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Abstract

The following general question is considered by A.V. Arhangel’skii [Perfect mappings in
topological groups, cross-complementary subsets and quotients, Comment. Math. Univ.
Carolin. 2003]. Suppose that G is a topological group, and F, M are subspaces of G such
that G = MF. Under these general assumptions, how are the properties of F and M
related to the properties of G? Also, A.V. Arhangel’skii and M. Tkachenko [Topological
Groups and Related Structures, Atlantis Press, World Sci., 2008] asked what is about the
above question in paratopological groups [Open problem 4.6.9, Topological Groups and
Related Structures, Atlantis Press, World Sci. 2008]. In this paper, we mainly consider
this question and some positive answers to this question are given. In particular, we find
many A.V. Arhangel’skii’s results hold for k-gentle paratopological groups.
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1. Introduction

Recall that a semitopological group is a group with a topology such that the multi-
plication in the group is separately continuous. A paratopological group is a group with
a topology such that the multiplication is jointly continuous. If G is a paratopological
group (resp. semitopological group) and the inverse operation of G is continuous, then G
is called a topological group (resp. quasitopological group). The reader can find a lot of
recent progress about paratopological, semitopological and quasitopological groups in the
survey article [11].

In a topological group the product operation generates a variety of continuous mappings.
In 2003, A.V. Arhangel’skii [1] considered the following general questions. Suppose that
G is a topological group, A and B are subsets of G, and f is the mapping of the product
space A x B onto the subspace AB of G given by the product operation in G. Under
certain natural restrictions on A and B, what can be said about the properties of the
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mapping f? How the properties of the subspace AB are related to the properties of the
subspaces A and B? In this direction, the next statement was proved in [4, Chapter 3,
Section 4, Proposition 1]:

Proposition 1.1. Suppose that G is a topological group, and F' a compact subspace of G.
Then the restriction f of the product mapping G x G — G to the subspace G x F is a
perfect mapping of G X F onto G.

Recall that a continuous mapping f : X — Y is perfect if f is a closed mapping such
that f~!(y) is compact in X for each y € Y.

Using Proposition 1.1, A.V. Arhangel’skil established some results on above questions
as following (see [1] or [3, Chapter 4, section 4.6]):

Theorem 1.2. Suppose that F' is a compact subspace of a topological group G, and that
M a closed subspace of G. Suppose also that both M and F have some of the following
property:

(1) both M and F have countable tightness (see [1, Theorem 8] or [3, Theorem 4.6.8];

(2) both M and F' are metrizable (see [1, Corollary 10] or [3, Theorem 4.6.9];

(3) M is paracompact (see [1, Theorem 14] or [3, Theorem 4.6.11]);

(4) M s a paracompact p-space [1, Theorem 7].
Then both MF and FM are closed with the same property. If in addition, G = F M, then
G has the same property.

Theorem 1.3. (see [1, Theorem 15] or [3, Theorem 4.6.12]) Suppose that G is a topological
group such that G = FM, where F C G is compact and M is a Cech-complete closed
subspace of G. Then G is a Cech-complete topological group, and both M and G are
paracompact.

In 2008, A.V. Arhangel’skii and M. Tkachenko posed the following question:

Question 1.4. [3, Open problem 4.6.9] Which theorems in this section remain true for
paratopological groups?

In this paper, we give some positive answers to Question 1.4 for k-gentle paratopological
groups (Definition see below). In this paper, we mainly prove that: (1) Suppose that G
is a paratopological group, and H a metrizable invariant topological subgroup of G such
that H has a countably tight compact grasp on G; then G is a metrizable topological
group, which improves [1, Proposition 1] (see Theorem 2.3); (2) let G be a paratopological
group and H a closed invariant subgroup of GG such that H has a countably tight compact
grasp on G and the pseudocharacter of H is countable; then the pseudocharacter of G
is also countable, which improves [1, Theorem 2] (see Theorem 2.5). Also, we show that
Theorems 1.2 and 1.3 hold for k-gentle paratopological groups (see Theorems 2.14 and
2.15).

We follow notation and terminology in [3] and [5]. We assume regular separation axiom
in this paper.

