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Abstract

In this paper, bicomplex Pell and bicomplex Pell-Lucas numbers are defined. Also, negabicomplex Pell and
negabicomplex Pell-Lucas numbers are given. Some algebraic properties of bicomplex Pell and bicomplex
Pell-Lucas numbers which are connected between bicomplex numbers and Pell and Pell-Lucas numbers are
investigated. Furthermore, d’'Ocagne’s identity, Binet’s formula, Cassini’s identity and Catalan’s identity for these
numbers are given.
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1. Introduction

Bicomplex numbers were introduced by Corrado Segre in 1892 [1]. G. Baley Price (1991), presented bicomplex numbers based
on multi-complex spaces and functions in his book [2]. In recent years, fractal structures of these numbers have also been
studied [3] . The set of bicomplex numbers can be expressed by the basis {1,i,j,ij} as,

Co={g=q1 +igx+ jg3 +ijqs | q1,92,93,94 € R} (1.1)

or

Co={q=(q1+iq2) + j(q3 +iqa) | q1,92,93,94 € R} (1.2)

where i,j and i satisfy the conditions

Thus, any bicomplex number ¢ is introduced as pairs of typical complex numbers with the additional structure of
commutative multiplication (Table 1).

A set of bicomplex numbers C; is a real vector space with addition and scalar multiplication operations. The vector space
C, equipped with bicomplex product is a real associative algebra. Also, the vector space together with the properties of
multiplication and the product of the bicomplex numbers are a commutative algebra. Furthermore, three different conjugations
can operate on bicomplex numbers [3], [4], [5] as follows:



Table 1. Multiplication scheme of bicomplex numbers

x 1 1 j 1ij
I 1 1 j ij
i1 -1 1] 4
R Y s
ij 1] 4 -1 1

g=q+iqp+jgs+ijqs=(q1+ig2)+j(q3+iqa), q
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e Cy

j(Q3 + iQ4),

4" =q1—ig2+ jg3 —ijqa = (q1 —iq2) + j (g3 —iqa),
q;" = q1+iq — jgz —ijgs = (q1 +iq2) —
qij" = q1 —iqa — jgz +ijqs = (q1 — iq2) —

and properties of conjugation

1
2
3
4

) (@) =q.

Ja1a2)" = a2 1", q1,92 € Cy,
) g1 +@) =aq" +q2,
)(Aq) =Aq",
5) (Aqi £ uq)”

Therefore, the norm of the bicomplex numbers is defined as

=Aqi"+pug", A, ueR.

j(q3 —iqa).

Ny = llg x| =\/|q%+q% — 3 — a3 +2j(q193+q294))

Ny; = llaxa/7| :\/|q%—q§+q§—qﬁ+2i(CI1CI2+CI3CI4)|,

Noij = llaxai)| :\/"1%+‘1§+61§+q42;+2ij(qm —2q3)|-

Pell numbers were invented by John Pell but, these numbers are named after Edouard Lucas. Pell and Pell-Lucas numbers
have important parts in mathematics. They have fundamental importance in the fields of combinatorics and number theory

[61,[71.[81.[9].
The sequence of Pell numbers
1,2,5,12, 29,70, 169, 408, 985, 2378,...,P,
is defined by the recurrence relation
P,=2P,1+Po, (n>2),
with By =0,P =1.

The sequence of Pell - Lucas numbers

2,6, 14, 34, 82, 198, 478, 1154, 2786, 6726,...,0h,...

is defined by the recurrence relation

0,=20,-1+0n2, (I’l > 2)3
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with Qo =2,0; =1.
Also, the sequence of modified Pell numbers

1,3,7,17, 41,99, 329, 577, 1393, 3363,... ,qn,. ..
is defined by the recurrence relation
Gn =2qn-1+qn-2, (n>2),
withgo=1,q1 =1.

Furthermore, we can see the matrix representations of Pell and Pell-Lucas numbers in [1]-[3],[5], [8]. In 2018, Catarino defined
bicomplex k-Pell quaternions in [10].

