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1. Introduction

Let A be the class functions of the form
o
f2) =2+ anz", (1.1)
n=2

which are analytic in the open unit disk € = {z € C: |z] < 1}. By 8, 8*(«), C(a), we
denote the subclasses of A which consist of univalent, starlike and convex functions of
order o, (0 < a < 1), respectively. For details see [5].

If f and g are two analytic functions in €, we say that f is subordinate to g, written
symbolically as f(z) < g(z), if there exists a Schwarz function w, which is analytic in €
with w (0) = 0 and |w (2)| < 1 such that f(z) = g(w(z)) for all z € €. Furthermore, if the
function g is univalent in €, then we have the following equivalence, see [13].

f(z) < g(z) <= f(0) = g(0) and f(€) C g(€).
The convolution (or the Hadamard product) of two functions f (z) and g (z) where f (2)is

given by (1.1) and g (2) = z + § bpz" is defined as
n=2

(f*g)(z):z+2anbnz".,z€8 .
n=2
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Furthermore, we recall the two interesting subclasses of 8 consisting, respectively, of func-
tions which are k-uniformly convex and k-starlike in € denote it by £ — UCV and k — 8T
introduced in [9] . So, we have

k—UCY = {f(2) € 8: Re [1+ Z}f,,;(j))] >k Z}f,,;g) L 2€8,0<k < ool
k—8T ={f(z) €8: Re [ZJ{;S)} >k ZJ{(/S) —1|, 2€&,0<k < oo}

It is obvious for k£ = 0, the class k — UCV reduces to the class of convex univalent
functions € and class of starlike functions 8T. Moreover for £ = 1 corresponds to the class
of uniformly convex functions UCV introduced by Goodman [6] and studied extensively
by Regnning [20] . The class k — 8T was investigated in [10]. For k € [0,00), S. Kanas in
[9,10] defined the conic domain €, as follows

Qk:{u—l—w;u>k‘\/(u—1)2—|—v2}. (1.2)

For a fixed value of k, the domain 2 represents the conic region bounded by ellipse for
k > 1, hyperbolic when 0 < k < 1, parabolic for the value k = land the right half plane
when £ = 0. Now the domain €, ., related to €2 is defined as:

Qo =1 —0a)Q +a,

where

0,1), if kelo1],
o= 2 (1.3)
0,1=YE=1) i k> 1 '

condition (1.3) on « is imposed to ensure that the point (0, 1) is inside the domain €, , (see
[16,17]). Extremal functions for these conic regions denoted by py o (2), are analytic in €
and map & onto ( , such that pyq (0) =1 and py , (0) > 1. pgq (2) is given as:

1+(1-2a)z
(1—2 ) ’ k= O,
2
14 20 (1og }j@) : k=1,
Pra(2) =19 1 + 2?__]5‘) sinh? [(% arccos k:) arctan h\/E} , 0< k<1, (1.4)
u(z)
L4 | oo T L d 0 k>
+ k21 sin 2R(t) g /1*$2‘/1*(t:0)2 T+ k2—1> > )

where u (2) = f__\/\%, t €(0,1), z € € and z is chosen such that & = cosh lg(%), where R (t)
is the Legendre’s complete elliptic integral of the first kind and R’ (¢) is complementary
integral of R (t); see [9] and [8] . Let P (pk.o (2)) denotes the class of all those functions
p (z) which are analytic in € with p(0) = 1 such that p(z) < pgq (2) for z € €. Clearly
it can be seen that P (pyq (2)) C P where P is the class of Caratheodory functions with
positive real part, see [5]. It can easily be seen that if p € P (pgq (2)), then p < pgq.
Therefore it can be written as

P (Pra (2)) CCP(1+k

Noor in ([15]) extended the class P (piqo (2)) by defining the following class.