2. Main results

Let G be a paratopological group, and A and B subsets of G. Let us say that A and
B are cross-complementary (in G) if G = AB = {ab : a,b € G}. Suppose that P is a
topological or algebraic-topological property, and A is a subset of G. We will say that A
has a P-grasp on G if there exists a subset B of G such that B is cross-complementary to
A and has the property P. In particular, A C G has a compact grasp on G if there exists
a compact subspace B of GG such that AB = G. Similarly, A has a metrizable grasp on G
if G = AB, for some metrizable subspace B of G.
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Firstly, we consider the countably tight compact, countable pseudocharacter-grasp on
a paratopological group G for a closed invariant subgroup H C G. Some results in [1] are
improved. Recall that a space X is countable tightness if for any subset A C X and any
point & € A there is countable set B C A such that = € B. A space X is countably tight
compact which means that X is compact and countable tightness.

Lemma 2.1. [9, Proposition 5.5] Fvery locally compact paratopological group is a topo-
logical group.

Proposition 2.2. [1, Proposition 1] Suppose that G is a topological group, and H a
metrizable invariant subgroup of G such that H has a countably tight compact grasp on G.
Then G is metrizable.

The above result can be strengthened as following:

Theorem 2.3. Suppose that G is a paratopological group, and H a metrizable invariant
topological subgroup of G such that H has a countably tight compact grasp on G. Then G
is a metrizable topological group.

Proof. According to Proposition 2.2, it is enough to show that G is a topological group.
Let us consider now the quotient group G/H and the quotient mapping p : G — G/H.
Since there is a compact set B C G such that HB = G, we have p(B) = G/H. Thus G/H
is a compact paratopological group. By Lemma 2.1 G/H is a topological group. Note
that H is a topological group, so it follows that G is a topological group from [8, Lemma
4]. O

The proof of [3, Lemma 4.6.6] is valid for Lemma 2.4. For the sake of the completeness,
we give its proof.

Lemma 2.4. Let H be a closed subgroup of a paratopological group G. If both the group
H and the quotient space G/H have countable pseudocharacter, then so has G.

Proof. Let p : G — G/H be the quotient mapping. Choose a countable family ~ of
open sets in G/H such that (v = {p(e)}, where e is the neutral element of G. Also,
choose a countable family § of open sets in G such that H N3 = {e}. Then the family
a = BU{p Y (U) : U € 4} is countable, consists of open sets in G, and Na = {e}.
Therefore, the pseudocharacter of G at e is countable and, by homogeneity, so is at every
point z € G. O

Theorem 2.5. Let G be a paratopological group and H a closed invariant subgroup of G
such that H has a countably tight compact grasp on G and the pseudocharacter of H is
countable. Then the pseudocharacter of G is also countable.

Proof. Let p : G — G/H be the quotient mapping. Since H is closed and there is a
compact set B C G with countable tightness such that HB = G, we have p(B) = G/H.
Thus G/H is a compact T} paratopological group. By Lemma 2.1 G/H is a T} topological
group. Note that B is a compact set with countable tightness and perfect mappings do not
increase the tightness. Since p(B) = G/H and p is a perfect mapping, G/H is a compact
countable tightness topological group. Thus, by [3, Corollary 4.2.2] G/H is metrizable,
then the statement directly follows from Lemma 2.4. O

Theorem 2.6. Suppose that G is a normal paratopological group, and let H be a closed
subgroup of G such that the pseudocharacter of H is countable and H has a cosmic' grasp
on G. Then the pseudocharacter of G is also countable.

TA subsets family 8 of a space X is called a network, if for each open set U and each & € U there is an
F € g such that x € FF C U. A space X is cosmic if X has a countable network.
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Proof. Let p: G — G/H be the quotient mapping. According to Lemma 2.4, it is enough
to show that G/H has a countable pseudocharacter. Since G is normal and H is closed,
one can easily show that G/H is Hausdorff. Since there is a subset B C G with a countable
network such that HB = G, p(B) = G/H has also a countable network a. Put g = {a :
a € a,e ¢ a}. Clearly, § is countable. Now we show that \{G/H \b:b e g} = {p(e)}.
By contradiction assume that there is a point € N{G/H \ b: b € 3} such that x # p(e).
Since G/H is Hausdorff, there is b € a such that x € band e ¢ b. Thus x ¢ G/H \ b. This
is a contradiction. O

Next, we shall discuss the cross-complementary in a k-gentle paratopological group G
for a compact set ' C . Recall that a paratopological group G is called k-gentle if F~!
is compact for each compact set F' C G.