Also, for Pell, Pell-Lucas and modified Pell numbers the following properties hold:[6],[7],[81,[9]
PuPus1 + Pn—1By = Pyin s
PuPoi1 — Pous1Py = (—=1)"Py,
BBy = BpsrPor = (=1)""" Py By,
OnQn = QmtrQny = 8(=1)""" Posyy P,
Py 1Prpi — Py = (—1)",
B+ Py = Posi,
PP =2Py,
2Py 1 P, —2F; = Py,
B+ Py =5Pu.3,

Powi1+Poy =2P; —2P; — (—1)",

> 5
Py + Bi1Bt1 =7
Pop1+B—1=0n,

Py On = Poy,

On =24qn,

Pot1— Py =qn,
Pop1 + B = qny1,

and for nega Pell and pell-Lucas numbers the following properties hold,
P—n = (_1)n+l an

0 = (_1)n On-

In this paper, the bicomplex Pell and bicomplex Pell-Lucas numbers will be defined. The aim of this work is to present in a
unified manner a variety of algebraic properties of both the bicomplex numbers as well as the bicomplex Pell and Pell-Lucas
numbers and the negabicomplex Pell and Pell-Lucas numbers. In particular, using three types of conjugations, all the properties
established for bicomplex numbers are also given for the bicomplex Pell and Pell-Lucas numbers. In addition, d’Ocagne’s
identity, Binet’s formula, Cassini’s identity and Catalan’s identity for these numbers are given.



On Bicomplex Pell and Pell-Lucas Numbers — 145/155

2. The bicomplex Pell and Pell-Lucas nhumbers
The bicomplex Pell and Pell-Lucas numbers BP, and BPL, are defined by the basis { 1,1, j,ij} as follows

CY ={BP, =P, +iPyy1+ jPui2+ijPui3| Py,

2.1
n—thPellnumber,n =0,1,...}.
and
(CPLZ{BPLn :Qn+iQn+1+an+2+ian+3‘an 2.2)
n —thPell — Lucas number,,n = 0,1, ...} '
where i, jand i j satisfy the conditions
P=—1, =-1,ij=ji
The bicomplex Pell and bicomplex Pell-Lucas numbers starting from n = 0, can be written respectively as;
BPy=0+1i4+2j+5ij, BP1=1+2i+5j+12ij, BP, =2+5i+12j+29ij,...
BPLy=2+2i+6j+14ij, BPLi =2+4+6i+14j+4+34ij,
BPL, =6+14i+34j4+82ij,...
Let BP, and BP,, be two bicomplex Pell numbers such that
BP, =PF,+iP1+ jB2+ijPuys
and
BPy = Pn+iPn1+J Bura+1jBuis.
Then, the addition and subtraction of these numbers are given by
BPn:tBPm: (Pn+iPn+l+an+2+ian+3)
(P +iPu1 + jPui2 +1jPui3)
= (Pn :th) +i(Pn+1 iPm-&-l) +j(Pn+2 :th+2)
"Hj (Pn+3 iPm+3>-
The multiplication of a bicomplex Pell number by the real scalar A is defined as
ABP, = AP, +iAP, 1+ jAP 2 +ijAP, 3.
The multiplication of two bicomplex Pell numbers is defined by
BP,x BP,, = (By+iPy1+jPiio+ijPi3)
(Pm +iBut1+ P2+ iij+3)
== (Pan*PnJrleJrl*Pn+2Pm+2+Pn+3Pm+3)
+i (Pan+1 +Pn+1Pm - Pn+2Pm+3 - Pn+3Pm+2)
+J (PuPns2 + Po2Pn — Pos1Pnts — Poy3Payt)
+i j (PuPin+3 + P3P+ Pot1 P2 + P2 Pt
= BP, X BP,.
The conjugation of the bicomplex Pell numbers is defined in three different ways as follows
(Bpn)?:Pn*iPn+1+an+27ian+3a (2.3)

(BPy)j = PatiPuy — jPria —ijPuys, 2.4
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(BPn)?j:Pn_iPn+l_an+2+ian+3~ (2.5)

Theorem 2.1. Let BP,, and BP,, be two bicomplex Pell numbers. In this case, we can give the following relations between the
conjugates of these numbers:

(BPy X BP,y)f = (BPw)f X (BPp)f = (BP,)} x (BPw)},
(BPy X BPy); = (BPp); X (BPn); = (BPy)j x (BPn)},
(BPy x BPm);'kj = (BPm);Fj X (BPn)j; = (BPy)}; < (BPp);; -
Proof. It can be proved easily by using (2.3)-(2.5). O
In the following theorem, some properties related to the conjugations of the bicomplex Pell numbers are given.

