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Abstract
The regular, real-valued solutions of the second-order elliptic partial differential equation

d’F 0’F 20+10F 2B+10F
—+ =+ — — =0,
oxz  0dy? x dy y 0x

are known as generalized bi-axially symmetric potentials (GBSP’s). McCoy [1] has showed that the rate at which

VA
approximation error E;» (F;D),(p > 2,D is parabolic-convex set) tends to zero depends on the order of GBSP F
and obtained a formula for finite order. If GBSP F is an entir% function of infinite order then above formula fails to

give satisfactory information about the rate of decrease of E; (F; D). The purpose of the present work is to refine

above result by using the concept of index-g. Also, the formula corresponding to g-order does not always hold for
lower g-order. Therefore we have proved a result for lower g-order also, which have not been studied so far.
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1. Introduction
The linear second order elliptic partial differential equation is given in the form
J’F J*F 20+10dF 2B+10F —
72—'_72 7—’—7—’— ﬁ+ 7:07a7B>77
dx dy x dy y ox 2
which are in x and y cf. Gilbert [2]. A polynomial of degree n which is even in x and y is said to be a GBSP polynomial of
degree n if it satisfies (1.1). A GBSP F that is regular about origin can be expanded as

F(x,y) = Y aRi*P) (x,),
n=0

(1.1)

where
REP (x,y) = (2 492 PP (2 =32) (2 4+ 32)) /REP (1,0 =0,1,2,...
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and P,Ea’ﬁ ) (¢) are Jacobi polynomials. Various authors such as Srivastava [3], McCoy [4], Kumar and Basu [5], Kumar and
Bishnoi [6], Harfaoui [7], Kumar [8], Kadiri and Harfaoui [9], Kasana and Kumar [10]-[12] and Kapoor and Nautiyal [13]
studied the growth and L,-approximation of regular real-valued solutions of certain elliptic partial differential equations but our
results are different from these authors.

There are so many applications of the solutions of (1.1) in several areas of mathematical physics, for example, its solutions
arise in the Maxwell system for the modelling of electric or magnetic n-poles, potential scattering, in quasi-stationary (time
independent)diffusion processes and as the initial data for parabolic partial differential equations.

Let D be a certain open set that is symmetric about the origin with Jordan boundary. We define the p-norm on D as:

1 1
A» = (= APdxdy)r ,p € [1,0), ]|l = sup|.|, ||1]|, = 1.
Iy =5 [ [ 1rdsdy)?.pe 1) 1 = sup 1. 1]

The space LP(D) of real-valued GBSP given by (1.2) is regular and even on D with finite p-norm and the space /”(D) of
associated functions

f@) =Y a", (1.2)
n=0

where
ROP(2,0)=2" n=0,1,2,...

is analytic on D with finite p-norm. McCoy [1] developed a pair of integral transforms that are one to one maps between the
space L? (D) of real-valued GBSP F and the space [? (D) of associated f as:

Fle) =Kap(1) = [ [ 5(0kap(ts)aras,

2 = 12(x,y,1,5) = x> — y*> 4 2ixyt coss,

where
ke p(t,s) = Vo p(1—12)*P=12P T (sing)2*
and

(1-1) a+p+2 a+p+3

21(14&)
e e R S

T (1+1)?

ja,ﬁ(fag):na,ﬁ( B+1 ]

Let us consider the set D which is parabolic-convex, that is,
(x+iy)’ €D {(En): 47 (P —n*) <E <X~} D
or equivalently,
(x+iy)>eD e {(E,n): E4+in=1(x,,1,5),0<r<1,0<s<m} & D.

For example:D = A: x* +y? < lorD = {(£,1) : |E| < 1,|n| < (1+E2)7}.
Now we define optimal approximation errors as :

Ej, = E3,(F;D) = min{||[F — H||, : H € P},

egn :egn(f;D) =min{| f—h|,:h€pn},n=0,1,2,...,

where Py, = {Ky g(h) : h € pan}, and po, = {¥}_g a2 : ax(real),0 < k <n}.
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McCoy [1, p.465] proved that

p
: M (FD) —
r}l_r}l’oloEzn (F;D)=0 (1.3)
if and only if, F is the restriction of an entire GBSP (analytic) function to D. McCoy [14] showed that a GBSP F is the
restriction of an entire GBSP (analytic) function to D if and only if the K, g associate f is the restriction of an entire (analytic)
function to D. And when the growth of an entire GBSP function with associate f is measured by order p = p(F) and type
T = T(F) which are defined as in analytic function theory by

loglog M, (F : logM,(F
p — limsup C2OZMAE) o qup 108MAE).
F—so0 logr F—so0 rp

where
M, (F) = sup{|F (x,y)| x4y < rz},

then p(F) = p(f) and T(F) = T(f). p
For an entire F, (1.3) does not give any clue as to the rate at which Ezzz (F;D) tends to zero. McCoy [1, p.467] has showed
that this rate depends on the order of GBSP F. Moreover, he proved that

