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1. Introduction 

    In this paper, we consider the solution of a reaction-diffusion process governed by the nonlinear 

second-order equation 

𝑥′′ + 𝑥𝑝(𝑡) = 0, 0 < 𝑡 < 𝐿, 𝑝 > −1, 

where L is the length of the sample (heat conductor), p is the power of the reaction term (heat source), 

subject to the boundary conditions 

𝑥(0) = 0, 𝑥′(𝐿) =  𝑎. 

Negative integer, radical and decimal powers for the Dirichlet type of boundary conditions were 

considered in [1--4]. 

    We use a new approach to show the existence of the positive solution. Then the approach in the proof 

is used to find a numerical (approximate) solution of a reaction-diffusion problem. 

 

 

2. Main result 

    Without the loss of generality we take 𝐿 = 1. 

    Theorem. The (reaction-diffusion) problem 

𝑥′′ + 𝑥𝑝(𝑡) = 0, 𝑡 ∈ [0,1], 𝑝 > −1,                                                  (1) 

𝑥(0) = 0, 𝑥′(1) =  𝑎. 

has a positive solution on (0,1) for all positive  

𝑎 < ((𝑝 + 1)/2𝑝)1/(𝑝−1). 
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Proof. Let 𝑐 > 0 be a constant  

𝑐 < ((𝑝 + 1)/2𝑝)1/(𝑝−1) 

and a be a fixed positive number with a < c. Consider the sequence 

𝑧0(𝑡) = 0, 

𝑧𝑛(𝑡) = ∫ 𝜏(𝑧𝑛−1(𝜏) + 𝑎𝜏)𝑝𝑡

0
𝑑𝜏 + 𝑡 ∫ (𝑧𝑛−1(𝜏) + 𝑎𝜏)𝑝1

𝑡
𝑑𝜏, 𝑛 > 0.                  (2) 

We have 

𝑧1
′ (𝑡) = ∫ (𝑎𝜏)𝑝

1

𝑡

𝑑𝜏 <
𝑐𝑝

𝑝 + 1
(1 − 𝑡𝑝+1) ≤ 𝑐, 

0 ≤ 𝑧1(𝑡) ≤ 𝑐𝑡, … 

|𝑧𝑛
′ (𝑡)| = ∫ (𝑧𝑛−1(𝑡) + 𝑎𝜏)𝑝1

𝑡
𝑑𝜏 ≤ ∫ (2𝑐𝜏)𝑝1

𝑡
𝑑𝜏                                        (3) 

=
2𝑝𝑐𝑝

𝑝 + 1
(1 − 𝑡𝑝+1) < 𝑐 

and therefore 

𝑧𝑛(𝑡) ≤ 𝑐𝑡. 

The sequence {zn(t)}n>0 is uniformly bounded and equiconvergent and it follows from Ascoli-Arzela 

lemma that 𝑧𝑛(𝑡) → 𝑥𝑎(𝑡) uniformly on [0,1] and 

𝑥𝑎(𝑡) = ∫ 𝜏(𝑥𝑎(𝜏) + 𝑎𝜏)𝑝𝑡

0
𝑑𝜏 + 𝑡 ∫ (𝑥𝑎(𝜏) + 𝑎𝜏)𝑝1

𝑡
𝑑𝜏,                                    (4) 

𝑥𝑎(𝑡) + 𝑎𝑡 = 𝑎𝑡 + ∫ 𝜏(𝑥𝑎(𝜏) + 𝑎𝜏)𝑝
𝑡

0

𝑑𝜏 + 𝑡 ∫ (𝑥𝑎(𝜏) + 𝑎𝜏)𝑝
1

𝑡

𝑑𝜏, 

(𝑥𝑎(𝜏) + 𝑎𝜏)′′ + (𝑥𝑎(𝜏) + 𝑎𝜏)𝑝 = 0. 