Theorem 2.2. Let (BP,);, (BPy); and (BP,);; be three kinds of conjugation of the bicomplex Pell numbers. The following
relations hold:

BP, x (BPn);F = 2(_Q2n+3 +jP2n+3)7 (2.6)

BP" X (BPn)j = (Pr12 - P3+1 +Pﬂ2+2 - PV12+3) (27)
+4i(P2n+3 +PnPn+l)a

BP, x (BP,);;= 6Py 3+4ij(—1)""", (2.8)

BPy x (BPy); + BPy—1 X (BPy—1); = —2(8Pui2+ jQont2), 2.9)

BP,, x (BPn);f + BP,_1 X (BPn,l);‘- = 12(=Pypi2+ iPoyi2), (2.10)

BP,, x (BPn)fjJrBPn,] X (BP,,,l)}‘j = 60y12- (2.11)

Proof. (2.6): Using (2.1) and (2.3) we get,

BP, x (BP,); = (P3+P;12+1*P3+2*Pn2+3)
+2j(PnPn+2+Pn+1Pn+3)
= Put1—Puis+2jPus
= 2(= Qw3+ jPuy3).

(2.7): Using (2.1) and (2.4) we get,

BP,x (BP,); = (P} =Pl +F,—FlL3)
+2i (Py Poy1 + Poia Puis)
= (PP—P} +P2,—P2)

+4i(Py3 4Py Poy1).
(2.8): Using (2.1) and (2.5) we get,

BP, x (BPn);Fj = (Pr%+P;12+l +Pr%+2 +Pr%+3)
+2ij(Py B3 — Poy1 Pay2)
= (Pus1+Popss) +4ij(—1)""!
6Py i3 +4ij(—1)".
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(2.9): Using (2.6) we get,

BPn X (BPn);F + BPnfl X (BPnfl):'F = _2[(Q2n+3 + Q2n+l)
—Jj (Pony3 +Popi1)]
= —2(8Pyi2— jQui2)-

(2.10): Using (2.7) we get,

BP, X (BP,);+ BP,_1 X (BP,1)5= (P} | —P}3)
+4i (Pn Qn + Q2n+2)
= —12Py2+4i(3Pui2)
= —12(Pyi2— iPyy2).

(2.11): Using (2.8) we get,

BP, x (BPn);Fj_FBPnfl X (BPnfl):fj: 6(P2n+3 +P2n+l)
F4i (=1 (=1)7]
= 602

Therefore, the norm of the bicomplex Pell number BP, is defined in three different ways as follows

Ngp,; = ||BPy x BP; || = /2] — Qani3+ jPanssl,

Npp, j = ||BPn><BPZj||
= \/|(Pr12_P;12+1+Pnz+2_Pn2+3)+4i(P2n+3+PnPn+l)|7

Ngp,;; = ||BPyx BP,; || = V160213 +4ij(—1)"1].

(2.12)

(2.13)

Theorem 2.3. Let BP,, and BPL,, be the bicomplex Pell and bicomplex Pell-Lucas numbers, respectively.The following relations

hold:

BP,, BP, +BPm+l BPn+l = 4 ( Qm+n+4 - iQm+n+4
—JBPutn+a+1ijPninta )a

(BPn)2 = 4P2n+3 _4iP2n+3 +2j(P2n+1 — 6Pr%+1)
+2ij(6PnPn+1 +2P2n+1)7

(BPy)*+ (BPyi1)? =  4(Qonia—iQopss— jPonsa
+ijP2n+4)7

(BPyi1)? — (BPy_1)?> = —4(Popi1 +2iQ0p43+2jPoyy3
+2ijP2n+3 )

BP, *iBPrHrl + jBPpo 7ijBPn+3 = 4(74Pn+3 +jqn+3)>

BP, —iBP, | — jBP,12—ijBPy3= 2(qus1 —Piys+iPiys
+an+4_ian+3)-

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)



Proof. (2.14): By the equation (2.1) we get,
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BPyyBPy+ BPy 1 BPni1 = (Puint1 — Puint3 — Puints
+Pnint7)
+2i (Rn+n+2 - Pm+n+6)
+2j (Pm+n+3 - Pm+n+5)
+2ij (ZPm+n+4)

