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Abstract

In this paper, we mainly investigate Morita-like equivalence and Morita context for right
fair semigroups. If two right fair semigroups S and T' are Morita-like equivalent, that is,
there is a category equivalence F' : US — Act =: UT-Act : G, we characterize the two
functors F' and G using Hom functor and tense product functor. Also, we investigate
Morita context for right fair semigroups and obtain equivalence between two right unitary
act categories.
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1. Introduction

Morita equivalence theory characterizes the relationship of module categories of two
rings with 1. Morita theory is very useful in studying ring theory. Later, many authors
tried to extend Morita equivalence theory to rings without 1. Fuller [4] obtained equiva-
lence between a completely additive subcategory of the module category over a ring (not
necessarily with 1) and a full unitary module category over a ring with 1. Abrams [1],
Anh and Mérki [2] obtained Morita equivalences by replacing the usual module categories
with the categories of unital modules. Xu, Shum and Turner-Smith [17] further extended
Morita theory and introduced Morita-like equivalence of module categories. Garcia, Marin
and Ouyang etc. [5,14,15] studied xst-rings, which is named after Xu, Shum and Turner-
Smith.

Morita theory has also been extended to semigroup theory [3,7-13,16]. Banaschewski
[3] and Knauer [8] independently studied Morita theory of monoids and got the same con-
clusions. Since then, many results on Morita theory of semigroups have been obtained.
Talwar [16] generalized this theory to semigroups with local units. Lawson [12] reformu-
lated Morita theory of semigroups with local units in [16] and characterized equivalence of
two semigroups with local units by joint enlargement. Recently, Liu [13] got equivalence
between two subcategories of unital act categories over two arbitrary semigroups based
on Morita context. Laan and Marki [11] introduced the notion of fair semigroups, which
corresponds to xst-rings. They investigated Morita equivalence of these semigroups. It is
worth to further consider Morita-like equivalence for fair semigroups. In this paper, we
will use the tools in [15] to study Morita-like equivalence and Morita context for these
semigroups.
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The paper is constructed as follows. In Section 2, we give some basic notions and results
on fair semigroups which is used in this paper. In Section 3, the Morita-like equivalence
is investigated and some properties of Morita-like equivalence are obtained. We study
Morita context for right fair semigroups and obtain equivalence between two unitary act
categories in Section 4.

2. Preliminaries

Let S be a semigroup. A set M is a right S-act if there is a map from M x S to M,
denoted (m, s) — ms, such that m(st) = (ms)t (Vs,t € S,m € M). If M is a right S-act,
we write Mg. If M = M S, we call M to be unitary. If for all m € M, there exists s € S
such that ms = m, we call M to be s-unital.

One can similarly define left S-acts.

For two right S-acts M and N, f : M — N is said to be S-morphism if f satisfies
f(ms) = f(m)s, (Ym € M,s € S). The set of all S-morphisms from Mg to Ng is denoted
by Homg(M, N). The set of all S-morphisms from M to itself is denoted by Endg(M).
Let S-Act be the category of right S-acts on a semigroup S.

The unitary right S-acts together with the S-morphisms form a full subcategory of
S-Act, which we shall denote by US-Act.

Let S and T be two semigroups. An S-T-biact is a set M which is both left S-act and
right T-act and (sm)t = s(mt) for all s € S,t € T and all m € M. A biact is said to
be unital if it is left and right unital. If M and N are S-T-biact, a map f: M — N
is called a biact morphism if f satisfies f(sm) = sf(m) and f(mt) = f(m)t for all
meM,seS;teT.

An equivalence p on Mg is a congruence if for all s € S;m,n € M,

(m,n) € p= (ms,ns) € p.

If p is a congruence on M, then M/p is also a right S-act. The act M/p is called a quotient
act.

For a right S-act Ag and a left S-act ¢B, the tensor product A ®g B exists. In fact,
A®g B = (A x B)/o, where o is the congruence on A x B generated by

R=A{((zs,y), (z,sy))|x € A,y € B,s € S}.

