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Abstract

The aim of this paper is to state and prove Wardowski type fixed point theorem in metric spaces. The paper
includes an example which shows that our result is a proper extension of some known results.
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1. Introduction and Preliminaries

Starting from one of the fundamental results of fixed point theory known as the Banach contraction
principle [5], several authors proved many interesting extensions and generalizations ([I]-[4], [6]-[18]).

In 2012, D. Wardowski [14], using functions F' : R — R proved a fixed point theorem concerning a new
type of contractions, called F'—contractions.

Let function F': Ry — R such that:

(F1) F is strictly increasing, that is, for all z,y € Ry if 2 <y then F(x) < F(y);

(F2) For each sequence {a,} of positive numbers,

lim o, = 0 if only if lim F' (ay,) = —oc;

(F'3) There exists k € (0,1) such that lilrn+ (o F (a)) =0
a—0
We denote by F the family of all that functions.
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Definition 1.1. [7]] Let (X,d) be a metric space. A map T : X — X s said to be an F—contraction on
(X,d) if there exists F € F and T > 0 such that for all x,y € X

d(Tz,Ty) >0= 7+ F(d(Tz,Ty)) < F(d(x,y)) (1)

Theorem 1.2. [7]] Let (X,d) be a complete metric space and T : X — X be an F—contraction. Then T
has a unique fized point =* and for all x € X the sequence {T"x} is convergent to x*.

Remark 1.3. From (F1) and it follows that
Fd(Tz,Ty)) < F(d(z,y)) -7 < F(d(z,y)) =
= d(Tz,Ty) < d(z,y)
for all x,y € X such that Tx # Ty. Also, T is a continuous operator.

Afterwards, Wardowski and Van Dung [I5] have introduced the notion of a F'—weak contraction, in this
way.

Definition 1.4. [15] Let (X,d) be a metric space. A map T : X — X 1is said to be a F—weak contraction
on (X, d) if there exists F' € F and T > 0 such that for all x,y € X satisfying d(T'z,Ty) > 0, the following
holds:

T+ F(d(Tz,Ty)) < F (M(z,y)) (2)

where

V(o) = m (e, e, 7o) 1), 2TV AT

2

By using this notion, Wardowski and Van Dung [I5] have demonstrated a fixed point theorem which
generalizes the theorem 1.2 as follows.

Theorem 1.5. [15] Let (X,d) be a complete metric space and T : X — X be a F—weak contraction. If T
or F is continous, then T has a unique fized point x* and for all x € X the sequence {T™x} is convergent
to x*.

Latter, Piri and Kumam [I2] introduced a large class of functions by replacing the condition (F'3) in the
definition of F'—contraction with the following

(F'3') F is continous on (0, 00)

and they denote the family of all functions F': Ry — R which satisfies the conditions (F'1), (F2), and
(F3") by §.

With this assumptions, Piri and Kumam [12] proved the next fixed point theorem.

Theorem 1.6. [12].Let (X,d) be a complete metric space and a mapping T : X — X. Suppose there exists
F e§ and T > 0 such that, for all x,y € X

d(Tz,Ty) > 0= 74 F (d(Tz,Ty)) < F(d(z,y)).
Then T has a unique fized point x* € X and for every x € X the sequence {T"x} converges to z*.

In this paper, using the ideea from [10], we introduce a new type of F'—contraction, and prove a fixed
point theorem which generalizes some known results.
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2. Main results

First, let Fr denote the familly of all functions F': Ry — R which satisfies the following conditions:
(Fgl) F is strictly increasing, that is, for all z,y € Ry, if 2 <y then F(z) < F(y);
(Fg2) There exists 7 > 0 such that 7 + tlir? inf F'(t) > tlingl sup F'(t), for every to > 0.

—to —to

Definition 2.1. Let (X,d) be a metric space. A map T : X — X is said to be a Fg—contraction on (X,d)
if there exists F' € Fg and 7 > 0 such that for all x,y € X

d(Tx,Ty) >0=7+F(d(Tz,Ty)) < F(E(z,y)) (3)

where
E(z,y) = d(z,y) + |d(z,Tz) — d(y, Ty)| . (4)

Remark 2.2. (1) Every Fp— contraction is an F— contraction, but the inverse implication does not hold.
(2) Not every F— weak contraction is a Fg contraction .

