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ABSTRACT. In this article, we first presented some integral inequalities for

Gauss-Jacobi type quadrature formula involving generalized relative semi-

(r;m,p,q, h1, ha)-preinvex mappings. And then, a new identity concerning

(n+ 1)-differentiable mappings defined on m-invex set via Caputo k-fractional

derivatives is derived. By using the notion of generalized relative semi-(r; m, p, g,
h1, ha)-preinvexity and the obtained identity as an auxiliary result, some new

estimates with respect to Ostrowski type inequalities via Caputo k-fractional

derivatives are established. It is pointed out that some new special cases can

be deduced from main results of the article.

1. INTRODUCTION

The subsequent double inequality is known as Ostrowski inequality which gives
1

b
- a/a f(t)dt by

Theorem 1.1. Let f : I — R be a mapping differentiable on I° and let a,b € I°
with a < b. If | f' ()] < M for all x € [a,b], then

an upper bound for the approximation of the integral average

the value f(z) at point z € [a, b].

b o _ afb 2
! /f(t)dt <M((b—a) i+((l)_a2)2) , Yz € [a,b]. (1.1)

b—a

flz) =

Ostrowski inequality is playing a very important role in all the fields of math-
ematics, especially in the theory of approximations. Thus such inequalities were
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studied extensively by many researches and numerous generalizations, extensions
and variants of them for various kind of functions like bounded variation, synchro-
nous, Lipschitzian, monotonic, absolutely, continuous and n-times differentiable

mappings etc. appeared in a number of papers (see [[2]-[4], [TT]-[13], [15], [16], [18],
22, [23], [31], [32], [34], [37], [40], [42], [43], [49], [51], [60], [62], [64], [6G]]). In

recent years, one more dimension has been added to this studies, by introducing a
number of integral inequalities involving various fractional operators like Riemann-
Liouville, Erdelyi-Kober, Katugampola, conformable fractional integral operators
etc. by many authors (see [[I],[47],[52]-[58]]). Riemann-Liouville fractional integral
operators are the most central between these fractional operators. In numerical
analysis many quadrature rules have been established to approximate the definite

integrals (see [[14], [20], [36], [38], [39], [44], [48], [61], [63]]). Ostrowski inequal-

ity provides the bounds for many numerical quadrature rules. In recent decades
Ostrowski inequality is studied in fractional calculus point of view by many math-

ematicians (see [[6]-[10], [24]-[30], [35], [45], [50]]).

Let us recall some special functions and evoke some basic definitions as follows.

Definition 1.2. The Euler beta function is defined for a,b > 0 as
1
_ _ T'(a)T'(b)
b)y= [ t M1 —t)dt = 2.
R A R
Definition 1.3. For k € R* and z € C, the k-gamma function is defined by
nlk™(nk)% !

T'g(z) = lim 1.2
k:( ) "o (m)n,k ( )
Its integral representation is given by
Fk(a):/ o le= " gy (1.3)
0

One can note that
Tr(a+ k) = alk(a).
For k =1, (1.3)) gives integral representation of gamma function.

Definition 1.4. For k € R™ and z,y € C, the k-beta function with two parameters
x and y is defined as

1
Bule.y) = 1 / (1 -, (1.4)

For k =1, (1.4) gives integral representation of beta function.

Theorem 1.5. Let x,y > 0. Then for k-gamma and k-beta function the following
equality holds:
_ (@)L (y)

Bulwn) = £ L (15)
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Definition 1.6. [30] Let « > 0 and a ¢ {1,2,3,...}, n = [a] +1, f € C"[a, ] such
that f(™) exists and is continuous on [a,b]. The Caputo fractional derivatives of
order o are defined as follows:

@ (n)
‘Dayf(x) = F(nl— a)/a @ ft)cft)nﬂdt, z>a (1.6)
and
c o (71)”‘ b f(n)(t)
Dy f@) = Fn—a) /x i e <t (1.7)

If « =n € {1,2,3,...} and usual derivative of order n exists, then Caputo
fractional derivative (°D, f) (z) coincides with f(™(z). In particular we have

(“Dosf) () = (“D_f) (@) = f(x) (1.8)
where n = 1 and o = 0.

Definition 1.7. [19) Let & > 0,k > 1 and o ¢ {1,2,3,...}, n = [a] + 1, f €
C"[a,b]. The Caputo k-fractional derivatives of order « are defined as follows:

a 1 e (n)
Dy f(x) = Rl (n=2) /a (x_ft)z(t_)anm z>a (1.9)
and
—1)" b (n)
Dyt f(w) = kF,f (n)_ 5 /x G _fx)%(t_)wdt, z<b. (1.10)

Definition 1.8. [65] A set M, C R" is named as a relative convex (p-convex) set,
if and only if, there exists a function ¢ : R™ — R™ such that,

to(x) + (1 = t)p(y) € My, V 2,y € R" : o(x), p(y) € My,t €[0,1]. (1.11)

Definition 1.9. [65] A function f is named as a relative convex (p-convex) function
on a relative convex (p-convex) set M., if and only if, there exists a function
¢ : R™ — R" such that,

flto(@) + (1= )p(y)) < tf(e(@) + (1 =) f(e(y)), (1.12)
Va,yeR": p(x),ply) € My, tel0,1].