Lemma 2.7. Let F' be a compact set of a paratopological group G. If one of the following
conditions

(1) G is a k-gentle paratopological group,

(2) F is a subgroup,
is satisfied, then the mapping s : F — F~1 defined as s(x) = 2~ for each v € F is a
homeomorphism.

Proof. (1) It is obvious that s is a one-to-one mapping. Firstly, we shall prove that
s is closed. Take any closed set A in F. Then A is compact. Since G is a k-gentle
paratopological group, A~! = s(A) is compact. Thus s(A) is closed. This proves that s is
a closed mapping.

Next, we shall prove that s is continuous. In fact, since G is a k-gentle paratopological
group and F is compact, F~! is compact. Thus each closed set B C F~! is compact, so
s~ Y(B) = B~! is compact. And hence s~!(B) is closed. This implies that s is continuous.

(2) Since F' is a compact paratopological group, F' is a topological group by Lemma
2.1. Thus s is a homeomorphism. O

Proposition 2.8. Let F' be a compact subspace of a paratopological group G. If one of
the following conditions

(1) G is a k-gentle paratopological group,

(2) F is a subgroup,
1s satisfied, then the restriction f of the product mapping G x G — G to the subspace F X G
s a perfect and open mapping of ' x G onto G. The same is valid for the restriction of
the product mapping to the subspace G X F' of G x G.

—1 zy), for each (z,y) €

Proof. Define a mapping s : F x G — F~' x G as s(z,y) = (z
F xG@.

Firstly, we shall prove that s is a one-to-one continuous mapping. It is obvious that s is
one-to-one. Take any open neighborhood V x U of (z7!,zy) in F~! x G. By Lemma 2.7,
there is an open neighborhood Wy of x such that W~ L'C V. Since G is a paratopological
group, there are open neighborhoods O; and Oz of x and y, respectively, in G such that
0102 CU. Put W = W;NO;p. Then one can easily show that s(W x Oy) CV x U. This
implies that s is continuous.

Similarly, we can easily show that the inverse mapping s ™! : F~1x G — F x G defined as
s~ Y(x,y) = (271, wy) for each (z,y) € F x G is continuous. Hence, s is a homeomorphism.

Let p: F~! x G — G be the natural projection mapping given by p(x,%y) = y for each
(z,y) € F~! x G. Since vy = p(z~ !, zy) = p(s(x,y)) for each (z,y) € F x G, we conclude
that f is the composition of s and p, that is, f = pos. Note that F~! is compact,
so the mapping p is perfect by [5, Theorem 3.1.16]. Therefore, the mapping f, being a
composition of a homeomorphism with a perfect mapping, is itself perfect. Also, note
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that p is an open mapping and s is a homeomorphism. Thus the mapping f, being a
composition of p and s, is itself open.

Since the mapping i of G x G onto itself, defined by i(x,y) = (y,x) for z,y € G, is a
homeomorphism, and i(F x G) = G x F, the rest of the proposition is immediate. O

Lemma 2.9. Let F be a compact set of a k-gentle paratopological group G and M be a
closed set in G. Then FM and MF is also closed in G.

Proof. We will show that FM is closed in G. The case of MF' differs only in trivial
details. Take any point a ¢ FM. It follows that the sets F'~'a and M are disjoint. Since
G is a k-gentle paratopological group, F'~'a is compact. Therefore, by [3, Theorem 1.4.29],
there is an open neighbourhood U of e such that F~'aU and M are disjoint. Therefore,
aU and F'M are disjoint. Since aU is an open neighbourhood of a, we conclude that a is
not in closure of F'M. Hence, F'M is closed in G. O

Corollary 2.10. Suppose that F' is a compact subspace of a k-gentle paratopological group
G, and let M be a closed subspace of G. Then the restriction f of the product mapping
G x G — G to the subspace M x F' is a perfect mapping of M x F onto a closed subspace
of G.

Proof. To derive this corollary from Proposition 2.8, we only have to observe that the
restriction of a perfect mapping to a closed subspace is again a perfect mapping and that
the product of a compact set with a closed set in a k-gentle paratopological group is closed
by Lemma 2.9. g

The following result is well known.

Lemma 2.11. Let F' be a compact subgroup of a paratopological group G and M be a
closed set in G. Then FM and MF is also closed in G.

Applying Proposition 2.8 and Lemma 2.11, one can easily obtain the following result.

