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MULTIPOINT SELFADJOINT QUASI-DIFFERENTIAL
OPERATORS FOR FIRST ORDER

RUKIYE OZTURK MERT, BULENT YILMAZ, AND ZAMEDDIN I. ISMAILOV

ABSTRACT. In the present paper, the aim is to described all selfadjoint ex-
tensions of the minimal operator generated by first order linear symmetric
multipoint quasi-differential operator expression in the direct sum of weighted
Hilbert spaces of vector-functions defined at the semi-infinite intervals by us-
ing the Calkin-Gorbachuk method. We have also examine the structure of the
spectrum of such extensions.

1. INTRODUCTION

The general theory of selfadjoint extensions of linear densely defined closed sym-
metric operator in any Hilbert space is mentioned for the first time in mathematical
literature in famous works of J. von Neumann [9] and M.H. Stone [11]. In math-
ematical literature there are the Glazman-Krein-Naimark and Calkin-Gorbachuk
methods (see[6,10]).

The scalar case of this theory has been studied by .M. Glazman, M.A. Naimark,
M.G. Krein, W.N. Everitt, L. Markus, A. Zettl, J. Sun, D. O’'Regan, R. Agarwal
[2-5, 8, 12] which is the motivation of this paper.

The main purpose of this paper is to generalized of mentioned above theory
to infinite dimensional case of considered problems by using Calkin-Gorbachuk
methods.

Here, the representation of all selfadjoint extension of the multipoint symmetric
quasi-differential operator, generated by first order symmetric quasi-differential op-
erator expression in the direct sum of weighted Hilbert spaces of vector-functions
defined at the semi-infinite intervals, in terms of abstract boundary values are
described. The structure of the spectrum of these selfadjoint extensions is also
investigated.
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First of all, it is better to note the views of A. Zettl’s and J. Sun’s [12] on this
area: A selfadjoint ordinary differential operator in Hilbert spaces is generated by
two things:

(1) A symmetric (formally selfadjoint) differential expression;
(2) A boundary condition which determined selfadjoint differential operators;

Given such a selfadjoint differential operator, a basic question is: What is its
spectrum?

2. STATEMENT OF THE PROBLEM

Let H be a separable Hilbert space and aj, az€ R. Also assume that a; :
ay x oo T
(—oo,al) - (07 OO), Qg (G/g’OO) - (0’ OO), —00 aii(a:) = o0, faz a;i(z) = 00,
a1 € C(—00,a1), as € C(ag, ).
In the Hilbert space
2 2
H= La1 (H7 (—OO, al)) D La2 (H7 (ag, OO))

of vector-functions on (—o0, ay) U (ag, 00), consider the following linear multi-point
differential operator expression for first order in the form

l(u) = (li(u1),l2(uz)),

where u = (u1, u2),

() = i(arur) + Ay,

l2(u2) = Z‘(O{QU;Q)I + Asuo
and for simplicity, we assume that A; and Ay are linear bounded selfadjoint oper-
ators in H.

The minimal Lig (L2g) and maximal Ly (L) operators associated with differ-
ential expression Iy (I3) in L2 (H,(—o0,a1)) (L2,(H, (az,00))) can be constructed,
by using the same technique in [7].

The operators Ly = Lig ® Log and L = L1 ® Lo in the Hilbert space H are
called minimal and maximal operators associated with differential expression (-)
respectively. It is clear that the operator L¢ is symmetric and L§ = L in H.
The minimal operator Ly is not maximal. Indeed, differential expression I(-) with
boundary condition (ayui)(a1) = (caausz)(az) generates a selfadjoint extension of
Lyg.

The main goal in the present study is to describe all selfadjoint extensions of the
minimal operator Ly in H in terms of boundary values and investigate the structure
of the spectrum of these extensions.

3. DESCRIPTION OF SELFADJOINT EXTENSIONS

In this section, we investigate the abstract representation of all selfadjoint ex-
tensions of the minimal operator Ly with the use of Calkin-Gorbachuk method in
terms of boundary values.

We first prove the following lemma which we will need.



966 RUKIYE OZTURK MERT, BULENT YILMAZ, AND ZAMEDDIN 1. ISMAILOV

Lemma 3.1. The deficiency indices of the operators L1y and Loy are in form
(m(L1o),n(L10)) = (dimH, 0),
(m(Lag),n(L2o)) = (0,dimH).
Proof. The general solutions of differential equations are as follows:
i) (1) £iuf () =0, t<a,

i(ooud) (t) £iuF (t) =0, t> ay,

where
ui (t) = al(t ( )fh t<ai, f1€H,
1 °° ds
ugt(t o) emp( ) fo, t>as, fo€H
respectively.

Then it is obtained that

|2 —/al ||u+<t>||2a<t>dt—/alex —2/t ds ) _dt ey
iz, (oo = [ Mt Wlgea(tjet = | erp ,Ooal(s) ay (t) "M

:/a;exp<‘2/tmcjfs)>d</t al())flllH Sl < .