Definition 1.10. [I14] A non-negative function f: I CR — [0, 400) is said to be
P-function, if

[tz + (1 —t)y) < f(z)+ f(y), Yx,yel, te(0,1].

Definition 1.11. [5] A set K C R" is said to be invex respecting the mapping
n: Kx K —R" if z+1in(y,z) € K for every z,y € K and ¢ € [0,1].
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Definition 1.12. [36] Let h : [0,1] — R be a non-negative function and h # 0.
The function f on the invex set K is said to be h-preinvex with respect to n, if
fle+tn(y, ) <h(1—1)f()+ h(t)f(y) (1.13)
for each z,y € K and t € [0,1] where f(-) > 0.
Clearly, when putting h(¢) = ¢ in Definition / becomes a preinvex function

[46]. If the mapping 7(y,x) = y — = in Definition(1.12)), then the non-negative
function f reduces to h-convex mappings [63].

Definition 1.13. [61] Let f : K C R — R be a non-negative function, a function
f+ K — R is said to be a tgs-convex function on K if the inequality
A=tz +ty) <t(1=1)[f(2) + f(y)] (1.14)
grips for all z,y € K and t € (0,1).
Definition 1.14. [34] A function f: I C R — R is said to MT-convex functions,
if it is non-negative and V z,y € I and ¢t € (0, 1) satisfies the subsequent inequality:
Vit VI—t
tr+ (1 —-1)y) < + . 1.15
Stz (1= 1)) < 5o @) + 521 ) (1.15)

Definition 1.15. [39] A function: f: I C R — R is said to be m-MT-convex, if f
is positive and for V z,y€l, and t € (0,1), among m € [0, 1], satisfies the following

inequality
Vit my1—1
tr+m(l—1 < x)+
Definition 1.16. [45] Let K C R be an open m-invex set respecting 1 : K X K X
(0,1] — R and hq,hs : [0,1] — [0,+00). A function f : K — R is said to be
generalized (m, hy, ha)-preinvex functions with respect to 7, if
F(ma + tn(y.2.m)) < mha (6 (2) + ha(6)](9) (1.17)

is valid for all z,y € K and t € [0, 1], for some fixed m € (0, 1].

f). (1.16)

Let us recall the Gauss-Jacobi type quadrature formula as follows.

b +oo
/ (2= aP(b— )1 f(@)dz = 3 Braf (1) + Rl f: (1.18)
a k=0

for certain By, i, and rest R} |f], [59].

In [33], Liu obtained integral inequalities for P-function related to the left-hand
side of , and in [41], Ozdemir et al. also presented several integral inequalities
concerning the left-hand side of via some kinds of convexity.

Motivated by the above literatures, the main objective of this article is to
establish integral inequalities for the left side of Gauss-Jacobi type quadrature
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formula and some new estimates on Ostrowski type inequalities via Caputo k-
fractional derivatives associated with generalized relative semi-(r;m,p,q,h1,ha)-
preinvex mappings. It is pointed out that some new special cases will be deduced
from main results of the article.

2. MAIN RESULTS INVOLVING GAUSS-JACOBI TYPE QUADRATURE FORMULA
The following definitions will be used in this section.

Definition 2.1. [I7] A set K C R is named as m-invex with respect to the mapping
n: K x K — R" for some fixed m € (0,1], if ma + tn(y, mz) € K grips for each
z,y € K and any ¢ € [0, 1].

Remark 2.2. In Definition under certain conditions, the mapping 7n(y, mz)
could reduce to n(y, z). For example when m = 1, then the m-invex set degenerates
an invex set on K.

We next introduce generalized relative semi-(r; m, p, ¢, h1, he)-preinvex mappings.

Definition 2.3. Let K C R be an open m-invex set with respect to the mapping
n: K x K x(0,1] — R, hy,hs : [0,1] — [0,400) and ¢ : [ — K are continuous
functions. A mapping f : K — (0,400), is said to be generalized relative semi-
(r;m,p,q, h1, he)-preinvex, if

f(me(z) + tn(e(y), o(x),m)) < My(ha(t), ha(t);mf(2), f(y),p, q) (2.1)
holds for all z,y € I and ¢ € [0, 1], for p,q > —1 with some fixed m € (0, 1], where

1

[mBE )7 (@) + B0 ()] i £ 0;
Mr(hl(t)a h’2(t)7mf(w)7 f(y)apa q) =
h3(t)

[mf@)]" £ )]

is the weighted power mean of order r for positive numbers f(x) and f(y).

Remark 2.4. In Definition if we choose r =p = ¢ =1 and p(x) = z, then we
get Definition

Remark 2.5. For r = p = g = 1, let us discuss some special cases in Definition [2.3
as follows.

ifr =0,

(I) If taking hi(t) = (1 —1)%, ho(t) = t® for s € (0,1], then we get generalized
relative semi-(m, s)— Breckner-preinvex mappings.

(IT) If taking hi(t) = ho(t) = 1, then we get generalized relative semi-(m, P)-
preinvex mappings.

(III) If taking hqi(t) = (1 —¢)~%, ha(t) =t~ ° for s € (0, 1], then we get generalized
relative semi-(m, s)-Godunova-Levin-Dragomir-preinvex mappings.