That is the function 𝑦𝑎(𝑡) = 𝑥𝑎(𝑡) + 𝑎𝑡 is the solution of the problem 

𝑥′′ + 𝑥𝑝(𝑡) = 0, 𝑡 ∈ [0,1], 

𝑥(0) = 0, 𝑥′(1) =  𝑎. 
Positivity of the solution for t > 0 easily follows from (2). Indeed 

𝑧1(𝑡) = ∫ 𝜏(𝑎𝜏)𝑝𝑡

0
𝑑𝜏 + 𝑡 ∫ (𝑎𝜏)𝑝1

𝑡
𝑑𝜏 > 0, 𝑡 > 0                                     (5) 

𝑧2(𝑡) = ∫ 𝜏(𝑧1(𝜏) + 𝑎𝜏)𝑝
𝑡

0

𝑑𝜏 + 𝑡 ∫ (𝑧1(𝜏) + 𝑎𝜏)𝑝
1

𝑡

𝑑𝜏 ≥ 𝑧1(𝑡), … 

The proof is complete. 

 

3. Application 

    It is interesting that the technique used in the proof of the theorem can be used to find the 

approximate solution of the problem 

    Example 1. Consider the problem 

𝑥′′ + 𝑥2(𝑡) = 0, 𝑡 ∈ [0,1], 

𝑥(0) = 0, 𝑥′(1) =  1/2. 

The iteration (2) gives 

𝑧0(𝑡) = 0 

𝑧1(𝑡) = ∫ 𝜏 (
1

2
𝜏)

2𝑡

0

𝑑𝜏 + 𝑡 ∫ (
1

2
𝜏)

21

𝑡

𝑑𝜏 =
1

12
𝑡 −

1

48
𝑡4 

𝑧2(𝑡) = ∫ 𝜏 (
1

12
𝜏 −

1

48
𝜏4 +

1

2
𝜏)

2𝑡

0

𝑑𝜏 + 𝑡 ∫ (
1

12
𝜏 −

1

48
𝜏4 +

1

2
𝜏)

21

𝑡

𝑑𝜏 



Middle East Journal of Science  (2018) 4(2): 66-69   

 

68 

 

=
1

207360
𝑡(−𝑡9 + 120𝑡6 − 5880𝑡3 + 22690) 

𝑧3(𝑡) = ∫ 𝜏(
1

207360
𝜏(−𝜏9 + 120𝜏6 − 5880𝜏3 + 22690) +

1

2
𝜏)2

𝑡

0

𝑑𝜏 

+ ∫ (
1

207360
𝜏(−𝜏9 + 120𝜏6 − 5880𝜏3 + 22690) +

1

2
𝜏)2

1

𝑡

𝑑𝜏 

= −
1

19865154355200
𝑡22 +

1

61272391680
𝑡19 −

109

42998169600
𝑡16 

+
83197

335385722880
𝑡13 −

27043

1612431360
𝑡10 +

88459

107495424
𝑡7 

−
159696769

5159780352
𝑡4 +

2134656287

18059231232
𝑡. 

The table below demonstrates that even three term iteration gives a good approximate solution of the 

problem. 

 

Tab. 1. Some numerical values of the problem presented in Example 1. 

t  Approx. solution x(t)≈z₃(t)+(1/2)t Error in the solution 

0 0 0 

0.1 0.0618           1. 077464483 6472×10⁻⁴ 

0.2 0.123591           4. 299497827 5028×10⁻⁴ 

0.3 0.18521 9. 610806067 4743×10⁻⁴ 

0.4 0.24649 1. 686908421 4271×10⁻³ 

0.5 0.30717 2. 580633882 0972×10⁻³ 

0.6 0.36693 3. 599871361 6217×10⁻³ 

0.7 0.425378 4. 685036406 9459×10⁻³ 

0.8 0.482056 5. 759734158 9714×10⁻³ 

0.9 0.53646 6. 733673055 2093×10⁻³ 

1.0 0.58806 7. 508412070 9118×10⁻³ 

 

From Table 1, it can be seen clearly that the error in the solution is negligible. Moreover, this error can be 

reduced more and more by considering more terms in the iteration (2). 
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