By simple calculations, we also have that

uy (t) = f(t)exp (/_; (j&) fi ¢ L, (H, (=00, a1)).

Consequently, the deficiency indices of the operator L1y can be expressed in the
following form

(m(L10),n(L1o)) = (dimH,0).
In a similar way one can show that
(m(Lao),n(L2o)) = (0, dimH).
Therefore, this completes the proof of lemma. 0

From last assertion one can easily see that
m(Lo) = m(Llo) + m(LQO) =dimH
and
’n,(Lo) = n(Llo) + TL(LQ()) =dimH.
Consequently, the symmetric minimal operator Ly has a selfadjoint extension (see
[6]).
In order to describe the all selfadjoint extensions of the minimal operator Lg it
is needed to construct a space if boundary values for it.
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Definition 3.2. ([6])Let H be any Hilbert space and S : D(S) C H — H be a
closed densely defined symmetric operator on the Hilbert space having equal finite
or infinite deficiency indices. A triplet (9,74,72), where $ is a Hilbert space, v,
and 7, are linear mappings from D(S*) into 9, is called a space of boundary values
for the operator S, if for any f,g € D(S*)

(S*f.9)m — (f. 8" 9)m = (71(f):72(9)s — (va(f),71(9))s
while for any F, G € §), there exists a function f € D(S*) such that v, (f) = F and
72(f) =G.

It is known that for any symmetric operator with equal deficiency indices, we
have at least one space of boundary values (see [6]).

Theorem 3.3. The triplet (H,~,,75), where

Y1 :D(L) CH— H, ~(u)= %((Oflul)(al)—(azw)(@z)), u = (u1,uz) € D(L),

vy D(L) C H — H, y(u) = %<<a1u1><a1>+<a2u2><a2>>, w= (u1,uz) € D(L)

is a space of boundary values of the minimal operator Ly in H.

Proof. In this case, the following holds for any u = (u1,u2) and v = (v1, v2) from
D(L):

(Lu,v)p — (u, Lv)y
= (75(051%61)/ + A1U1701)L31(H,(—oo,a1)) + (i(aqu)/ + Apus, Uz)ng(H,(aQ,oo))
—(u1,i(arvr) + A1)z (B (~s0.a)) — (U2, i(va) + A2v2) L2 (H,(a2,50))
= i[((alul)/aUl)Lgl(H,(foo,al)) + (u1, (0411)1)/)L31(H,(700,a1))]
+i[((a2u2)laWZ)LgQ(H,(ag,oo)) + (us, (0427}2),)L§2(H,(a2,oo))]
= i[((a1u1) Q1V1) 2 (H,(~o0,m)) T (a1, (alvl),)Lil(H,(fomal))]
+i[((2us) a2v2)L?¥2(H7(a27oo)) + (aguq, (azvz)')L§2(H,(a2,m))]
= i[(aruy, alvl)/Lgl(H,(—oo,al)) + (azus, QQUQ)/L?XZ(H,(ag,oo))]
= i[((a1u1)(ar), (rv1)(a1)) i — ((2u2)(az), (a2v2)(a2)) H]

= (11(w),72(v)m — (v2(w), 11 (v))a-

Now let f1, fo € H. Let us find the function u = (u1,u2) € D(L) such that

1
¥1(u) = ﬁ((alul)(al) — (uz)(a2)) = f1

and
1

Yo(u) = W((Oflul)(al) + (2u2)(az)) = fa.
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From this we can obtain that
ifo+ f1 ifa— f1
() (a) = I agu)aa) = CRZD)

If we choose the functions wu;(-) and us(-) as

uy(t) = %(t)exp (/tal ozilis)) (@'102\;5]01)7 t<a,

it is clear that (uy,us) € D(L) and v, (u1) = f1, 72(u2) = f2 which complete the
proof. O

Using the Calkin-Gorbachuk method [6], we immediately obtain the following

Theorem 3.4. If L is a selfadjoint extension of the minimal operator Ly in H,
then it is generated by the differential operator expression | = (I1,ls) and boundary
condition

(auz)(az) = W(aiui)(a1),

where W : H — H is a unitary operator. Moreover, the unitary operator W in H
is determined uniquely by the extension L, i.e. L = Ly and vice versa.

Proof. Tt is known that all selfadjoint extensions of the minimal operator Ly are
described by the differential-operator expression | = (I1,ls) with boundary condi-
tion

(V= E)yi(w) +i(V + E)ys(u) = 0, u = (u1,u) € D(L),

where V' : H — H is a unitary operator. Therefore from Lemma 3.3, we obtain

! ((a1ur)(ar) — (azuz)(az))

(V—E)ﬁ

1
+i(V + E)——=((a1u1)(a1) + (auz)(az)) = 0.
( )z‘\/§<( 1u1)(a1) + (e2uz)(az))
Hence it is obtained that
(aguz)(az) = =V (aru)(ar).
Choosing W = —V in last boundary condition we have

(ouz)(az) = W(arui)(ar).
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4. SPECTRUM OF SELFADJOINT EXTENSIONS

In this section, we will investigate the structure of the spectrum of the selfadjoint
extension Ly, of the minimal operator Ly in H.