(IV) If taking hy(t) = h(1 —t), ha(t) = h(t), then we get generalized relative semi-
(m, h)-preinvex mappings.



978 ARTION KASHURT AND ROZANA LIKO
(V) If taking hq (t) = ha(t) = t(1—t), then we get generalized relative semi-(m, tgs)-

preinvex mappings.
V31—t t
(VI) If taking hy(t) = ———, ha(t) = L, then we get generalized relative
2/t 21—t

semi-m-MT-preinvex mappings.

It is worth to mention here that to the best of our knowledge all the special cases
discussed above are new in the literature.

We claim the following integral identity.

Lemma 2.6. Let ¢ : I — K be a continuous function. Assume that f : K =
[me(a), mp(a)+n(p(d), p(a),m)] — R is a continuous function on K° with respect
ton: K x K x(0,1] — R, for n(vx(b), v(a),m) > 0. Then for some fixzed m € (0, 1]
and p,q > 0, we have

mep(a)+n(e(d),p(a),m)
/ (x — mip(a))(mip(a) + n((b), p(a), m) — 2)7 (x)dx

1p(a)
1
= nﬁq“@(b),cp(a),m)/o tP(1 =) f(mep(a) + tn(e(b), ¢(a), m))dt.

Proof. 1t is easy to observe that

mip(a)+n((b),p(a)m)
/ (& — mp(a))?(mp(a) + n((b), (a), m) — )7 (z)dx

mep(a)
= n(w(b)vw(a)vm)/o (mep(a) + tn(p(b), p(a), m) —mep(a))?

x (mp(a) +n(p(b), p(a), m) —mep(a) —tn(e(d), p(a), m))?
x f(mp(a) +tn(p(b), p(a),m))dt

1
= 1P (D), p(a),m) / t7(1 =) f(mep(a) + tn(e(b), ¢(a), m))dt.
0
This completes the proof of the lemma. O
With the help of Lemma we have the following results.

Theorem 2.7. Suppose hy,hs : [0,1] — [0,400) and ¢ : I — K are continuous

functions. Assume that f : K = [mp(a), me(a) + n(e(d), ¢(a),m)] — (0, +00)

is a continuous function on K° with respect to n : K x K x (0,1] — R, for

n(pd),p(a),m) > 0. Let k > 1 and 0 < r < 1. If f% is generalized relative

semi-(r;m, P, q, h1, ha)-preinvex mappings on an open m-invez set K for some fized
€ (0,1], where p,q > —1, then for any fixed p,q > 0, we have

me(a)+n(e(d),¢(a),m)
/ (z — mep(a))”(me(a) +n(e(b), p(a), m) — 2)? f(z)dz

mp(a)
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< P (o(b), p(a), m)BF (kp + 1, kg + 1)
k—1

X[ mf (@)W (ha (0):7,5) + £ ()0 (ha(imd)|

where
7

U(hy(t);r,D) /if()d7 U(hsa(t);r,q) /h()d

Proof. Letk > 1and 0 < r < 1. Since fki—'1 is generalized relative semi-(r; m, P, q, hi, ho)-
preinvex mappings on K, combining with Lemma[2.6] Holder inequality, Minkowski
inequality and property of the modulus for all ¢ € [0, 1] and for some fixed m € (0, 1],

we get

S sl

mep(a)+n(e(d),e(a),m)
/ (x — mip(a) (mep(a) + n((b), o(a), m) — 2)0f(z)da

np(a)

< P (o(b), ola), m) [ / (1 ’“fdt]

k 1

[ [ 575 ) + e, ), mopa
0

<P (p(b), la), m)BE (kp + 1k +1)
x [ | [t @ + 13w o) dt]

< Pt (p(b), p(a), m)BE (kp + 1, kg + 1)
k—1

5 T 1 7 T rk
{(/ wrf s @a) + ([ roroe) }
= 7 (p(b), (@), m)BE (kp + 1, kg + 1)
x| mf (@) ()7 B) + £ O (ha(8)im )|
So, the proof of this theorem is completed. O

We point out some special cases of Theorem [2.7]

Corollary 2.8. In Theorem|[2.7 forr =P =q =1 and hy(t) = h(1 — t), ha(t) =
h(t), we have the following inequality for generalized relative semi-(m, h)-preinver

mappings

me(a)+n(e(b),¢(a),m)
/ (z — mp(a))”(me(a) +n(e(b), ¢(a), m) — x)? f(z)dz

me(a)

< P (p(b), pla). ) (kp-+ 1 kg + 1)U (B(1):1,1) [m f 75T (a) + 1745 ()]
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Corollary 2.9. In Theorem[2.7] forr =P =7 =1 and hi(t) = (1 — t)*, ha(t) =
t*, we have the following inequality for generalized relative semi-(m, s)-Breckner-
preinver mappings

mp(a)+n(p(b),p(a),m)
/ (& = mp(@)P (mp(a) + (e (0). o(a), ) — )7 (@)

mp(a)

< P (o(b), p(a), m)BE (kp + 1, kq + 1)

mfkl _|_f7c1
s+1
)"

Corollary 2.10. In Theorem.for r=p=qg=1and hi(t) = (1 —1¢)~%, ha(t) =
t=%, we get the following inequality for genemlzzed relative semi- ( ,8)- Godunova—
Levin-Dragomir preinvex mappings

/mw(a)ﬂ(w(b)’w(a),m)

“ (z —mp(a))” (me(a) +nlp(b), ¢(a),m) — z)? f(z)dz

kE—1

< P (), p(a), m)BE (kp+ 1, kg + 1) | = I L )] .