We denote the element (z,y)o of A®g B by  ® y.
By Proposition 1.4.10 of [6], we have that c @ b =c® d <= (a,b) = (¢, d) or there is
a sequence
(a,0) = (z1,51) = (2,92) = -+ = (T, yn) = (¢, d)
such that either ((z;,v:), (Tit1,vi+1)) € T or ((Tit1,Yiv1), (xiyyi)) € T, where 1 < ¢ <
n—1.
If A is a right S-act and B is an S-T-biact, then A ®g B is a right T-act with

(a®@b)t =a® bt;
similarly, if A is a T-S-biact and B is a left S-act, then A ®¢ B is a left T-act with
tla®b) =ta®b

(Proposition 3.1, [16]).

Let S, T be two semigroups. For an S-T-biact ¢M7 and a left S-act g/N, we have that
Homg (M, N) is a left T-act with action (¢- f)(m) = f(m-t); for an S-T-biact sMr and a
right S-act N, we have that Homp (M, N) is a right S-act with action (f-s)(m) = f(s-m);
for a right S-act Mg and a T-S-biact 7 Ng, we have that Homg (M, N) is a left T-act with
action (¢t - f)(m) = t- f(m); for a left T-act 7M and a T-S-biact 7Ng, we have that
Homp (M, N) is a right S-act with action (f - s)(m) = f(m) - s.
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A functor F' is said to be faithful if it is injective. A semigroup S is called factorisable
if every element of S is a product of two elements.

Corresponding to the notion of xst-rings investigated by Garcia and Marin in [5], Laan
and Mdarki [11] introduced the notion of fair semigroups.

Definition 2.1. [11] Let S be a semigroup. If every subact of an unitary right S-act is
unital, S is said to be a right fair semigroup.

Similarly, we can define left fair semigroups. A fair semigroup is a semigroup S that is
both a left fair semigroup and a right fair semigroup.

By Proposition 2.3 in [11], S is a fair semigroup if and only if every right unital s-act
is s-unital.

An ideal I of S is said to be unitary if I is unitary as S-act. Let U(Sg) be the
disjoint union of all right unitary ideals of S. It is obvious that U(Sg) is the largest right
unitary ideal of S. Similarly, we can define the left ideal U(gS). If S is factorisable, then
U(Ss)=U(sS)=S5.

Let S be a right fair semigroup. Laan and Marki [11] proved that U(Sg) is a two-sided
ideal and U(gS) = U(Ss). We denote U(sS) = U(Ss) by U(S). By Corollary 2.13 in [11],
we have

U(S)={se€S|s=su=uwvs for some u,v € S}.
The set U(S) is said to be the unitary part of S.

A right S-act Mg is nonsingular, if m = m’ (m,m’ € M) whenever ms = m/s for all
s €S ([11]). A semigroup S has common weak right local units, if for all s,t € S, there is
an element u € S such that s = su and ¢ = tu ([11]). Let S be a fair semigroup such that
U(S) has common weak right local units. By Proposition 3.2 in [11], every act in US-Act
is nonsingular. Define pups : M ®g S — M by m ® s — ms. Let

FS-Act ={M € S-Act | M @ S = M}.

If S has common weak right local units, then F'S-Act = US-Act ([11]).
We generalize the definition of Morita-like equivalence to semigroup theory.

Definition 2.2. Let S and T be two fair semigroups. S and T are Morita-like equivalent
if US-Act is equivalent to UT-Act.

3. Morita-like equivalence for fair semigroups

Let Mg be a right S-act. Denote by U(Mg) the union of all unitary subacts of Mg.
Then U(M) is the largest subact of Mg which is unitary. The following proposition gives
a characterization of U(Mg), which is analogous to Proposition 2.2 in [15].

Proposition 3.1. Let S be a fair semigroup. For M € US-Act, we have U(Mg) =
MU(Ss). In particular, if S is a factorisable right fair semigroup, then U(Mg) = MS.