= 4 (Qm+n+4 —iOmtn+a — JPnsnta

+iij+n+4)'

(2.15): By the equation (2.1) we get,

(BP,)*= (P} —Pl —Pl,+P;

n+3

)+2i(PnPn+l _Pn+2pn+3)

+2j (PuPov2 — Po1 Puy3) + 20 (B Puys + Pt Poi2)
= 4Py3—4iPui3+2j(Poi1 —6P2,))
+2ij (6P, Pyt +2Poy1).

(2.16): By the equations (2.1) and (2.14) we get,

(BP.)? + (BPyi1)? = (P2—F2,+

n+4

_Pnz+2)

+2i(Popi2 — Poni6) +2 j (Pons3 — Poyys)
+21J (2P2n+4)
= 4(Q2n+4 - iQ2n+4 *jP2n+4+ ijP2n+4).

(2.17) By the equations (2.1) and (2.14) we get,

(BPui1)* = (BPu—1)* = (Pyyy =Bl + B —Ppy)

n+1

+2i2(Prns1 — Ponys)]
+2j (Pony3 —5Pany3)
+2ij[4(qon42 + Pony2)]

2(Py— Popi2) +2i (=4 Qoni3)

+2j(—4Poyi3) +2ij(4Poyy3)

—4(Prpg1 +2iQ0p43+2jPopy3

+2ijP2n+3)

(2.18): By the equation (2.1) we get,

BPn_iBPn+1 _jBPn+2_ijBPn+3 =

(2.19): By the equation (2.1) we get,

BP, —iBP,y| — jBPy12 —ijBPyy3 =

(Pn +Pn+2+Pn+4_Pn+6)
+2i(Pn+5) +2j(Pn+4)
—2ij(Puy3)

7(4Pn+1 +Pn) +ZiPn—&-S
+2 j B4 —2ijPoys.

(Pn +Pn+2+Pn+4_Pn+6)
+2i(Puys) +2j (Puta)
~2ij(Puy3)

_(4Pn+1 +Pn) +2iPn+5
+2jPova—2ijPoy3.

O

Theorem 2.4. (d’Ocagne’s identity). For n,m > 0 d’Ocagne’s identity for bicomplex Pell numbers BP, and BP,, is given by

BP,BP,y i —BPyy BPy= 12(=1)"Pp_, (j+ij). (2.20)
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Proof. (2.20): By the equation (2.1) we get,

BPyyBPyi| —BPyy1 BPy = (— ) n(0)
( )n( m—n— l( )
+2j (=1)"(Pn-n—2+Pn-ni2)
+l]( l)n[( Pn—n—3~+ Pn—n+3
+Pm—n—1 - Pm—n+1 )}
= 2j(=1)"(6Py_n)
‘H.j(_l)né(menfl_methl)
122(=1)"Ppn(j+ +ij).

O

Theorem 2.5. Let BP,, and BPL, be the bicomplex Pell number and the bicomplex Pell-Lucas numbers respectively. The
following relations are satisfied

BP,.|+ BP,_| = BPL,, 2.21)
BP,.1 —BP,_ 1 =2BP,, (2.22)
BP,.»+ BP, = 6BP,. (2.23)
BP,.> —BP,_» =2BPL,, (2.24)
BP,. +BP, = %BPL,,H , (2.25)
BP,.1 —BP, = %BPL,,, (2.26)
BPL, |+ BPL,_, = 4BP,, 2.27)
BPL,.| —BPL,_ = 2BPL,, (2.28)
BPL, 5+ BPL,_» = 6 BPL,, (2.29)
BPL,.» —BPL,_» = 8BP,, (2.30)
BPL,. |+ BPL, =4BP,., 2.31)

BPL,. —BPL, = 4BP,. (2.32)
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Proof. (2.21):By the equation (2.1) we get,

BPn+1+BPnfl: (Pn+l+Pn71)+i(Pn+2+Pn)
+j(Pn+3+Pn+l)+ij(Pn+4+Pn+2)
= (Qn+iQ11+l+an+2+ian+3)
BPL,,

(2.22): By the equation (2.1) we get,

BPn+1 7BP,,,1 = (Pn+l 7Pn71)+i(Pn+2*Pn)

+j(Pn+3 _Pn+l)+ij(Pn+4_Pn+2)
2(Py+iPy1 + jPor2 +1jPuy3)
2BP,.