1—s

Corollary 2.11. In Theorem[2.7 forr = p=q =1 and hi(t) = ha(t) = t(1 — t),
we obtain the following inequality for generalized relative semi-(m,tgs)-preinver
mappings

me(a)+n(e(b),¢(a),m)
/ (z — mp(a))”(me(a) +n(e(b), ¢(a), m) — x)? f(z)dz

m(a)
ke k =
< o(0) la) m)BE p + 1,g 4+ 1) LS (b)] |
Vv1—t
Corollary 2.12. In Theoremfor r=p=qg=1and hy(t) = WA ha(t) =

Vit
2v1I =t

preinver mappings

we deduce the following inequality for generalized relative semi-m-MT -

me(a)+n(e(d),¢(a),m)
/ “ (z — mp(a))”(me(a) +n(e(b), ¢(a), m) — x)? f(z)dz

< (5) 7 o), ela), m)st (kp + 1, kg + 1) [mf = (a) + 7555 ()]

k—1

k

Theorem 2.13. Suppose hy,hs : [0,1] — [0,4+00) and ¢ : [ — K are continuous
functions. Assume that f : K = [my(a), me(a) + n(e(d), ¢(a),m)] — (0, +00)
is a continuous function on K° with respect to n : K x K x (0,1] — R, for
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n(p(b),o(a),m) > 0. Let 1 > 1 and 0 < v < 1. If f' is generalized relative semi-
(r;m, D, q, h1, ha)-preinvex mappings on an open m-invex set K for some fized m €
(0,1], where p,q > —1, then for any fized p,q > 0, we have

me(a)+n(e(b),¢(a),m)
/ (z — mp(a))”(me(a) +n(e(b), ¢(a), m) — x)? f(z)dz

mep(a)
=1
1

< Pt (p(b), p(a), )BT (p+1,q+1)

X I:mfrl(a)lr(hl (t)7 ™D, qaﬁ) + frl(b)ly(h2<t)7 D, Q7q>:| )
where

I(h‘l(t)’ D, Q7T)) = /0 tp(l - t)th (t)dt7 I(hg(t), r,p, q,q) = ‘/0 tp(l — t)qh

Proof. Letl > 1and 0 < r < 1. Since f! is generalized relative semi-(r; m, B, q, h1, ho)-
preinvex mappings on K, combining with Lemma [2:6] the well-known power mean
inequality, Minkowski inequality and property of the modulus for all ¢ € [0,1] and
for some fixed m € (0, 1], we get

me(a)+n(p(b),p(a),m)
/ (&~ mp(@)P (mp(a) + (e (B). (), m) - 2)7f(a)do

mep(a)
-1 1
1

= pl0).ola)m) | ea-n] T [ra- o]
% (mip(a) + tn(p(b), (a), m)de

1
/ tP(1 — t)%lt]
0

x / (1 — 1)1 fmp(a) + tn(p(b), pla),m))dt
0

-1
1

< P ((b), p(a), m)

~=

-1

<P p(b),0(a), m)BT (p+1,q+1)

x /0 L by AT (6) @) + B3 (6) 17 (0)] "t

~l=

< [n(e(b), p(a), m)[PHH BT (p+ 1, + 1)

x{ < 01 mir(1— t)th(t)fl(a)dt>r + </01 (1 — t)th (t)fl(b)dt>r }

-1

=Pt (o(b), p(a),m)B T (p+1,q+1)

X [mf”(a)fr(hl(t); 7P, B) + (O (ha(t); 7, p, q,ﬁ)]
So, the proof of this theorem is completed. O

3=

r

L
i
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Let us discuss some special cases of Theorem

Corollary 2.14. In Theorem[2.13 forr =D =g =1 and hi(t) = h(1 — 1), hao(t) =

h(t), we have the following inequality for generalized relative semi-(m, h)-preinvex
mappings

me(a)+n(p(b),¢(a),m)

/ (@ —mep(a))? (mp(a) +n(e(b), p(a),m) — x)* f(z)dz

mep(a)

-1

<P ((b), (a), m)BT (p+1,q+1)

~l=

x[m s (@ 1(h(t);1,p,0,1) + F{OI(0(E): 1,09, 1)]

Corollary 2.15. In Theorem[2.13 forr =p=q=1 and hi(t) = (1 —t)*, hao(t) =
t*, we have the following inequality for generalized relative semi-(m, s)-Breckner-
preinver mappings

(z —mp(a))” (me(a) +n(e(b), p(a),m) — ) f(x)dz

-1

< 77p+q+1(90(b)7 p(a),m)B ™ (p+1,q+1)

/mw(a)Jrn(w(b),w(a)’m)

me(a)

o~

x [mfl @B+ La+s+ 1)+ F0)8@+ Lp+s+1)]