2nl
— L

n—seo log[E,,1

] =p(F) (1.4)
7.(F)

where p (F) is the nonnegative real number if and only if, F is the restriction of an entire GBSP (analytic) function to D of order
p.
However, if GBSP F is an entire function of infinite order, then (1.4) fails to give satisfactory information about the rate of
pza
decrease of E; (F; D). The purpose of the present work is to refine the result of McCoy [1, p.467] by using the concept of

index of an entire function introduced by Sato [15, p.412] to the function of infinite order.
Thus, if

_ log) M,(F)
=1 —= v/
p(q) imsup ==
where logl”) M, (F) = M,(F) and logl¥! M,(F) = log(logl""!' M,(F)), then GBSP F is said to be of index-¢ if p(qg—1) = oo
while p(g) < oo. If GBSP F is of index-¢ we shall call p(q) the g-order of F. Analogous to lower order, the concept of lower
g-order can be introduced. Thus GBSP F, that is an entire function of index-g, is said to be lower g-order A(q) if

>2

4 =

logll M, (F
A(q):]iminfLM’qzz'
r—veo logr

2. Auxiliary results

In this section we shall prove some lemmas which will be useful in the sequel.

Lemma 2.1. Let f(z) = Y r_an2" be an entire function of index-q(> 2) and lower q-order A(q) and let v(r) denote the rank
of the maximum term W (r) for |z| = ri.e. u(r) = max,>o{|an|r"} and v(r) = max{n: pu(r) = |a,|r"}.
Then

logla—1] lq]
A(g) = liminf o8 v(r) — liminf —2 Hir)
r—eo logr r—yeo logr
Proof. The proof follows on the lines of Whittaker [16, Thm. 1] for ¢ = 2, so we omit the proof. O

Lemma 2.2. Let f(z) =Yg a,2" be an entire function of index-q(> 2) and lower q-order A(q) and let {n; } denote the range
of the step function v(r), then

lg—1]
A(q) = liminf 0%

reo log&(mii1)

where the & (ny) denote the jump points of v(r).
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Proof. For g = 2, the proof is due to Gray and Shah [17, Lemma 1]. O
1
Lemma 2.3. Let f(z) =Y., ax2"* be an entire function of index-q(> 2) and lower g-order A(q) such that @(k) = | ufﬁ | (1 =me)
forms an increasing function of k for k > k,; then
— ) logle—1l
A(q) = liminf "%+1 1 molog? i
k—seo og| s
Proof. For g = 2, the proof is due to Juneja and Kapoor [18]. So we omit the proof. O

Lemma 2.4. Let {n;} be an increasing sequence of positive integers and let {a,} be a sequence of complex numbers such that
lan, | <1 fork > k,; then for g > 2

1 [g—1] — 1 lg—1] -
hmlnfw Z liminf (nk ny 1)a0g ng_1 '
k—eo  log |ank ‘71 k—oo log| 1
Any,
Proof. The proof follows on the lines of Juneja [21, Lemma 2] for g = 2, so we omit the proof. ]

3. Main results

Theorem 3.1. For fixed p > 2, let the F € LP (D) be the restriction of an entire GBSP (analytic) function to D of index-q(> 2).
Then F is of g-order p(q) if and only if

. 2nlogn
p(q) zhmsupﬁ. (3.1)
n—eo 108 E§n<F>
Proof. The proof follows on the lines of [1, Thm. 2(i)], so we omit the details. O

However, the result corresponding to (3.1) does not always hold for the lower g-order. The following theorem is corre-
sponding to (3.1) for the lower g-order of a GBSP F.

Theorem 3.2. For fixed p > 2, let the F € LP (D) be the restriction of an entire GBSP (analytic) function to D of index q(> 2).
Then F is of lower g-order A(q) if and only if

I, logld= Uy,
A(q) = maxliminprnkl,
{m} ke —logEj (F)

where maximum is taken over all increasing sequence {ny} of natural numbers.