k+a>
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Definition 1.1. Let p(z) be analytic in & with p(0) = 1. Then p € Py, (pr,q (2)) if and
only if, for m > 2, k > 0 and « given by (1.3)

p(z) = (T‘i';)pl(z)_ (T—ng(z),

where p1 (2),p2(2) € P (pra(z)). Taking & = 0 and o = 0, we obtain the class P,
introduced by Pinchuk in [18]. Also P2 (pr.a (2)) = P (ke (2))-

Definition 1.2. For \,u > 0 and 0 € Z = {---—2,—-1,0,1,2,--- } P. Sharma et al.
[19,21] defined a linear operator £5 ,: A — A as:

I,\,#in:zlf (2) for o=-1,-2,--
Suf (2) =18 Dapu£501f(2) for 0=1,2,--, (1.5)
f(2) for m =0,

where integral operator I , is given as

A x| oAl
Douf(2) =22 ﬁ/ti 2F(t) dt
s 0
and differential operator

Danf () =502 2 (22717 ).

Let for b > 0, a,c € C, the Erdelyi-Kober type integral operator gy “f (z) : A — A be
defined for Re (¢ — b) > 0 and Re (b) > —b as

1
3y f(2) = 11:&12 7 ! ) 0/(1 — ) tyaly (ztb) dt. (1.6)

c—a

The linear operator £ 2 " (a,c,b) : A — A is the composition of two linear operators defined
above by

T (a0 b) [ (2) = £5,, (35S (2) = 3" (£53,,0 (),

and the series is given by

L3, (a,e,b) f(2) =2+ I’(c——::b) > (1 + £ (n/\— 1)>0 ?‘((ZIZZ))CL”Z”' (1.7)

It follows from (1.7), that

2 [£5,(acb) f (z)]’ — 21:‘;;1 (a,¢,b) f (2) + (1 - 2) Salaeb) f(z),  (18)
and
/ a+b a
L3 (@et) f ()] = LS (at Led) f(2) = 7 £5, (@ e ) f(2). (19)

Different analytical classes associated with the linear operator can also be found in [1], [2],
[12] and [11].

Using the linear operator £% (a,c,b) we will define the following classes of analytic
functions.
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Definition 1.3. Let A\, pu,b6 > 0, a,c € C, 0 € Z, k € [0,00),m > 2 and Re (¢ —a) > 0
with Re (a) > —b. Then for « given by (1.3)

z [ S lascb) f(z)}/
£3 . (a,¢,b) f(2)

k= URYY (a,¢,b,0) = { f(2) € A € Pu (Pkya)

Definition 1.4. Let f(z) € A. Then f(2) € k — UVS\T’: (a,e,b,) , a,c € Co\, b > 0 if
and only if

(z [,5&’“ (a,c,b) f (z)}/>/
(£3,(a.c.t) f ()

S j)m (pk,a) .

It can be easily seen that
f(2) € k=UVY"T (a,¢,0,a) & zf' (2) € k = URY"Y (a,¢,b,a). (1.10)
Special cases:

i) For m=2,0=A=pu=1, a=0 it reduces to the the class k¥ — UCV which was
introduced in [9].

ii) Taking o = A = p = 1, it coincides with the class of functions of k-uniform bounded
boundary rotation m with order « , see details in [15].
Similarly, by giving specific values to the parameters involved in k — UVTJf (a,c,b,a) and
k — UIRKT;T (a,c,b, ), we obtain many well-known as well as new subclasses of analytic,
univalent functions, see [3-22].
We shall assume, throughout this study unless otherwise stated, that A\, u,b > 0, a,c € C,
o €Z,ke|0,00),m>2and Re(c—a)> 0 with Re (a) > —b.
Now to establish our main results, we need the following lemmas.

2. Preliminary lemmas

Lemma 2.1. [5] Let u = u; +iug, v = v1 +ive and ¥ (u,v) be a complex valued function
satisfying the conditions:

(i) 9 (u,v) is continuous in a domain D C C2,

(13) (1,0) € D and Re¥ (1,0) > 0,

(1) ReV (iug,v1) < 0, whenever (iug,v1) € D and v1 < —1 (1 +u3).