Corollary 2.16. In Theoremforr =p=qg=1and hi(t) = (1—t)"°, ha(t) =
t~%, we get the following inequality for generalized relative semi-(m, s)-Godunova-
Levin-Dragomir preinvex mappings

mep(a)+n(e(d),e(a),m)
/ (x — mip(a)?(mip(a) + n((b), p(a), m) — 2)7 (x)dx

me(a)
1—1

< Pt (), p(a),m)B T (p+1,q+1)

x [mfi(@)Bp+1,0—s+1)+ [ BB+ 1Lp-s+1)] .
Corollary 2.17. In Theorem[2.15 forr =p=q=1 and hy(t) = ho(t) = t(1 — t),

we obtain the following inequality for generalized relative semi-(m,tgs)-preinvex
mappings

~l=

mep(a)+n(o(b).p(a),m)
/ (x — mp(a))? (mp(a) +n(p(b), p(a), m) — )1 f(x)dx

mp(a)

~l=

-1 1
l

< P (o), p(a),m)B T (p+1,q+ 1)BT (p+2,q + 2) mfl(a)Jrfl(b)} :
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v1i-t
Corollary 2.18. In Theorem|(2.15 forr =D =G=1 and h1(t) = ———, ha(t) =

Vit
, we deduce the following inequality for generalized relative semi-m-MT -
ST f g inequality for g

preinver mappings
/mw(a)+n(w(b)7<p(a)7M)

“ (z —mep(a))?(mp(a) +n(p(b), p(a),m) — 2)? f(x)dx

-1

< G) T P (p(b), p(a), m)BT (p+ 1,9+ 1)

1
T
X

mf'(a)B (p+ %,q - ;) + fH(b)B <q+ %,p+ 2)

3. OTHER RESULTS INVOLVING CAPUTO k-FRACTIONAL DERIVATIVES

For establishing our main results regarding some new Ostrowski type integral
inequalities associated with generalized relative semi-(r;m, p, g, h1, ho)-preinvexity
via Caputo k-fractional derivatives, we need the following lemma.

Lemma 3.1. Leta>0,k>1anda ¢ {1,2,3,...}, n = [a]+1. Also, let ¢ : [ —
K be a continuous function. Suppose K C R be an open m-invex subset with respect
ton: K x K x(0,1] — R for some fited m € (0,1]. Assume that f : K — R
is a function on K° such that f € C" mep(a), mp(a) + n(e(b), p(a),m)], where
n(e(b), p(a),m) > 0. Then we have the following equality for Caputo k-fractional
derivatives:
1"k (p(@), p(a), m) [ (me(a) + n(p(@), p(a),m))

n(p(b), p(a), m)
1" % (p(2), p(b), m) f ) (mep(b) +n(p(2), p(b), m))

(e (b), ¢(a), m)

+(_1)7L+1 (nk - Ol)Fk (TL - %)

n(p(b), p(a), m)

c o,k c o,k

D@y tnio@).pay.my) L (19(@) = D i) snto(a) o(v).my)~ T (Me(b))

_ nn7%+1(§0(1’)7¢(a)7m) ! n=% £(n+1) (1 H(a T a),m
— n(e(b), p(a),m) /0 t"TE fT ) (mp(a) + tn(e(z), p(a), m))dt
N~ E T (p(z), ¢(b), m)

T (o), (@) m) /0tn_%f(nﬂ)(m@(b)+tn(<ﬁ($)7<ﬁ(b),m))dt. (3.1)

We denote

X

If’TI#P(x; «, kv n,m,a, b)

1"~ E (p(2), p(a), m)

= lelb). pla), m) /ot"_%f("“)(mv(a)+tn<¢<m>,w<a>,m>>dt
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0" (), o(b), m)

T ale(0), o(a), m) /0tn_%f(nﬂ)(m@(b)+7577(<P($)7<P(b),m))dt. (3.2)

Proof. Integrating by parts, we get

0"k p(x), p(a), m)
n((b), p(a), m)

It (@ o, k,n,m,a,b) =

1

R mepa) + (), (@), m)
n(e(z), ¢(a),m)

— n—g 1 n=$=1£0) (mola . 2. m
n(p(x ,go(a),m)/o t [ (mep(a) + tn(e(x), ¢(a), ))dt]
_W”f%ﬂ(@(w),(p(b),m)

n(e(d), p(a), m)
[ £ (mep(b) + (@), o(b), m)) !
n(e(x), ¢(b), m) .
n—% Lnsa ") (1 . .
n(w(x),sﬁ(b),m)/ot 7 (mep(b) + tn((z), (), ))dt]
— nni%((p(‘r)’ @(a)v m)f(n) (m@(a) + U(@(:E)a (p(a)a m))

+ -1 n+1
) G®), pla),m)
c oLk c o,k
x { Do) tn(eote),eay,my)—F (M) = “DiEo ) sntote),om),m)—F (m@"(b))}'
This completes the proof of the lemma. O

Using Lemma [3.1] we now state the following theorems for the corresponding
version for power of (n + 1)-derivative.