Proof. Since MU(Sg) is a unitary subact of Mg, we have that MU (Ss) C U(Mg).

If N is a unitary subact of Mg, we get NU(Sg) € NS = N. Assume NU(Sg) # N.
There exitsts an element x € N = NS but x ¢ NU(S). Hence, we have x = njsy,
where n; € N and s; € S. Since U(S) is a right ideal and nys; ¢ NU(S), we have
ny € N\NU(S) and s; € U(S). For ny € NS\NU(S), we have n; = nasy, where ng € N
and s9 € S\U(S).

Continuing in this way, we can get two sequences ni,no,...,ng,... € N and
S1,82y .., 8k, ... €S such that ngsgsg—1---s1 € NU(Ss), for any positive integral k. By
Theorem 2.6 of [11], we can find some u € S such that s;---s3 = sg---sju. By Lemma
2.12 (2) in [11], we get sgsg—1---s1 € U(S). This is a contradiction. Hence, NU(Sg) = N.

For any unitary subact N of Mg, we have

N =NU(Ss) C MU(Ss) CU(Mg).
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Particularly, let N = U(Mg), we have U(Mg) = MU(Ss). O

~Y

If R is a right xst-ring and M is an R-module, there is a natural equivalence M =
Homp(U(R), M)U(R) ([15]). The following statement gives a similar result for right fair
semigroup S, where U(S) has common weak right local units.

Proposition 3.2. Let S be a right fair semigroup such that U(S) has common weak right
local units. For M € US-Act, define

Orr : Ms — Homg(U(Ss), Ms)U(Ss)
by putting Op(x)(s) = xs, where x € M and s € U(Sg), then Oy is a natural S-
isomorphism. Moreover,
0 IUS—Act — Homs(U(Ss), —)U(Sg)
s a natural equivalence.
Particularly, if S is a factorisable right fair semigroup, we have
0 : IUS—Act — Homg(S, —)S

s a natural equivalence.

Proof. Firstly, we show that 6y is injective. For all z,y € M, if Op(x) = O (y), we
have Opr(x)(s) = O (y)(s), for all s € U(Sg). That is, zs = ys. Hence, we get © = y by
Proposition 3.2 in [11].

Next, we show that 0, is surjective. We know that Homg(U(Ss), Ms)U(Ss) is the
largest unitary subact of Homg(U(Ss), Ms) by Proposition 3.1. For all
g € Homg(U(Sg), Mg)U(Ss), suppose that g = ¢'s , where ¢ € Homg(U(S), Mg), s €
U(Ss), there exits u € S satisfying s = s'u by Lemma 2.12 in [11]. Hence,

g=gs =gsu=gqu.
Since S is a right fair semigroup, there exists a positive integer n such that v € U(Sg)
by Corollary 2.10 in [11]. Also, we have g = gu". Therefore,

(@) = (gu")(@') = g(u"z’) = g(u™)z" = Oy (g(u™)) (),
(

where # € U(Ss). This concludes that g = 0y/(g(u™)) and so Homg(U(Sg), Mg)U(S) C
Imé,,.
Since Imf), is a subact of Homg(U(Sg), Ms)U(Ss), we have

Im@M = HOms(U(Ss), Ms)U(Ss)

This implies that 6,7 is surjective.
Clearly, ) is a natural isomorphism. O

Remark 3.3. (i) If S is a factorisable right fair semigroup, then
Sg = Homg(S, Sg)S = Endg(Ss)S.
(ii) Let S be a right fair semigroup. For M € US-Act, if pMg is a T-S-biact, then
Ons : Mg —> Homg(U(SS), Ms)U(Ss)

is a T-S-isomorphism.

Let {M; | i € I} be a family of S-Act, the coproduct [] M; is the disjoint union of M;.

i€l

Let S be a semigroup. For all M € US-Act, if M is an epimorphic image of [[ P, we

call the unitary S-act P to be a generator of US-Act.

Proposition 3.4. Let S be a right fair semigroup, and P be an object in US-Act. Then
the following are equivalent:

(1) P is a generator of US-Act.