Proof. Let F € L?(D) be the restriction of an entire GBSP (analytic) function to D of index-¢(> 2) and lower g-order A(g).
Following Bernstein’s [19, p.176] and A.Giroux [20, p.52], it follows that for

&) < lf) < o2V

for any r > 1, where B(r) = max,cg, |f(z)| and S, with r > 1 denotes the closed interior of the ellipse with foci +1, with
half-major axis (2 + 1)/2r and half-minor axis (r> — 1)/2r. The closed disks D;(r) and D, (r) bound the ellipse 3, in the
sense that

2 2
rr—1 rr+l
D = ) £ — r&D =12 < :
()= {2l £ =1 € 8, D) = (el < =)
From above it follows that

-1 P41
<B(r)<M
) <B() < M(

M(

Consequently, (3.2) and (3.3) give for any sequence {n;} of positive integers that

Yforall r> 1. 3.3)

241

M
(2r

) > b, (f)r™ (34
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forany r >3 and k= 1,2,.... Now using the optimal approximates [1, eq.12]
y 1r
Ej(F) <w¥e (f),w=w(a,B,p:D)

in (3.4) we obtain

r2+1 =1 2,
M( 2 ) >w? Ey, r'. (3.5)
Now let
. 2mloglt Uy
1 f——=————— =n"({2 =n*. 3.6
e —logEfnk(F) m({2m}) = (36)

Since GBSP F is an entire function, (3.6) gives 0 < n* < co. First, let 0 < * < oo, then for

P lg—1] e
EL, (F) > [loght I ] 07
1
fork >k, = k,(€). Let ry = e(log[’ffz] n—1) @9 fork=1,2,3,... . If rp, <r <rgq1,k >k, then (3.5) gives
P41 » 1
logM( 7 ) > logEznk(F)—i—anlogr—;logw
1
> logEy, (F)+2nlogr — ” logw
> 2my
= Zexp[q_z](@)(n*_s)'
e
So
@y ' '
log"! M ( o ) > (N7 —¢)logre — (N —¢€)
> (n"—¢)logr—(n"—¢)
or
. log M, (F)
Alg) =1 f—=———~->n*
(9) = liminf == ===

which obviously holds for every increasing sequence {ny;} of positive integers, we have

Alq) > r&gn*({%k}) =n". (3.7)

Now for each n > 0 there exists a unique & € py, such that

If=poulp=65,(f),n=0,1,....

Further, since || p2s+1 — p2x| p is bounded above by 2e’2’n( f), we have by [20, p.42];

|P2ns1 — pan| < 265 (f)r*" ! (3.8)

for all z € 3, for any r > 1. Thus we can write

oo

f(2) = po(x)+ Y (P2i+1(2) — pailz))

i=0

and this series converges uniformly in any bounded domain of the complex plane. So, (3.8) gives

£ < o)l +2 L (!
i=0
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for any z € 3, and from the definition of B(r)
B(r) <A,+2 Z egi(f)rZiJrl.
i=0

So (3.3) gives

-1

M
(2r

)< A, 12Y ()R (3.9
i=0

Using the optimal approximate [1, eq.(13)]
P 1 i
ey, (f) <82 E5(F),6 =6(a,B,p: D)
in (3.9) we get

-1
2r

M(E=) <A, +2 Y STEL(F)A (3.10)
=0

-
1
Obviously, the function g(z) = Yoo E4 (F)87z*"*! is an entire function. Let {n;} denote the range of v(r) for this function.

1
Consider the function g(z) = Y17 Eé’nk (F)&»z2+1 Tt is easily seen that g(z) is also an entire function and that g(z) and (z)
have the same maximum term for every z. It follows that both have same lower g-order. If we denote this by 4,(g) then since
&(z) satisfies the hypothesis of Lemma 2.3, we have

2(ng —n_1)logl Uy

 liminf
Ao(g) =limin N (Efnkil(F))
88, ()
Y. loeld 1y,
< timing 2108 iy - G
k—oo flogEznk(F)
2miloglt
Smaxliminfw: o
k—reo _IOgEan(F)

Thus (3.10) and (3.11) give

r—1

M( ) <A, +2g(r)
< O(1) 4 2expl= (1 +¢)

for a sequence rq,7,,... — co. Hence, it gives that

Alg) <n™

which shows that the lower g-order of GBSP F does not exceed n**. Thus, if GBSP F is of lower g-order A(g), then (3.7)
shows that n** < A(g). If n** < A(g), then the above arguments show that GBSP F would be of lower g-order less than n**, a
contradiction. Thus, we must have n** = A(q). O

The following theorem depicts the influence of A(g) on the rate of decrease of E} (F).

Theorem 3.3. For fixed p > 2, let the F € LP(D) be the restriction of an entire GBSP (analytic) function to D of index q. Then,
F is of lower q-order A(q) if and only if

(ng—ng_1)logl U,
El’ (F) I

A(q) =maxy, ) liminf; . z

where maximum is taken over all increasing sequences {n;} of natural numbers.

Proof. In view of Lemma 2.3 and Lemma 2.4 with above arguments the proof is immediate. O
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