Now we can give the following result which deals with the point spectrum of the
operator Lyy.

Theorem 4.1. The point spectrum o,(Lw) of the selfadjoint extension Ly is
empty.

Proof. Consider the following eigenvalue problem
l(u) =M, u=(u1,u2) €H, AeR,
with boundary condition

(aou2)(az) = W(aqui)(ar).

Then we have
i(alul):(t) + Alul( ) = )\ul(t), t<ay,
’i(OéQUg) (t) + A2U2( ) )\UQ(t , T > ao,
(azuz)(az) = W(aqui)(as).

The general solution of these differential equations are as follows:

ul(t;)\):al(t)emp((Al—)\) tal #f’s)) >(\1), f)(\l)GH, t<a,

us(t; A) = a2(t)exp( (4= [y, azdigs)) Y, AV eH, t>a

It is clear that fil) # 0 and f§2) # 0 the functions u(-,\) ¢ L2 (H, (—00,a;)) and
u2('7 )‘) ¢ L?xz (H7 <a27 OO))

Consequently, for every unitary operator W in H, we obtain that o,(Lw) =
0. O

Later on, since the residual spectrum of any selfadjoint operator in any Hilbert
space is empty, then we study the continuous spectrum of the selfadjoint extensions
Lyy of the minimal operator Ly in H. From the general theory of linear selfadjoint
operators in Hilbert spaces it is well-known that

O'(Lw) Cc R.
One can immediately obtain the following.

Theorem 4.2. The continuous spectrum o.(Lw) of the selfadjoint extension Ly
in H coincides with R, i.e. o.(Ly) =R.
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Proof. For A € C, \; = ImA > 0 and f = (f1, fo) € H one can see that

t

IR\ 0 = e (iml m) [

ai

T . / dr
+a11(t) /exp (z(/h —)\E)/al( )) fi(s )ds||%31(H,(_oo7al))
t

e’} t
i dr
(A — \E) [ —— ds|)7-
t) / o (z( 2 )/ a2<r>) P8z, (. 0z 00

oo t
1 . dr 9
Z - 2 .
> HaQ(t) /exp (Z(AQ /\E)/ a2(T)) f2(5)ds||Lu2(H7(a27oo))

t s

The vector functions f*(¢; A) have the form

Ai =ImA >0, f € H belong to H. Indeed,

t

Jeap (i(AQ =

az

I =

(%)

( )
1
(%) (t)

az

ag az
1

= K”JCH%I < 00.

For such functions f*(A; - ), we have

IRA(Lw) f* (X5 )11,

as(s)

/000[2 exp ( (As — )\E)/ a:l(:) +i(Ay —

) FIlFdt

/ ds
cap (—mi / m(s)) ) £

az

ds

as(s)

2
) fds
LiQ(H’(aQ’OO))
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t t
1 dr dr
= ||——=exp | —IA +iA/
as(t) P /QQ(T) 2 ) as(r)
as az
oo S 2
1 dr
X ex —2/\Z-/ s)ds
| ce e
! a2 L2, (H (az,00))
t e’} S
1 dr 1 dr
= i -2\ | —— | ds||? 2
||Oé2(t)e$p /062(7') /a2(5)exp /OLQ(T) S||L(212(H,(a2,oo))||f||H
as t az

1 dr 9 9
mezp Ai/ag(r) ||L§2(H,(a2,oo))||f||H

[ee] t
1 1 dr
= | ——eap | —2xn [ L | ) f2
4g/aw>p ‘/%m 11
1
- Sl

Using the above inequality one can obtain the following
2
1
| > Hf”H _

Ry(L (A - = X)),
IR ) £ e = 5 = e (st
ie, for \; =ImA>0and f#0
[ By(Lw) O Dllre o 1

1 (Ast) [l 2N

On the other hand it is clear that
[ BA(Lw ) [~ (A5 )lIw
[ RA(Lw )| > - , f#0.
1= (X5 8)]l

Consequently, we have

1

1RA(Lw )| > TR for A\ e Cand A\; = ImA >0

which shows that every A, € R belong to continuous spectrum of the extension Ly .
This completes the proof. ([l

Note: In case when a3 = as = 1 the similar results have been obtained in [1].
Finally, we can provide an example for Theorem 4.2.

Example 4.3. All selfadjoint extensions L, of the minimal operator Lo generated
by multipoint differential expression

I(w) = (Li(u),la(ug)) = (i(tul)/(t,x) + zuy (t, ), i (" uo)(t, ) + zus(t, )
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in the direct sum L7((—o0,—1) x (0,1)) & L?((1,00) x (0,1)) written in terms of
boundary values are described the following boundary conditions are described

uz(1) = eui(—1), ¢ €0,2m).

Moreover, spectrum of such extension o(L,) = o.(L,) = R.
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