(2) The functor Homgs(Ps, —) is faithful.
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Proof. (1) = (2) For M, N € US-Act, suppose that f and g are two S-morphisms from
M to N such that Hom(P, f) = Hom(P, g). For all m € M, since P is a generator, there
is an S-morphism p : [[ P — M such that m = p(p). Hence

f(m) = fu(m) = gu(m) = g(m).
This implies that f = g. Therefore, Hom(P, —) is faithful.
(2) = (1) Let I = Homg(Ps,Ss) and p : PY) — S be a morphism indexed by the
elements of I. If y is not epic, we have
Hom(P, S) — Hom(P, S/Impu)

For all fi1, fo € Hom(P,S), we have ufy = pfs. This is contrary to that Hom(P, —) is
faithful. 0

By Proposition 3.5 in [11], we can now establish the following result:

Proposition 3.5. Let S be a right fair semigroup such that 8" = U(Sg) has common weak
right local units.

(1) Every right unitary S-act is a right unitary S’-act, and vice versa.

(2) H/omS(M, N) = Homg (M, N), for any M,N € US-Act.

(8) S is a generator in US-Act.

Proof. We can obtain (1) and (2) by the proof of Proposition 3.5 in [11].

(3) For all M € US-Act, we have that M is also a unitary right S’-act by (1). So M
is s-unital by Proposition 2.3 in [11]. Let g : S"M — M defined by s + ms. This proves
that S” generates M. O

Let S and T be two semigroups. If ¢Pr and Qg are biacts, 7 : P ®r @ — S and
1 Q ®g P — T are biact morphisms correspondingly as written

Tp®q) =<p,q>, pg®@p)=I[q,p]
such that
<pr,q>-p2=p1-|a,p2]; an,p] @2 =aq <p,a >,
for all p,p1,p2 € P and ¢,q1,q2 € Q. The set (S,T, sPr,7Qs, T, 1) is said to be a Morita
context.

Note that U(T) is a unitary U(T)-act, it follows that U(T) is also s-unital as U(T)-
act. That is, for all ¢+ € U(T), there is t € U(T) such that ¢t = #t'. Hence, for all
f € Homp(Q, M)U(T), there is t € U(T) such that ft = f.

Corresponding to Theorem 3.1 in [15], we give the following theorem. We use a different
way to prove this result.

Theorem 3.6. Let S and T' be two semigroups. Suppose (S, T, sPr,7Qs, T, 1) is a Morita
context, where 7 : PQp Q@ — S and p: Q ®s P — T are biact morphisms such that
Imt = U(Ss) and Imp = U(Tr). Then we have the following natural functor isomor-
phisms:

— ®g P = Homs(Qs,—)U(Tr), —&r Q= Homp(Pr,—)U(Ss).
Proof. Define a map 75 : M ®g P — Homg(Qg, Ms)U(Tr) by m & p — m7(p ® —)t,
that is
(Mm@ p) =m7t(p @ —)t,
where t € U(T') such that mr7(p® =)t = m7(p ® —).

We claim that 7,7 is well-defined.
Suppose that m ® p =m ® p , we have (m,p) = (m ,p ) in which case

mr(p®@ =)t =m'r(p @ —)t
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or
m = misi, s1p = tipa,
mity = masa, s2p1 = t2p2,
/
Mp_1ln—1 = MnSp, SpPn—1 =1tnP,
/
Mptn =M ,
where mi,ma, -+ ,Mp € M7p17p27"' »Dn € P7517527' Syt toy ety € S. Then

mr(p® —) =ms17(p® —) = mi7(s1p1 @ —) = m7(tip1 ® —)
=mit17(p1 ® —) = masa7T(p1 ® —)

= MpSpT(Pn—1 @ —) = MpT(SpPn—1 @ —)
= T (tnp ® —) = Mntym(p @ =) =m'7(p @ —).
Define i : Homg(Qg, Ms)U(Tr) — M®gsP by f — f(q)®p, where f € Homg(Qgs, Ms),
t € U(T) such t%lat ft = fand t = pu(q ® p). Suppose ft; = f = fta, where t; =
1(g®@p),t2 = p(qg ®@p ). We have
floep=(f-)@ep=ft-q9ep=f(uld ®p)gep
= f(q/T(p' ©q)@p=Fflg)T(p ®q)@p
flg )®p u(q®p) fld)epud @p)
= fl@)rp @q)@p =flgrlp @q¢) @p
(tq)®p =ft(¢)®p =f(d)®p.