The following example shows that the statements from previous remark hold.

Example 2.3. Let X = [0, 5] U{1} and d(z,y) = |z — y|, ,y € X.Then (X, d) is a complete metric space.
DefineT : X — X by
7

, x=1

PN

and choosing F(a) =Ina, a € (0,00) and 7 =1nT7.
Since T is not continuous, T is not an F'—contraction. In addition to that, for x = i and y =1 we have

d<Ti,T1>:‘;_‘:;>O
and
M<411’1> - max{dc’l)’d@Ti),d(l,Tl),d(l’Ti)‘;d(LTl)}
IR R
87474716 4’
Then,

\]
+
eS|
e
QL
Y
~
| =
~
p—
~—
~
I
=3
\]
+
—
=]
e
oo |
~——
I
=3
T~
ool =3
~

- o(2) s

so T is not a F'—weak contraction.
For x € [0 7] and y = 1, we have

» 10
1\ 2z —1]
d(Tz,T1) —d<2,4> =

and

E(z,1) = d(z,1)+|d(z,Tx) —d(1,T1)]

1 +:c 3 7 — 6z
= — X —_——_—— =
2 4

4
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Therefore,

In7+In(d(Tx,T1)) < In(E(z,1)) <

|22 — 1] 7—6x
<
ln7+1n< 1 < In 1 =

- |2z — 1] < 7—6:0'
4 4

Forxﬁ%,
1-2x 7-6x
. <

4 — 4

ST—14x<T7T—6xzx>0,

andforx>% ) Lo :
e I e —T< T -6 e < —
4 4 10

which prove that T is a Fg—contraction.

7

Now we state the main result of the paper.

Theorem 2.4. Let (X,d) be a complete metric space and T : X — X be a Fp— contraction. Then T has
a unique fixed point x* and for all xg € X the sequence {T"xy} is convergent to x*.

Proof. Let xg € X be arbitrary and fixed and we define x,41 = Tx,, = T"xq for all n € N. If there exists
no € NU{0} such that z,,4+1 = @p,, because zp,11 = Ty, we obtain that Tz, = xp,, S0 Tp, is a fixed
point of T
Now, we suppose that z,4+1 # x,, for all n € NU{0}. So, d(zn,zn+1) > 0, (V)n € NU{0} and from
it follows that, for all n € N
d(Tzp—1,Tx,) > 0=
T+ F(d(Trp-1,Tzy)) < F(E(xp_1,y))
T F (d (@0, 2041)) <
F (d(xp-1,2n) + |d(xpn-1,TTp-1) — d(zp, Txy)| <
T4 P (d (20, 2001)) <
F (d(xp—1,2n) + |d(Xn—1,2n) — d(Tpn, Tpni1)]

or, if we denote by d,, = d (xy,—1, %), we have

d (xm Tpy1)

AT AT U

T4 F(dpi1) < F(dp + |dn — dpy1]) - (5)
If there exists n € N such that d,,+1 > d,,, then becomes
T+ F(dnt1) < F (dpt1) = 7 <0.
But, this is a contradiction, so, for d,,+1 < d,, we have
T+ F (dns1) < F (2dn — dni) (6)

s F (dn+1) < F (an — dn+1) —T<F (an — dn+1)

and using (Fgl)
dn+1 < 2d, — dn+1.

Therefore, the sequence {d,} is strictly increasing and bounded.
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Now, let d = li_>m d,, and we suppose that d > 0. Because d,, \, d it results that (2d,, — dp+1) \, d and
n oo
taking the limit as n — oo in (6), we get

T+ F(d+0) < F(d+0)= 7 <0.