Theorem 3.2. Leta>0,k>1,0<r<1,p;,p2>—-1anda ¢ {1,2,3,...}, n=
[a]+1. Suppose hy, ha : [0,1] — [0, +00) and ¢ : I — K are continuous functions.
Suppose K C R be an open m-invex subset with respect ton : K x K x (0,1] — R
for some fized m € (0,1]. Assume that f : K — (0,400) is a function on K°
(the interior of K) such that f € C" T me(a), me(a) + n(p(b), p(a),m)], where
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n(e(b), p(a),m) > 0. If (f("“))q is generalized relative semi-(r;m,p1,pa, b1, ha)-
preinvexr mappings, ¢ > 1, p~t 4+ q~! = 1, then the following inequality for Caputo
k-fractional derivatives holds:

1
p
1
1

1
.m0 (@30 k1m0, 0)| < (p (n—2)+ 1) n(p(b), p(a), m)

x{m(sa(w), ela), )"~ 4 m (£ 0 @) 1 (07, p0)+ (140 @) (a0 p2)|

1

(@), (), m)"E m (10 ®) 1 (057, p0)+ (£ @) (a0, 2)] }

(3.3)
where

1 p;
I(hi(t);r, pi) :=/ h; (t)dt, Vi =1,2.
0

Proof. Suppose that ¢ > 1 and 0 < 7 < 1. From Lemma [3.I] generalized relative
semi-(7;m, p1, P2, h1, ha)-preinvexity of ( f (”‘H))q , Holder inequality, Minkowski in-
equality and properties of the modulus, we have

|If77 @(z;a7k7namaa7b)|

_ In(e(@), p(a),m)"~FH

/0 2 |f(n+1)(m(p(a) + tn(e(x), ¢(a),m))|dt

n(e(®), o(a), m)]
n(ﬁ()( )(bif( >)|n_>|k+ / R [FOD (mip() + tn(p (@), p(b),m))di

ela), a0 (11 NP
(¢ (b), p(a),m) (/0 t dt)

“(f (1 mp(a) + (el ol m)) i)’

@) p®)m)E (e
(), o(a), m) (/t dt)

IN

1
q

x (/01 (f(”“)(mw(b) +tn(s0(w),<p(b)7m))>th>

nlele). el E (g
< ey — (, #0Pa)

([ e (50 @) o (500 @) "] )

Q=
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(e (@), p(b), m)|"~ &
L In “’n(@(f),ga(a),m) ( dt)
x (/01 [mhﬁn(t) (f("+1)(b)) -t ( foen( ) F >

 In(e(@). pla),m >"k“( p(n-g dt)

n(e(b), p(a),m)
x{(/olmi (f(n+1)(a)) hrl()dt) +</ ( ) qh;Tz > }q

(=)
In(e(e), @(b), m)[~ &+
ST OREARTY ( dt)

x{(/Olmi(f<n+1><b>)qh*<>dt)r+(/ (£ @) i )}

T

L
rq

1
T

x{m«o(z), @), m)"=E [m (050 (@)) T (857, p0)+ (£ @) (a8 p2)]

& ra T n rd T qu
Hn(e(@), e ®)m)*~F 2 [m (F0E) I (@5 p0)+ (£ @) (e () p0)| }
So, the proof of this theorem is completed. O

We point out some special cases of Theorem

Corollary 3.3. In Theorem[3.9 for hy(t) = ha(t) = h(t), p1 =po=m=k =1 =
L n(e(y), ¢(x),m) = ¢(y) — me(2), p(z) =z, Vo € I and f"T) < K, we get the
following inequality for Caputo fractional derivatives:

S Py

1

< 2K (/01 h(t)dt> ' l(m - a)niwg j(gb - I)naﬂl . (34)
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Corollary 3.4. In Theorem|[3.9 for hyi(t) = h(1 —t) and ha(t) = h(t), we have the
following inequality for generalized relative semi-(r;m, p1, p2, h)-preinvex mappings

1 ’ 1
I ;o k,n,m,a,b)| < =
Hamel ) <p(n—k)+1> @), 9@, m)

X{In(w(w% c(@.m) 4 (£ @) I i)+ (£ @) T (o))

1

rq

(o), ob), m) "~ 4 [ (10 ®) 1 (=057, (10 @)) B0, p2)]
(3.5)

Corollary 3.5. In Theorem for hi(t) = (1 = t)%, hao(t) = t°, we have the
following inequality for generalized relative semi-(r;m,py,pa, s)-Breckner-preinvex
mappings

1 B 1
I o, k,n,m,a,b)| < =
el ) <p(n—k)+1> @), 9@, m)

X{|77(<P($)7 <P(a)7m)|n7%+1 [m (f(nﬂ)(a))rq <r +Tsp1)r+(f(n+1)(z)>rq <7‘ —i—rspz)r

+|"(¢(x)’w<b)’m)"_g“[m(f‘"“)(w)m( Y () (= ”

r+ spy T+ spa
(3.6)

1
rq

}.

| IS

5
n""

Corollary 3.6. In Theorem [3.3 for hi(t) = (1 —t)7%, ha(t) = t=°, we have the
following inequality for generalized relative semi-(r;m,p1,p2,s)-Godunova-Levin-
Dragomir-preinver mappings

1 B 1
I o, k,n,m,a,b)| < —
rmel ) <p(n—k)+1> 20, o), m)

X{M(w(x)’@(a)’m)'n%I[m(f(”*l’(a))m( - >T+(f(”+1>(x)>rq< ’ )

T —sp1 T — sp2

+n(e(z), (b)), m)\n7%+1 lm (f(nﬂ)(b))w (r —T8p1>r+(f(n+1)(x))w (r —TSPQ)T]
(3.7

L1
rq

}.