So [ is well-defined.
For all m®p € M ®g P, we have

F(m @ p) = fi(mr(p @ —)t) = A(mr(p® —)pu(d @p))
=mr(p@q)2p =mT(Pq)p
—m@pu(qd @p)=(mept,

where t = (¢ ® p') with m7(p ® =)t = m7(p ® —). Hence, we have 7= 1I,,0p.
For all f € Homp(Q, M)U(T), suppose ft = f and t = u(q ® p). We have

Ta(f) =Ta(ft) =7(f(g) @ p) = f(@)(p® —)t.
For all xz € Q, we have
flgrpez) = flgr(p@x)) = f(u(g@p)x) = f(txr) = ft(x).

Thus, f(¢)T(p® —) = ft(—) = f(—). It concludes 71z = THoms(Qs.Ms)U (Ty)-
The naturality is obvious. Hence, we get — ®g P = Homg(Qg, —)U(T7).
Similarly, we have — @7 @Q = Homyp(Pp, —)U(Ss). O

We can obtain the following corollary by the above theorem.

Corollary 3.7. Let S and T be two fair semigroups. Assume (S,T,sPr,1Qs,T, 1) is a
Morita context, where s Pr and 7Qg are unitary biacts, p: Q®sP — T and71: PRrQ —
S are biact morphisms such that Imr = U(Ss) and Imu = U(Tr). We have the following
natural functor isomorphisms:

—®s P = Homs(Qs, —)U(T), —®r Q= Homyp(Pr,—)U(S),
Q®s — 2 U(T)Homs(sP,—), P®r— =2 U(S)Homy(rQ,—).
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Theorem 3.3 in [15] gives some properties of Morita-like equivalence of right-xst rings.
We shall give the corresponding properties for right fair semigroups.

Theorem 3.8. Let S and T be two right fair semigroups such that U(Sg) and U(Tr)
have common weak right local units. Assume S and T are Morita-like equivalence via
F:US-Act=UT-Act: G. Let P =F(U(Ss)) and Q = G(U(Tr)). Then

(1) Pr and Qg are respectively generators in UT-Act and US-Act.

(2) End(Pr)U(Ss) = U(Ss) and End(Qs)U(Tr) = U(Tr) as semigroups.

(3) sPr and 1Qgs are unitary biacts.

(4) sPr = Homg(Qs,U(Ss))U(Tr) and 1Qgs = Homy(Pr,U(Tr))U(Ss).

(5) F =~ Homg(Qs,—)U(Tr) and G =~ Homp(Pr,—)U(Ss).

(6) sPr and Qg induce a Morita context (S, T, sPr,7Qs, T, 1t) such that T and p are

biact homorphisms such that Imt = U(Sg) and Imu = U(Tr), respectively.
Moreover, if we define multiplications in QQ ®s P and P ®1 Q, respectively:
o)y er)=yer(@ey)r, (zey)(@'0y) =zoulye )y,

where z,x' € P and y,y' € Q, then Q ®s P and P @1 Q are semigroups, and pu and T are
semigroup homomorphisms.

(7) F~—®gP and G~ — 7 Q.

Proof. We denote U(Sg)=S" and U(Tr)=T".
(1) For M, N € UT-Act. Suppose f,g € Homp(M, N) and f # g. Since

G : Homp(M,N) — Homg(G(M),G(N))

is an abelian group isomorphism, we have G(f) # G(g). By Proposition 3.5, we have that
S’ is a generator in US-Act. It follows that Homg(S%, —) is faithful by Proposition 3.4.
Hence, Homg(S', —)G(f) # Homg(S', —)G(g). Therefore, F(G(f))F(h) # F(G(g9))F(h),
where h is a morphism from S’ to G(M). That is, fF(h) # gF(h). This concludes that
Hom(F(S"), —) is faithful and P = F(S') is a generator.