It is a contradiction, so
d= lim d, = lim d(x,_1,2,) = 0. (7)
n—oo n—oo

In order to prove that {x,} is a Cauchy sequence in (X, d), we suppose the contrary, that is, there exists
e > 0 and the sequences {n(k)},{m(k)} of positive integers, with n(k) > m(k) > k such that

A(Zp()s Trmy) > € and d (Tp(k)—1, Tinr)) < € (8)

for any k € N.
Then, we have

e < d@n@)s Tmr)) < ATnr) Tnk)—1) + ATnk)—1, Tm(k))
< d(l‘n(k)7xn(k),1) + €.
Letting £ — oo and using it follows

kli{god(xn(k) ) mm(k)) =¢. (9)

Furthermore, using the triangle inequality, we obtain that

0 < |d(Tar) 41 Tmry+1) — (i Tmir)) |
= d(Ta)+1,Tar) T 4 (Zme) Tme)+1)

and
Jim |d (@nge) 415 Tmey+1) = d (Tnik), Tmee))|
= klinolo [d (xn(k)-‘rla $n(k)) +d (xm(k)vxm(k)+l)] =0.
So,
Jim d ()41, Tmr41) = M0 d (e @iy ) = € (10)

On the other hand, because from @

i e, Tea) = Jin d e 1) =0,

there exists N € N such that
€ €
d(xn(k)aTxn(k)) < Z and d(:(:m(k),Ta:m(k)) < Z, (\V/) k> N. (11)

Assuming by contradiction, that there exists [ € N such that d(z,)41, Tm@)+1) = 0, from and @ it
follows that

€ d(Tp ()5 Tm(1))
ATy Tr@y+1) + ATn@)+15 Tm@)+1) + ATm@)+15 Tm))
g e g

11Ty
This is a contradiction. So we proved that the inequality occurs

IN A

A

ATy, TTm()) = ATy k)y+1, Tm(k)+1) > 0 (12)
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for all kK > N, and using , there exists 7 > 0 such that
7+ F (d(Txpy, T2m)) < F (E(@nw), Tm))

for any k, where

E(@nkys Tmr) = d(@n(kys ) + |4 (@nys TEnry) — & (Tmirys TTmr)) |
= d(@n(k), Tm(r)) + |d( ks Ty +1) = & (Tmekys Ty 1) -
Hence lm E(zy,1), Tmx)) = € and by (10) we have

k—o0

N < Timi
T+ klggo inf F' (d(T{L’n(k),T:L‘m(k))) < hknlgéfF (E(:L’n(k),l‘m(k)))
< limsupF (E(wn(k), xm(k))) &

o k—o0

& 7+ F(e+) < F(e+)

which is a contradiction. This shows that {z,} is a Cauchy sequence and by completeness of X there
converges to some point z* € X.

Next, we show that z* is a fixed point of T. We consider two cases:

(1) For any n € N there exists k, > kn—1, ko = 1 and zg, 41 = Tx*. Then, z* = nli_}ngomknﬂ = Tz*, so z*
is fixed point of T.

(2) There exists m € N such that for all n > m, d(Tx,,Tx*) > 0. Substituting * = x,, and y = z* in
(3), there exists 7 > 0 such that

T+ F(d(Txy, Tx™)
T+ F(d(xpy1, TxY))
T+ F(d(xpy1, TxY))

F(d(zp,z) + |d(zp, Tzy) — d(z*, Tx")|) &
F(d(zp,z") + |d(zn, Tpi1) — d(z*, Tx¥)]).
We suppose that x* # Tx*. letting n — oo, from we obtain

VAN VANIVAN

7+ liminf F(t) < liminf F(¢) < limsup F(¢)
t—d(x*,Tx*) t—d(x*, Tx*) t—d(z* Tx*)

which contradicts (Fg2) of the hypothesis. Hence T'z* = x*.
Now, let us show that 1" must have only one fixed point. If there exists another point y* € X | z* = y*
such that Ty* = y*, then d (z*,y*) = d (Tx*,Ty*) > 0 and we get

