy (d(zo, z1)) for n > 1. (2.23)
p=0

Then, the inequality above becomes

1

Sn—l

d(xnvxn—&—Qm—i—l) S [Sn+2m - Sn—l] , Z 1,777, Z 1.

o0
By the initial assumption, x¢ # x; and by the Lemma we observe that the series Z sy (d(zo, 1))
p=0

converges to some S > 0. Thus,

lim d(xp, Tpex) = lim d(zn, Tniomy1) = 0. (2.24)

Case 2. Suppose that kK = 2m where m > 2. We use again the condition BM}3 in Definition together
with (2.11)) so that,

d(l'nv :L'n—i—k) d(l‘na $n+2m) < S[d(.’l)‘n, fEnJrl) + d(flf'nJrla :L'n+2) + d($n+2, $n+2m)}
sld(zn, Tn+1) + d(Tny1, Ti2)]

2[d(~rn+27 xn+3) + d(l'nJr?n $n+4) + d(xn+47 xn+2m)]
s[d(@n, Tpt1) + d(@ng1, Tng2)] + 2 [d(Tng2, Tngs) + d(@ne3, Tnya)]
T [d($n+2m—47 xn+2m—3) + d($n+2m—3a $n+2m—2)

d($n+2m—2 s $n+2m>]

+ + IA+IA
VAl

slop (d(zo, x1)) + opt (d(zo, 21))] + $*[0p T2 (d(wo, 21)) + ) H (d(w0, 71))]
ot Sm—1[¢n+2m—4(d($0’ 1‘1) 4 ¢n+2m_3(d(:ﬂ0, $1))]

Smild(xn-l—Qm—Qv xn+2m)

sop (d(zo, 1)) + s%0p H (d(wo, 21)) + 5° ) (d(wo, 1))

o 52m—3802—1—2771—4(al(%.o7 x1>) + 82m72(pn+2m73(d(x0, 371))
Sm_ld(xn+2m72a xn+2m)

) [s" o (d(wo, 21)) + 8" pp T (d(wo, 21) + 8" 20y T2 (d(wo, 1))

co A STEMEB IR (g, 21))| + S d (T g 2m2s Tntom)
n+2m—3

> sPeb(d(zo,71)) + 8 (@0t 2m-2, Tnsom).
p=n
Using the notation in (2.23)), we rewrite the inequality above as
1 _
d(.%‘n, xn+k) = Sni—l [Sn+2m—3 - Sn—l] + Sm ld($n+2m—27 $n+2m)- (225)

From (2.12)) we have nh_)n(f)lo sm_ld(:vwrgm,g, Zntom) = 0, and using the Lemma we get

+ A+ A

+

lim d(xn, zper) = lim d(zn, Tniom)
n—0o0 n—o0
1 Im—1 (2.26)
< lim ﬁ(8n+2m—3 - Sn—l) +s d<$n+2m—2> $n+2m> =0
n—oo | §

Therefore, for any k € N, we have

nlgrolo d(xny $n+k) =0,

that is, the sequence {z,} is a Cauchy sequence in (X,d). Since (X,d) is a complete Branciari b-metric
space, there exists u € X such that
lim d(zy,u) = 0. (2.27)

n—oo
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By the condition (ii) of the hypothesis, T" is continuous. Then, from (2.27]) we have

nlgrolo d(Txp, Tu) = nhﬁ\ngo d(xpy1,Tu) =0,
that is, the sequence {z,} converges to Tu as well. But then, the Proposition implies that T'u = u, that
is, u is a fixed point of T'. O

The Theorem provides the existence of a fixed point. To have uniqueness we impose an additional
requirement.

(U) For every pair x and y of fixed points of T', a(z,y) > 1.

Theorem 2.4. If we add the condition (U) to the statement of Theorem the fized point of the mapping
18 unique.

Proof. The existence of a fixed point is proved in Theorem Assume that the map T has two fixed
points, say x,y € X, such that z # y. The condition (U) implies that a(z,y) > 1. If d(x,y) > 0 then the
contractive condition (2.1]) with the fixed points x and y yields

d(z,y) = oz, y)d(Tz, Ty) < ep(M(x,y)),

where,

M(z,y) = max{d(z,y),d(Tz,x),d(Ty,y)} = d(z,y).