Similarly, Qg is a generator in US-Act.

(2) Since F : US-Act = UT-Act : G is category equivalence and Q = G(T/), we
have Endp(T") = Endr(Q). By Proposition 3.2, we obtain Endp(T5)T" = T'. Therefore,
Endg(Qs)T’ = T as semigroups.

Similarly, Endp(Pr)S’ = S’

(3) In virtue of (1) and (2), we know that ¢Pr and 7(Q)s are unitary biacts.

(4) Since

Homg(Qs, Ss) = Homp(F(Qg), F'(Sy)) = Homq (Tr, Pr),
we obtain
Homg(Qs, S5)T" = Homp (F(Qs), F(Ss))T" = Homy(T7, Pr)T' = s Pr,

in virtue of Proposition 3.2.
Similarly, we have

Homg(Qs, Sg)T = Homp(F(Qs), F(Sg))T = Homp (T, Pr)T' = ¢Pr.
(5) By Proposition 3.2, for all M € US-Act, we can get the natural isomorphisms
F(Mg) = Homp(Ty, F(Mg))T = Homp(G(Ty), GF(Ms))T' = Homg(Qs, Ms)T'

This implies that F' ~ Homg(Qg, —)T" and G ~ Homy(Pr, —)S'.
(6) By (2) and (4), we can identify 7Qg with Homy(Pr, Ty)S and " with End(Pr)S'.
Set

<, >QxP—T
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by < y,z >= yx, and

[,]:PxQ— S
by [z,ylz =2z <y,a >=z(yz) for z,2" € P and y € Q.
Clearly, <, > and [, ] are both balanced mappings.
Define

T:P@TQ—>S/,,LLZQ®5P—>T,
by
T(r®y) = [z,y], ply @) =<y,x>=yz.

Since ¢ Pr and Qg are unitary biacts, 7 and p are biact morphisms. We can easily check
that (S, T, sPr,r7Qs,T, 1) is a Morita context.
Since Pr is a generator in UT-Act, we have

T’} = UQEHomT(PT,T,}) gP
For all ¢t € T there exist x € P and g € Homr(Pr, /) such that t = gz. Since gP is a

unitary left S—act we can write 2 = sz, for some s € S,z € P. Hence,
t=g(sx') =< g,s2 >=<gs,x >=pulgs ).

So p is surjective.

Since Qg is a generator in US-Act, for all s € S, we have s = fy, where f €
HomS(QS,S:g) and y € Q. As Q is a unitary left T"-act, there exist t € 7" and y € Q
such that y = ty/. Therefore, we can write s = fty/. Since 7" has common weak right
local units, there exists e € T" such that te =t forall t € T".

Let e = (¢ ® p), where ¢ € Q and p € P. Since ft € Homg(Qg, Ss)T” and ftq € S, we
have

s=(fte)y = (ft<aq.p>y = ftalp,y'] = [ftap.y'] = 7((fta)p @ ¥ ).

So T is surjective.

In addition, we can verify that Q ®g P and P ®r @ are semigroups about the multipli-
cations defined above. So p and 7 are semigroup isomorphisms.

(6) From the proof process of Theorem 3.6, (5) and (6), we know that

F =~ Homg(Qg, —)T =~ — ®g P

and
G = Homg(Pr,—)S & — @7 Q

are naturally isomorphisms. O

4. Morita context for fair semigroups

Definition 4.1. A right S-act M is said to be strong s-unital, if for all my, ms € M, there
exists s € S such that m1s = mas.

Definition 4.2. A Morita context (S,T, sPr,7Qs, T, ) is unital, if g¢Pr and 7Qg are
unitary biacts.