(2.23): By the equation (2.1) we get,

BP, 2 +BP, 2= (Pi2+P2)+i(P3+Pi1)
+j(Pisa+Py)+ij(Prys+Pot1)
= 6(Pi+iPi1+jPi2+ijPu3)
= 6BP,.

(2.24): By the equation (2.1) we get,

BPn+2 - BPn—Z = (Pn+2 _Pn—2)+i(Pn+3 _Pn—1>

+j(Pn+4_Pn)+ij(Pn+5_Pn+1)
Z(QnJFiQrH»l +an+2JFianJr3)
2BPL,.

(2.25): By the equation (2.1) we get,

BPrHr] +BPn = (Pn+1 +Pn)+i(Pn+2 +Pn+1)
+J (Pug3 + Pog2) +1j (Poya+ Pri3)
= (Gne1+iqni2+jqn3 +ijqnya)
2 (Qnit +iOn2+jOni3+i1j0nia)
- Iprr,.,

where the property (1.17) of the modified Pell number is used.
(2.26): By the equation (2.1) we get,

BP,.1 —BP, = (Pyy1—P))+i(Piy2—Pr1)
+j (Pot3 — Bug2) +ij (Poya — Poy3)
= (gntigne1+Jjqni2+ijgns3)

% (Qn JFiQrHrl +an+2 +ian+3)
3BPL,

where the property (1.17) of the modified Pell number is used.
(2.27): By the equation (2.2) we get,

BPLn+1 +BPL1171 = (Qn+l +Qn71) +l(Qn+2 +Qn)

+j (Qn+3 + Qn+1) + ij (Qn+4 + Qn+2)
4(Py+iPuy1 + jPuy2 +1jPi3)
4BP,.

(2.28): By the equation (2.2) we get,

BPLn+1 _BPLnfl = (Qn+1 - anl) +i(Qn+2 - Qn)
+j (Qn+3 - Qn+1) + ij (Qn+4 - Qn+2)

= 2(Q11+iQn+l+an+2+ian+3)
— 2BPL,



(2.29): By the equation (2.2) we get,

BPLn+2 +BPL,,72 = (Qn+2 + Qn72) +i (Qn+3 + anl)
+j (Qn+4 + Qn) =+ ij (Qn+5 + Qn+l)

6 (Qn + iQn-H +an+2 + ian+3)
6BPL,.

(2.30): By the equation (2.2) we get,

BPL, > — BPL, >

(Qn+2 - Qn72) +l(Qn+3 - anl)
+j (Qn+4 - Qn) + ij(Qn+5 - Qn+1)
8(Py+iPuy1+ jPur2+ijPui3)
8BP,.

(2.31): By the equation (2.2) we get,

BPLn+1 +BPLn = (Qn+l +Qn>+i(Qn+2+Qn+l)

+j (Qn+3 + Qn+2) + ij (Qn+4 + Qn+3)
4P +iPi2+ jPi3+ijPita
4BPn+1.

(2.32): By the equation (2.2) we get,

BPLn+1 *BPLn = (QnJrl - Qn) +i(Qn+2 - Qn+l)

+j (Qn+3 - Qn+2) + ij(Qn+4 - Qn+3)
4P +iPy1+ jPi2+ijPiys

4BP,,.
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Theorem 2.6. If BP,, and BPL, are bicomplex Pell and bicomplex Pell-Lucas numbers, respectively. For n > 0, the identities

of negabicomplex Pell and negabicomplex Pell-Lucas numbers are

(2.33)

(2.34)

BP_y= (=1)""'BPy+(=1)"Qu(i+2j+5i]).
and
BPL_,= (—1)"BPL,+8(—1)""'P,(i+2j+5ij).
Proof. (2.33): Using the identity of negapell numbers P_, = (—1)"T' P, we get