Since pp(t) < t for t > 0, we have
d(z,y) < wp(d(z,y)) < d(z,y),

which is not possible. Therefore, d(x,y) = 0, or, x = y which completes the proof of the uniqueness. O

The strong condition on continuity of the map 7" can be replaced by a weaker condition called a-regularity
of the space. This condition reads as follows.

(RG) A Branciari b-metric space (X, d) is called a-regular if for any sequence {z,} such that
lim d(x,,z) = 0 and satisfying a(xy,, zp+1) > 1 for all n € N, we have a(zp,, ) > 1 for all n € N.

n—oo

If we replace the continuity condition of the mapping T' by the a-regularity of the space (X, d) we have
the following result.

Theorem 2.5. Let (X,d) be a complete Branciari b-metric space with a constant s > 1. Suppose that
T:X — X is an a — @y contractive mapping of type (A) and that the following conditions hold.

(i) There exists xg € X such that a(xg, Txg) > 1 and a(zg, T?x) > 1.
(13) (X,d) is a-regular, that is (RG) holds on (X, d).

Then T has a fized point. If, in addition the condition (U) holds on X, the fized point is unique.

Proof. Starting with the element z¢ € X satisfying the condition (), we construct the sequence of successive
iterations {x,} as x, = T'zy,—1, for n € N.
The convergence of this sequence can be shown exactly as in the proof of Theorem
Let u be the limit of {x,}, that is,
lim d(z,,u) = 0.

n—oo

We will show that u is a fixed point of T'. For the sequence {x, } which converges to v we have from ([2.4])
that a(zy, zp+1) > 1 for all n € Ng. Then, the a-regularity condition (RG) implies that

azy,u) > 1, for all n € Ny.
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The contractive inequality ([2.1)) with x,, and u becomes
d(Txyn, Tu) < oz, w)d(Tzn, Tu) < @p(M(2h,u)), (2.28)

where
M (zy,u) = max{d(zn,u), d(Tn, Tnt1), d(u, Tu)}.

If M(zy,u) > 0, then (2.28) implies

d(Tzy, Tu) < a(xp,w)d(Te,, Tu) < @p(M(xn,w))

< M(xp,u) = max{d(zn,u), d(zn, Tni1),d(u, Tu)}, (2.29)
whereupon, by letting n — oo and regarding the Proposition we obtain
d(u,Tu) = lim d(xp41,Tu) < lim max{d(zn,u), d(Tn, Tnt1), d(u, Tu)} = d(u, Tu), (2.30)
n—oo n—oo

which is a contradiction. Then we should have M (x,,u) = 0, that is d(u, Tu) = 0, hence, u is a fixed point
of T.

The proof of uniqueness is identical to the proof of Theorem O

We present next some immediate consequences of the main results given in Theorems and
First, we observe that regarding the Remark the existence and uniqueness of a fixed point of the
contraction mappings of type (B) is easily concluded.

Theorem 2.6. Let (X,d) be a complete Branciari b-metric space with a constant s > 1. Suppose that
T:X — X is an a — ¢y contractive mapping of type (B) satisfying the following:

(i) There ervists xg € X such that a(zg, Txo) > 1 and a(zg, T?x0) > 1.
(13) Either T is continuous or (X,d) satisfies (RG).

Then T has a fized point.
If, in addition the condition (U) holds on X, the fized point is unique.

Another result follows from the Remark 2.2

Theorem 2.7. Let (X,d) be a complete Branciari b-metric space with a constant s > 1. Suppose that
a(z,y) : X x X — [0,00) is a given mapping and that T : X — X is an a-admissible continuous mapping
satisfying the conditions:

(i) o(z,y)d(Tz, Ty) < @y (d(x,y)), for all z,y € X.
(ii) There exists xo € X such that a(xg, Txg) > 1 and a(xg, T?x0) > 1.
(791) FEither T is continuous or (X,d) satisfies (RG).

Then T has a fized point. If, in addition the condition (U) holds on X, the fized point is unique.

Taking a(z,y) = 1 for all z,y € X in Theorem we obtain the following corollary the proof of which
is also obvious.