Corollary 2.12. Suppose that F is a compact subgroup of a paratopological group G, and
let M be a closed subspace of G. Then the restriction f of the product mapping GXx G — G
to the subspace M x F is a perfect mapping of M x F onto a closed subspace of G.

Corollaries 2.10 and 2.12 are the main technical tool in this article. [1, Example 6]
shows that the perfect mapping of M x F onto M F in Corollary 2.10 need not be open,
even for topological groups.

Proposition 2.13. Let I’ be a compact subspace of a paratopological group G. Suppose
that either F is a subgroup or G is a k-gentle paratopological group, and that M is a closed
subspace of G. Suppose also that both M and F have a topological property P such that
so has the product space M x F' and that the property P is preserved by perfect mapping.
Then MF has also the property P. If in addition, G = F'M, then so has G.

Proof. Since the product space M x F' has the property P and M F' is the perfect image
of M x F by Corollaries 2.10 and 2.12, according to the assumption M F' has also the
property P. O

The following result shows that Theorem 1.2 holds for k-gentle paratopological groups.

Theorem 2.14. Suppose that F' is a compact subspace of a k-gentle paratopological group
G, and that M 1is a closed subspace of G. Suppose also that both M and F have some of
the following property:

(1) both M and F' have countable tightness;

(2) both M and F are metrizable;

(3) M is paracompact;
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(4) M is a paracompact p-space;

(5) M is countablely paracompact
Then both MF and FM have the same property. If in addition, G = FM, then G has
the same property.

Proof. (1) The tightness of M x F'is countable (see [2]). Perfect mappings do not increase
the tightness [2]. Then the statement follows from Proposition 2.13.

(2) M x F is metrizable and perfect mappings preserve the metrizability. Then the
statement follows from Proposition 2.13.

(3) Since the products of paracompact spaces and compact spaces are paracompact and
perfect mappings preserve the paracompactness [5], the assertion follows from Proposition
2.13.

(4) Indeed, M x F' is a paracompact p-space and M F' is an image of M x F under a
perfect mapping, by Corollary 2.10. Now it follows from a remarkable theorem of V.V.
Filippov [6] that M F' is a paracompact p-space as well.

(5) Since the products of countablely paracompact spaces and compact spaces are count-
ablely paracompact and perfect mappings preserve the countable paracompactness [5], the
statement follows from Proposition 2.13. O

The next result is somewhat unexpected: it shows that certain closed subsets of a k-
gentle paratopological group with a compact grasp on this group must be paracompact
topological group.

Theorem 2.15. Suppose that G is a k-gentle paratopological group such that G = FM,
where ' C G is compact and M is a Cech-complete closed subspace of G. Then G is a
Cech-complete topological group, and both M and G are paracompact.

Proof. The product of Cech-complete space and a compact space is Cech-complete.
Therefore, the space M x F is Cech-complete. Since Cech-completeness is preserved by
perfect mappings, G = F'M is Cech-complete by Proposition 2.13. Therefore, G is a topo-
logical group (see [3]). However, every Cech-complete topological group is paracompact
[10]. Hence, G is paracompact. Since M is a closed subspace of G, the space M is also
paracompact. ]

Finally, if F'is a subgroup in Theorems 2.14 and 2.15, by Proposition 2.13 and Corollary
2.12, then we can weaken G to be a paratopological group in Theorems 2.14 and 2.15.

Theorem 2.16. Suppose that F is a compact subgroup of a paratopological group G, and
that M a closed subspace of G. Suppose also that both M and F' have some of the following
property:

(1) both M and F have countable tightness;

(2) both M and F are metrizable;

(3) M is paracompact;
(4) M is paracompact p-space;
(5) M is countablely paracompact
Then both MF and FM have the same property. If in addition, G = FM, then G has
the same property.

Theorem 2.17. Suppose that G is a paratopological group such that G = F M, where
F C G is a compact subgroup and M is a Cech-complete closed subspace of G. Then G is
a Cech-complete topological group, and both M and G are paracompact.

Remark 2.18. In [7], there is a quasitopological group G, which is neither metrizable nor
Cech-complete, such that G = FM, where F is a compact metrizable subgroup of G and
M is a discrete closed subspace in G (see [7, Example 3.1]). Thus the items (1) and (2) of
Theorem 2.16 and Theorem 2.17 are not valid for quasitopological groups.
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