Ouyang etc. [15] obtained Morita-like equivalence based on Morita context for right-xst
rings (Theorem 3.4). We also get similar result for right fair semigroups, but we need the
assumption that U(S) has common weak right local units.
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Theorem 4.3. Let S and T be two right fair semigroups such that U(S) and U(T) have
common weak right local units. Assume (S,T,sPr,1Qs, T, 1) is a Morita context, where
sPr and tQgs are strong s-unital and Im7 = U(Ss) and Imu = U(Tr). We have the
following conditions:

(1) Qs and Pr are respectively generators of US-Act and UT-Act.

(2) PorQ < sU(Sg)s and Q ®g P £ U (Tr)r as biacts.
Furthermore, if we define multiplications in P @7 QQ and Q ®g P respectively by:
ey)@ey)=zeuyed)y, o)y er)=yer(zey),
where x,x' € P and y,y' € Q, then P @7 Q and Q ®s P are semigroups, and T and i are
semigroup tsomorphisms.

(3) sPr = Homs(Qgs,U(Ss))U(Tr) and 1Qgs = Homyp(Pr,U(Tr))U(Sg) as biacts.

(4) U(Tr) = End(Qs)U(Tr) and U(Ss) = End(Pr)U(Ss) as semigroups.

(5) The functor pair (— ®g P,— @7 Q) defines an equivalence — ®g P : US-Act =
UT-Act: — @7 Q. That is, S and T are Morita-like equivalence semigroups.

(6) The functor pair (Homg(Qgs, —)U(Tr), Homp(Pr,—)U(Ss)) defines an equivalence
Homg(Qs,—)U(Ty) : US-Act = UT-Act : Homp(Pr,—)U(Ss). That is, S and T are
Morita-like equivalence semigroups.

(7) The lattice of right ideals of U(Ss) (resp.,U(Tr)) is isomorphic to the lattice of
subacts of Pr (resp.,QRr).

Furthermore, these induce lattice isomorphisms between the lattices of two-sided ideals
of U(Ss) (resp.,U(Tr)) and the lattice of subacts of sPr (resp.,7Qs).

Proof. For convenience, put S’ = U(Ss) and T" = U(Tr).
(1) Define f, : Q@ — S’ by ¢ — 7(p ® ¢). We have

folas) =7(p®qs) =7(p®q)s.

Hence, f, € HomS(Q,S/). For all s € ' = I'm7, we have s = 7(p ® q) = fp(q). Define
0: QHOIH(Q’S) — S by g — [p(q). Therefore, Qg generates S’

Since S’ is a generaor in US-Act by Proposition 3.5, we have that Qg generates M and
Qs is a generator in US-Act.

Similarly, Pr is a generator in UT-Act.

(2) Suppose £ = q®p, y = ¢ @p and p(z) = p(y). As P is strong s-unital, there exists
t € T' such that pt = p't. Set t = pu(v ® u). Then

T=qRp=q@pt=q@puv@u) =qT(pRV)u=qr(pOv) @ u
=ugephveu=p(qg @plveu=q @pTvOuU)=y.
So p is injective. This implies that p is a biact isomorphism and so Q ®g P = T’ as
biact.

Next, to prove that Q ®g P is a semigroup, for any z,2’,2"” € P and y,vy,y"” € Q, we
have

(yo)(y @)y @2")=(yorzey))(y" @a”)
=y@7(z@y)r(@’ @y" )"
=yer)(y e ey’
= (o) (Y 2)y" @)

Hence, the multiplication satisfies the associative law. This proves that () ®g P is a
semigroup.

Similarly, P ®7 @ is also a semigroup.

Clearly, u and 7 preserve the multiplication operations, respectively. So p and 7 are
semigroup isomorphisms.
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(3) Define 6 : P — Homg(Qs, Sg) by p — 0(p) for p € P, where 0(p)(¢q) = 7(p ® q) for
q€Q.

Clearly, 0 is a morphism.