_

5
»:""
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Corollary 3.7. In Theorem|[3.9 for hy(t) = ha(t) = t(1 —t), we have the following
inequality for generalized relative semi-(r;m,p1,p2,tgs)-preinvex mappings

1 v 1
I o, k,n,m,a,b)| < =
rmel ) <p(n—k)+1> 1), (@), m)

x{nwm, pla), m)[" [m (£ @) o (21, 2 1)

L
rq

()T (B

+n(e(x), p(b),m)["~E lm (f("“)(b))m gr (&1 b1,y 1)

T r
1
rq 4
+ (@) (% +1,2 4 1) } (3.8)
v1i—-t t
Corollary 3.8. In Theorem|3.4 for hy(t) = Vi

—_— t) = we have the
2\/% ) 2() 9 /71 —t’
following inequality for generalized relative semi-(r;m,p1,p2)-MT-preinvex map-
pings

1
P

1 1
p(n—2)+1) nle),p(a),m)

x{m«a(x), pla),m)[" [m (frv@)" (3) 8 (- R+ 1)

(@) (3) o (-5 )

It no(x; 0, k,n,m,a,b)] < (

2r’ 2
Hal@), o(6), )" # 1 lm (@) (5) pr (1- R+ )
e () 0-ge)] ) e

Theorem 3.9. Leta>0,k>1,0<r<1,p;,p2>-1anda ¢ {1,2,3,...}, n=
[a]4+1. Suppose hy, hy : [0,1] — [0, +00) and ¢ : I — K are continuous functions.
Suppose K C R be an open m-invex subset with respect ton : K x K x (0,1] — R
for some fized m € (0,1]. Assume that f : K — (0,400) is a function on K°
(the interior of K) such that f € C" Y [me(a), me(a) + n(p(b), p(a),m)], where
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n(e(b), p(a),m) > 0. If (f("“))q is generalized relative semi-(r;m,p1,pa, b1, ha)-
preinver mappings, q > 1, then the following inequality for Caputo k-fractional
derivatives holds:

1 1

1 q
n—2o4 1) (e (b), p(a),m)

I o, k,n,m,a,b)| <
fme

x{ln«a(w, ), m)"=E [ (1040 (@)) " (ha (8)s 7, )

1

+ (1 0@) 1 a0k )]

(@), p(6),m) "= E m (£ ®)) 1 (a8, 0 k1)

+ (f(”Jrl) (x))rq I"(ho(t);r, o, k, n,pg)} £ }, (3.10)

where

1
I(ha(t);, @, b pi) = / = E R (), Vi=1,2.
0

Proof. Suppose that ¢ > 1 and 0 < r < 1. From Lemma [3.I] generalized rela-
tive semi-(r;m, p1, P2, h1, ha)-preinvexity of (f("+1))q , the well-known power mean
inequality, Minkowski inequality and properties of the modulus, we have

|Ifn¢(x;a,k,n,m,a,b)|

/0 " E ] 10D (mep(a) + t(p(x), p(a), m))|dt

< In(e(@), p(a),m)"~F*

(e (b), p(a), m)]

In(p(x), p(b), m)|" &+ n—%| £(n+1) (), T m
B /Ot £ (mip(b) + tn(p(e) o (b), m)) dt

< In(wéa(::(f)( )( ));)““ (/Olt"‘idt) ;

([ (5D mat@) + ot plar.m)

(@), p(b),m)["~F 4/t N
), wla),m) (/t dt)

1
a

1
q

— (e(d), ela ) m)
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1 rq s n a5y ‘
([ emw [ (£00@) "+ (5040@) ] )

[n(e(x), p(b),m)[* &+t a
o), e(a), m) (/t dt)

1
a

X </0 A [mhzfl (1) (f("Jrl)(b)) + hB2(t) (f(nJrl)(x)) }Tdt)

In(e(x), p(a), m)|"~ &+t 1 - 1-1
= n(p(b), p(a),m) (/Ot dt>

X{ </olmi (f(nJrl)(a))qt”‘%hfTl (t)dt>T+(/01 (f(n+1)(x))qt”—‘éh;3(t)dt>r}

In(@), o), m)PE+ (L NI
(), pla),m) (/t dt)

1
rq

1

X{ (/olmi (s ow) e ny (t)dt)l( / 1 (f(n+1)(x))qt”—%h;"‘2(t)dt)r }

x{m«o(m), ela), )"~ [ (£ 0 @) 1 (ha (07 0, k0, 1)

4 (£ @) " 1 (halt)er ok n,p)]

(@), (), m)"E i (1D 0)) 1 (b (87, 0,k 1)

rq %q
+ (f("“)(x)) I"(ha(t);r, k,n,pz)} }
So, the proof of this theorem is completed. O

We point out some special cases of Theorem

Corollary 3.10. In Theorem[3.9 for hi(t) = ho(t) = h(t),pr =po=m =k =1 =
L, n(e(y), o(x),m) = ¢(y) — mp(z), p(z) =z, Yz € I and fOT) < K, we get the
following inequality for Caputo fractional derivatives:

| [(w —a)" " (@ - b)"‘“] FO (@)~ Lot 1) (D2 1)~ D3_s )] ‘
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1_% 1 _ n—a+1 _ n—a+1
K<1) Iq(h(t);l,a,k,n,l)[(z @) +(b—2)