BP_, Py +iP 1+ jPopio+ijP pis

Py +iP 1)+ P (n2)+ijP (43

(_1)n+lpn+i(_1)npn—l +j(_])nilpn—2
+ij(—1)"2P3

(=1 Pyt iPast + jPas2 +1 j Puta)
—i(=1)"™ Py —j (1) R

(=1)"™ BPy + (—1)" (Pay1 + Po1) i

+(71)n (Pn+2 *Pn72)j+ (71)n (Pn+3 + B

(_1)n+lBPn+(_l)nQn(i+2j+5ij)

(2.34): Using the identity of negapell-Lucas numbers Q_,

(=1)"

n+2 — ij(_l)n+1 Pn+3
i (1) P+ j (1) P +ij (—1)" Pio3

3)ij

0, we get
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BPLfn = an + iQ*i’H’l +J.an+2 + iijnJrB
= 0 ntiQ (n-1)+JjQ-(n-2)TijQ (n3)

(71)n Qn +i(71)n71 anl +j(71)n72 Qn72
+ij(_1)”73 Qn—3

(=)™ N (Qu+iQni1 +jQui2+1jOny3)
71’(71)" Qn+l 7].(71)” Qn+2
—ij(=1)"Ons3
+i(_1)n71 Qn—l _|_](_1)n Qn—2
+ij(=1)""" Ons

= (1" BPLy +(=1)"" (Qpi1 + Q1)
(=1 (Qui2 — On2) j
+(_1)n+] (Q11+3 +Qn—3)ij

(—=1)"BPL,+8(—1)""' P, (i +2j +5ij)

O

Theorem 2.7. Binet’s Formula. Let BP,, and BPL,, be the bicomplex Pell and bicomplex Pell-Lucas numbers respectively. For
n > 1, Binet’s formula for these numbers are as follows:

—
>

(a”—pp") (2.35)
and

BPL,= & o'+ B" (2.36)
where & =1+ia+jo+ijo’, a=14+v2and f=1+if+jB*+ijB% B=1-V2
Proof. (2.35):

BP, = Pn+iPn+l+an+2+ian+3
al'— [3" . an+1 _ﬁn+1 . an+2_l3n+2 . an+3_ Bn+3
o p e T/ T T
o (I+ia+jol+ijod )—B" (1+iB+jB>+ijB3)

a—p

_  Ga"-pp"
= b

and (2.36):

BPL, = Qn+iQn+l+an+2+ian+3

a”+ﬁ”+i(a”“ +ﬁrz+1)+j(an+2+ﬁn+2)+ij(an+3+ﬁn+3)
a"(l+io+jol+ijo®)+p (1+iB+jB>+ijB>)
oo+ B

Binet’s formula of the bicomplex Pell number is the same as Binet’s formula of the Pell number [7]. O

Theorem 2.8. Cassini’s Identity Let BP, and BPL, be the bicomplex Pell and bicomplex Pell-Lucas numbers, respectively.
For n > 1, Cassini’s identities for BP, and BPL,, are as follows:

BP, 1 BP,.1 —BP2=12(-1)"(j+1ij) (2.37)
and

BPL,_y BPL, | —BPL> =8.12(—1)"*' (j+i}). (2.38)



Proof. (2.37): Using (2.1) we get

BP, 1 BP,y1 — (BP,)* =

(2.38): Using (2.2) we get
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(Pnfl +iP,+ jPi1 +ian+2)
(Poy1+iPuo+ jPui3+ijPiga)
—[Pu+iPoj1 + jPua+ij i3]
[(Pio1Po1 —P7)
_(PnPn+2+Pnz+1)
—(Pus1Py3 *P,,ZH)
+(Pn+2Pn+4 _P,%+3)]
+i[(Pn+2Pn71 _Pn+an)
—(PutaPoi1 — Puy3Poi2)]
+j[(Pos1Bor1 — PuPui2)
—(Pus2Pri2 — Puy1Piy3)
+(Pn+3Pn—1 - Pn+2pn)
—(PuyaPy— Pi3Poy1) ]
+ij(Pn+4Pn71 _Pn+3Pn)
R2(=1)"(j+ij).

BPL,_ BPL,1 — (BPL,)* = (Qu-1+i0n+jOut1+ijOni2)

where the identities of the Pell and Pell-Lucas numbers

8(—1)"*'p, , are used.