Corollary 2.8. Let (X,d) be a complete Branciari b-metric space with a constant s > 1. Suppose that
T: X — X is a continuous mapping satisfying

d(Tz, Ty) < pp(M(z,y)), (2.31)
for all x,y € X, where pp € Uy,
M(ZL‘, y) = max{d(x, y)v d(CL‘, Tl‘), d(ya Ty)}

Then T has a unique fixed point.
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Corollary 2.9. Let (X,d) be a complete Branciari b-metric space with a constant s > 1. Suppose that
T:X — X is a continuous mapping satisfying

d(Tz, Ty) < p (d(z,y)), forall z,y € X. (2.32)

Then T has a unique fized point.

k
The following result is obtained by choosing a particular (b)-comparison function as ¢,(t) = —t with
s
0<k<l1.

Corollary 2.10. Let (X,d) be a complete Branciari b-metric space with a constant s > 1. Suppose that
a: X xX —[0,00) is a given function and T : X — X is an a-admissible mapping satisfying the following.

(4)

o

a(z,y)d(Tz, Ty) < —M(z,y), (2.33)

s
for allx,y € X and some 0 < k < 1, where
M (z,y) = max{d(z,y), d(z, Tz),d(y, Ty)}.

(i) a(zo, Txo) > 1 and a(xo, T?x0) > 1 for some xg € X.

(7i1) Either T is continuous or (X,d) satisfies (RG). Then T has a fized point in X. If, in addition, the
condition (U) holds on X, the fized point is unique.

As a final consequence, we give the following corollary.

Corollary 2.11. Let (X,d) be a complete Branciari b-metric space with a constant s > 1 and T : X — X
k

be a continuous mapping. Suppose that for some constants a,b,c > 0 and 0 < k <1 with a+b+ ¢ < — the
s

inequality
d(Tz,Ty) < ad(z,y) + bd(z, Tz) + cd(y, Ty), (2.34)

holds for all z,y € X. Then T has a unique fized point.

Proof. Observe that for all z,y € X

x>

ad(z,y) + bd(z, Tx) + cd(y, Ty) < —M (z,y)

s
where 0 < k < 1. Then the proof follows from Corollary O
We give an example to illustrate the theoretical results presented above.

1111

Example 2.12. Suppose that X = AU B where A = 3168

d: X x X —[0,00) with d(z,y) = d(y, z) as follows.

} and B = [1,4]. Define the mapping

For z,y € B,orz € Aand y € B, d(z,y) = |z — y| and
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This mapping is a Branciari b-metric with s = 2. Let T': X — X be defined as

if zeB,

18

Tx =
if zeA

=

Then, the mapping T satisfies the condition
d(Tx,Ty) < ¢y (d(2,y)),

for all z,y € X where ¢,(t) = % is a (b)-comparison function. Hence, by Corollary T has a unique
fixed point which is z = %.

3. Concluding Remarks

The main contributions of this study to Fixed point theory are the existence-uniqueness results given in
Theorems and These theorems provides existence and uniqueness conditions for a large class of
contractive mappings on Branciari b-metric spaces. By taking s = 1 and/or a(z,y) = 1 in all the theorems
and corollaries, various existing results on Branciari b-metric and Branciari metric spaces can be obtained.

On the other hand, it should be mentioned that by choosing the function « in the definition of a-
admissible mappings in a particular way, it is possible to obtain existence and uniqueness results for maps
defined on partially ordered metric spaces.

Define a partial ordering < on a Branciari b-metric space (X,d). Let T : X — X be an increasing
mapping. Then, we can easily proof the following fixed point theorem.

Theorem 3.1. Let (X, d, <) be a complete Branciari b-metric space with a constant s > 1 on which a partial
ordering < is defined. Suppose that T : X — X is an increasing mapping satisfying the following:

(2)
d(Tz, Ty) < (M (z,y)),

for all x,y in X with x <y and some (b)-comparison function p, where
M (z,y) = max{d(z,y), d(z,Tx),d(y,Ty)}.

(ii) There exists xo € X such that xo < Txg and xg < T?x.
(1ii) Either T is continuous or, for any increasing sequence {x,} € X which converges to x we have x, < x
for all n € N.

Then T has a fized point.If, in addition any two fived points of T are comparable, that is, T =<y or y = ,
then the fixed point of T is unique.

Proof. Observe that all the conditions of Theorems and [2.5] hold if we choose the function « as

1 if z=yory =z
oz, y) _{ 0 if otherwise

Then, the mapping T has a unique fixed point. O

In addition, all the consequent results of Theorems and [2.5] can be written on Branciari b-metric
spaces with a partial ordering can be proved in a similar way.
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