Q=

<2
- n—a+1 b-a

(3.11)

Corollary 3.11. In Theorem[3.9 for hi(t) = h(1—t) and ha(t) = h(t), we have the
following inequality for generalized relative semi-(r;m, p1, pe, h)-preinvex mappings

1 >1 1
n—241 n(e(b), p(a), m)

|If7777§9(x; «, k? n,m,a, b)l S (

x{m«o(x), ela)m)"= 55 [ (1040 (@)) (b1 = 8570k 1)

1

I"(h(t);r, o, k,n,pg)} rq

rq

+ (@)

(@), 0 (0), )" E i (0D (0) (1= )57, k)

}. (3.12)

Corollary 3.12. In Theorem [3.9 for hi(t) = (1 —t)*, ho(t) = t*, we have the
following inequality for generalized relative semi-(r;m, p1,p2, s)-Breckner-preinvex
mappings

2=

+ (£ @) 1 (s 00k )|

1

K] 1
> n(e(b), p(a),m)

X{In(so(w),w(a) )[R [m F ) (a) ) (n -+ @ + 1)

(
f<n+1> ( 1)

+Hin(p(x), @(b),m)|"F lm (f<n+1>(b)>“75 (”_E“ @H)

+ (f(nﬂ)(as))m <n+p21_+1> } (3.13)

Corollary 3.13. In Theoremfor hi(t) = (1 —t)7%, hao(t) = t~*°, we have the
following inequality for generalized relative semi-(r;m,p1,p2,s)-Godunova-Levin-
Dragomir-preinver mappings

|Ijn¢(xaknmab|§(

?r\p —

n —

w\ss
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n —

~a 1
) n(e(d), ¢(a),m)

) (o= o1 2)

1
q

|If77¢,(acak:nmab|§(

MQ —

X{n(w(x), pla),m)["~E [m (
f(n+1) (
L GORORD s [m (s 5 (n - T 11 - )

+ (f(nﬂ)(:c))m <n_21_%+1> q} (3.14)

Corollary 3.14. In Theorem[3.9 for hi(t) = ha(t) = t(1—t), we have the following
inequality for generalized relative semi-(r; m,py, pa, tgs)-preinver mappings

T
n—gm—‘z—kl)

1 )1 Z 1
n— 241 n(e(b), p(a),m)

x{m«o(x), pla),m)|"~ E+ [m (@) 7 (2= T, 2 1)

|If"'77<P(x; «, k7 n,m,a, b)| S (

1

q

+ (@) B (n+ Bt Bay

n(p(a), o(b),m)|E ! [m (£ @) 5 (nr 2= S 41,2 40)

k
-
) () g (g P2 P2 '
+ (f (x)) 3 (n—|— 2 _c 41 +1) } (3.15)
v1—-1 t
Corollary 3.15. In Theoremfor hi(t) = ———, hao(t) = L, we have the
2/t 2v/1—1

following inequality for generalized relative semi-(r;m, py,ps)-MT-preinvex map-
pings

n —

1-1 1
1) n(e(d), p(a), m)

& a N P1
A - | —)
) p (n F oo Tt

1
|]f,n,<p(x;a7k,n,m,a,b)| S ( o
k
rq

_|_
1
2

x{|n<go<m>,sa<a>,m>|”—%“[ (£ (@)
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L

)" () oo

Hn(ip(e), o(0) m) [m (rrvw)” (5) 7 (- f-Brr1e )

+ (f(”Jrl)(m))rq (;)pz B" (n + g—i - % +1,1— ‘Zi)] : } (3.16)

Remark 3.16. For k = 1, by our Theorems [3.2]and [3.9] we can get some new special
Ostrowski type inequalities associated with generalized relative semi-(r; m, p1, pa, b1, ha)-
preinvex mappings via Caputo fractional derivatives of order .

Remark 3.17. Also, applying our Theorems and we can deduce some
new inequalities using special means associated with generalized relative semi-
(r;m, p1, p2, h1, he)-preinvex mappings.

4. CONCLUSIONS

In this article, we first presented some integral inequalities for Gauss-Jacobi type
quadrature formula involving generalized relative semi-(r;m,p, q, h1, ho)-preinvex
mappings. And then, a new identity concerning (n + 1)-differentiable mappings
defined on m-invex set via Caputo k-fractional derivatives is derived. By using the
notion of generalized relative semi-(r;m,p, q, h1, he)-preinvexity and the obtained
identity as an auxiliary result, some new estimates with respect to Ostrowski type
inequalities via Caputo k-fractional derivatives are established. It is pointed out
that some new special cases are deduced from main results of the article. Motivated
by this new interesting class of generalized relative semi-(r; m, p, g, h1, hg)-preinvex
mappings we can indeed see to be vital for fellow researchers and scientists working
in the same domain. We conclude that our methods considered here may be a
stimulant for further investigations concerning Ostrowski, Hermite-Hadamard and
Simpson type integral inequalities for various kinds of preinvex functions involving
local fractional integrals, fractional integral operators, Caputo k-fractional deriv-
atives, g-calculus, (p,q)-calculus, time scale calculus and conformable fractional
integrals.
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