Suppose 0(p) = 0(p'), we have 7(p ® q) = 7(p' ® ¢), for all ¢ € Q. Since P is strong
s-unital, there exists ¢ € T" such that pt = p't, where t = (v ® u). Hence

p=pt=puveu)=7(pRv)u="7(p @)u=ppulv@u)=pt=p.

It follows that 6 is injective. Thus Imf = P is a unitary S-T-subbiact of Homg(Qg, S:q)
From Proposition 3.1, we know that Homg(Qsg, S:q)T/ is the largest unitary right T-subact
of HomS(QS,Sé;). Then Imé C HomS(QS,S,S)T/. For f € HomS(QS,Sé;)T/, since T" is
s-unital, there exists e € T' such that fe = f. Suppose e = u(y @ x), where y € @ and
z € P. Let = f(y)z. Then 2/ € P and

0(z)(y) = 0(f()z)(y) = 7(f )z @ )
=flyrzey) = flyr(z®y))
= f(u(y ® 2)y) = f(ey)
= (fe)(y) = f(y).

!

Therefore, f = 9(:0’) and Imf = Homg(Qsg, T . Hence, s Pr = Homg(Qg, Szg)T/

S
Similarly, we can prove rQg = Homy(Pr, T7)S'.
(4) Define A : 77 — End(Qg) by A(t)(y) = ty for y € Q. For t,u € T’, suppose
A(t) = Mu). Then ty = A(t)(y) = AMu)(y) = uy for y € Q. By assumption, 3 e € T" such
that te = ¢ and ue = u. Let e = pu(y ® =), where y € Q, v € P. Then

t=te=tu(ly®@x)=plty@z) = pluy @ x) = uu(y @ r) = ue = u.

This proves that A is injective and ImA = T Hence, ImA is a subsemigroup of End(Qg).
Since Im is a right unitary 7" -act, Im\ is a subact of End(Qg)T" by Proposition 3.2. For
all f € End(Qg)T", there exists e € T' such that fe = f. Suppose e = u(y ® ), where
yeQand xz e P. Set t' = pu(f(y) ®x). For all ¢ € Q, we have
At @) =ta=pu(fy) ®2)g= f(y)7(x®q)
= flyr(z @ q)) = f(u(y ©@ x)q) = feq) = (fe)(q) = f(q)-

Hence, f = A(t') and Im\ = End(Qg)T". Then T" = End(Qs)T" as semigroup.

Similarly, U(Ss) = End(Pr)U(Ss) as semigroup.

(5) Firstly, we prove — ®g P @7 Q = I;¢_pct- Since P ® Q = S’, we can prove

M ®s S = M, for all Mg € US-Act.
Define 0 : M @5 S — M by
o(m®s)=ms, form@se M®gS.

Clealy, ¢ is a morphism. By Proposition 3.5, M is a right unitary S-act. Hence, o is
surjective.

Assume o(m ® s) =ms =m's = o(m @ s ). Since S’ has common weak right local
units, there exists e € S’ such that se = s’e. Hence,

7 I ! I !
mxs=mse=msRe=ms Qe=m Kse=m KSs.
So ¢ is injective. Therefore,

I®T

(M®sP)orQ=Meg (PorQ) = MesgS =M
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The naturality is obvious. So we get the desired result.
Similarly, we can get — ®7 Q ®g P = [0 Act-
(6) By (5) and Theorem 3.6, we can prove (6).
(7) Set
J={I|1is a right ideal of §'};
N ={N | N is a subact of P}.
Define f : 3 — N by I +—— IP, where IP = {ip|li € I,p € P} and g : N — J by
N+ 7(N ®7 Q), where 7(N @7 Q) = {T(n®q)|n € N,q € Q}.
Clearly, f and g are inverse lattice isomorphisms between J and N.
Similarly, the lattice of right ideals of T" is isomorphic to the lattice of subacts of Qg.
Obviously, these isomorphisms induce lattice isomorphisms between the lattice of ideals
of S’ (resp.,T') and the lattice of subacts of gPr (resp.,7Qg). O
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