(Ont1+i0ni2+ jOuy3+ijOnia)

_[Qn + iQn+l +an+2 + ian+3]2

= [(Qn-10ns1—Q2)
+(Qi+1 - Qn+2Qn)
+(Q£+2 - Qn+3 Qn+l)
+(Qn+4Qn+2 - Qi+3)]
+i [(Qn+2Qn—1 - Qn+lQn)
+(Qn+3Qn+2 - Qn+4Qn+1)]
+J [ (Ql’l+1 Qn+l - QnQn+2)
+(Qn+lQn+3 - (Qn+2Qn+2)
+(Qn+3Qn—1 - Qn+2Qn)
+(Qn+3(Qn+1 - Qn+4Qn>]
‘Hj (Qn+4Qn71 - Qn+3Qn)
= 8.12(=1)"(j+ij).

BuPiy1 — Pp Py = (_l)npmfn and O, On+1 — Om+10n =

O

Theorem 2.9. Catalan’s Identity. Let BP, and BPL,, be the bicomplex Pell and bicomplex Pell-Lucas numbers, respectively.
Forn > 1, Catalan’s identities for BP,, and BPL,, are as follows

(BP,)> —BP,,, BP,_, =12(=1)""P2(j+ij),

and

(BPL,)*> —BPL,,, BPL, ,=8.12(=1)"""P2(j+ij).

respectively.

(2.39)

(2.40)
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Proof. (2.39): Using (2.1) we get

BP% —BPyyr BP,y—, = [(Pnz _Pn+rPn7r)
(Pr%ﬂ —Poiri1 Piori1)
(P,12+2 —Putri2 P”,r+2)
+(P2+3 Pn+r+3pn—r+3”
'H[(P PnJrl Pn+rPnfr+l)
(Pn+2 Poy3 —Bugri2 Pn7r+3)
JF( n+1P Pn+r+1Pn r)
—(Put3Pur2 = Pori3Puri2)]
[(P Pn+2 Pn+rPn r+2)
—(Put1 Put3 — Pori1 Pori3)
+( n+2P Pn+r+2Pn7r)
—(Pot3 Put1 — Porri3 Puri1) ]
+i [(P Pz — Py r Po— r+3)
(Pos1 P2 = Poyri1 Bori2)
( n+3P Pn+r+3Pn r)
( n+2Pn+l Pn+r+2Pn r+1)]
DT P2(04+0i+ 12+ 121 )
(C1 B2 (j+i)).

J
+
_|_
_|_
= (=

12
(2.40): Using (2.2) we get

(BPL,)> —BPLyrBPLy—y = [(Q5 — Ons+r On—r)

(021 = Ontrt1 Qnrt1)
7(Q2+2 Ontri2 Qn7r+2)
+(03, 35— Onsr30n—r43)]

+i [ (Qn Ont1— Ontr Qn—r—H)
- (Qn+2 Ont3 — Ontri2 Qn7r+3)
+(QnJrl Qn - Qn+r+l anr)
_(Qn+3 Qn+2 - Qn+r+3 Qn7r+2)]

[ Qn Qn+2 Qn+r Qn7r+2)
Ont1 Qn+3 Qn+r+1 Qn7r+3)

(

—(
+ (Qn+2 Qn Qn+r+2 anr)

~(Qn+3Qn+1— Onrr3Qn—rt1)]

+ij [ 010143 = OnirOn—ri3)

+(On+1Onv2 = Ontri1On—ri2)
+(Qn+3 On— Qn+r+3 anr)
+(QnJrZ QrH»l - Qn+r+2 anrJrl ) ]

8(—1)""PX(0+0i+12j+12ij)
= 8.12(=1)""P*(j+i)).

where the identities of the Pell and Pell-Lucas numbers are used as follows,

PPy — PryrPo—r = ( 1)
PnPn_Pn—rPn+r: ( 1)
Qan - Qm+rQn7r = (_1)n7r+lpm+r7n B,
OnOn— On—r Qn+r = ( 1)

3. Conclusion

In this study, a number of new algebraic results on bicomplex Pell and bicomplex Pell-Lucas numbers are derived. Also,
negabicomplex Pell and negabicomplex Pell-Lucas numbers are given. Furthermore, d’Ocagne’s identity, Binet’s formula,
Cassini’s identity and Catalan’s identity for these numbers are generated.
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