T+ Fd(Tz*,Ty") < F(E(z",y")) <
T+ Fd("y") < Fd@"y") +[d@, Ta") —d(y", Ty")]) <
T+ F(d(z%,y%) < F(d(= *)+Id($*»ﬂv*)—d(y*,y*)l)-©
T+ F(d(z",y7) < F(d(fr*, y)
which is a contradiction. O

Example 2.5. LetT be given as in Example 2.3. Since T is not a contraction, Theorem 1.2 is not applicable
toT' and because T is not a F-weak contraction, Theorem 1.6 can not be applied. On the other hand let F'
and T be given as in Example 2.3. Then T is an Fg contraction, and Theorem 2.4 can be applicable to T
and the unique fized point of T is 0.



Andreea Fulga, Adv. Theory Nonlinear Anal. Appl. 1 (2017), 57-63. 63

References

1]

M. Abbas, M. Berzig, T. Nazir, E. Karapmar, Iterative Approximation of Fixed Points for Presic Type F-Contraction
Operators, University Politehnica Of Bucharest Scientific Bulletin-Series A-Applied Mathematics And Physics Volume:
78, Issue: 2 Pages: 147-160 Published: 2016

M.A. Alghamdi, A. Petrusel, N. Shahzad, A fixed point theorem for cyclic generalized contractions in metric spaces, Fixed
Point Theory Appl. 122 (2012).

H.Aydi, E. Karapmar, H. Yazidi, Modified F-Contractions via alpha-Admissible Mappings and Application to Integral
Equations, FILOMAT Volume: 31 Issue: 5 Pages: 1141- 148 Published: 2017

D.W.Boyd, J.S.W.Wong, On nonlinear contractions, Proc.A.Math. So. 20, 458-464 (1969).

S. Banach, Sur les operations dans les ensembles abstraits et leur applications aux equations integrales. Fund.Math.3,
133-181 (1922)

E.Karapmar, M.Kutbi, H. Piri And D. O’Regan, Fixed points of conditionally F-contractions in complete metric-like
spaces, Fixed Point Theory and Applications 2015, 2015:126

E. Karapmar, H.Piri and H.H. AlSulami, Fixed Points of Generalized F-Suzuki Type Contraction in Complete b-Metric
Spaces” Discrete Dynamics in Nature and Society, 2015 (2015), Article ID 969726, 8 pages

D. Klim, D. Wardowski, Fixed point theorems for set-valued contractions in complete metric spaces. J.Math. Anal. Appl.334,
132-139 (2007)

A. Latif, A.W. Albar, Fixed point results in complete metric spaces, Demonstratio Math. 41 (2008), 145-150.

O. Popescu, A new type of contractive mappings in complete metric spaces, submitted

O. Popescu, Fixed Point theorems in metric spaces, Bull. of Transilvania Univ.50 (2008) 479-482.

H. Piri,P. Kumam, Some fixed point theorems concerning F'—contraction in complete metric spaces, Fixed Poin Theory
Appl. 2014, 210 (2014)

H. Piri,P. Kumam, Wardowski type fixed point theorems in complete metric spaces, Fixed Poin Theory Appl. (2016)
2016:45

D. Wardowski, Fixed Points of a new type of contractive mappings in complete metric spaces, Fixed Point Theory Appl.
94 (2012).

D.Wardowski, N. Van Dung, Fixed points of F-weak contractions on complete metric spaces, Demonstratio Mathematica,
2014.

S. Reich, Fixed points of contractive functions, Boll Unione Mat. Ital. 5, 26-42 (1972).

N.A.Secelean, Iterated function systems consisting of F'—contractions, Fixed Point.Theory.Appl., 2013, 277(2013).

T. Suzuki, A new type of fixed point theorem in metric spaces, Nonlinear Anal.71, 5313-5317 (2009)

Andreea Fulga

Department of Mathematics, Transilvania University of Brasov,
Brasov, Romania.

e-mail: afulga@unitbv.ro.

Alexandrina Proca

Department of Mathematics, Transilvania University of Brasov,
Brasov, Romania.

e-mail:alexproca@unitbv.ro



	1 Introduction and Preliminaries
	2 Main results