If h(z) = 1+ c1z2 4 -+ is a function analytic in E such that (h(2),zh'(z)) € D and
ReV (h(z2),zh' (2)) > 0 for z € &, then Reh(z) > 0 in E.

Lemma 2.2. [7] Let o, A with any complex numbers with A # 0 and 0 < v < Re (A\k/ (k+1) +0).
If ¢ (2) is analytic in € with ¢ (0) =1 and satisfies

(0614 5505 ) <o (2) (2.)
and @y~ (2) is an analytic solution of
Proy (2) + A;fk&;zi - = Py (2),
Y

then o (2) is univalent,
¢ (Z) < Pk,y (Z) < Pk~ (z) )
and @y~ (2) is the best dominant of (2.1), where py, , (2) is given as

Yy (2) = {(/1 expfpk"y(z)_ldu> dt

0 t

-1

Lo
A
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Lemma 2.3. [4] Let f(z) be univalent and 0 < r < 1. Then there exists a number z;
with |z1| = r such that for all, |z| = r, we have

2r?
1—r2

|z = 21| [f (2)] <

3. Main results
Theorem 3.1. Letk € [0,00),m > 2. Then k—URY7 "™ (a,¢,b,a) C k=URYY (a,c,b,a).
Proof. Let f(z) € k — UIRi”ZH (a,c,b, ). Setting
z { S lase, b)f(z)}/

£5 , (a,¢,b) f(2)
where p (2) is analytic in € with p(0) = 1. Then using (1.8) ,we have

£ a,eb) f(2) g (p(z) . A 1)

=p(2),

£3 . (a;¢,b) f(2) D)

Logarithmic differentiation and simple computation yields

2 (£33 @eb) f(2)
£‘/{Ll (a,e,b) f(2)

Since f (z) € k — UR?\:ZH (a,c, b, &) ,we have

=p(2)+

zp' (2)
p(x)+(3-1

p(z)+ ) = Pra (2),
where py, o (2) is defined by (1.4). Now applying Lemma 2.2 with p =1 and 0 = (% — 1) ,
we have
p(2) =k (2) < Pra (2),
where g (z) being best dominant and is given by

1 tz
q (2) = [/ti_leXp/m’“(?_ld&

0 z

-1

A
+1-2)

This shows that p(z) € P (pra) (2 € E) and consequently f € k — URi’f; (a,c,b, @) in
E. 0

Theorem 3.2. If f (2) € k — UV ™ (b,¢,b, @), then f(2) € k — UV (a,¢,b,0).
Proof. In view relation (1.10) and Theorem 3.1, we have
f(2) €k =UVTT (be,b,a) & 2f' (2) € k—URYT (b, c,b, a)
= 2f'(2) € k = URYY, (b, c,b,0)
& f(2) € k= UV (bc,b,a).
O

Using (1.9) and the same technique as in Theorem 3.1 and Theorem 3.2 we can easily
prove the following results.

Theorem 3.3. Let f (2) € A. Then
k—URYY (a+1,¢,b,a) Ck—URY (a,c,b,0q).
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T}};eorem 3.4. Let f(2) € k= URYT™ (a,¢,b,0). Then f(z) € Ry (a,c,b,p1) in &,
wnere

2 (1 +2B0 (A — )

B = . (3.1)
(2N =) =280+ ) + V(2 (A = ) = 2Bop + 1) + 8 (ke + 260 (A — )
Proof. Proceeding as in Theorem 3.1, we have
2p’ (2) E+a
+ ———€P(Pro) C?P ) = .
p(2) p(2) 1 At (P.a) P (Bo)s Bo= 17+
Let us take
p(2)=(1-p51)q(z)+ b
Then /()
w1zq (2 .
+ —— |+ pu2€Piné.

where p = %:gé, Ho = ﬁf:ﬁ'io, wp = ﬁ and wy = ﬁ —1. We now form the functional

U(u;v) by choosing u = ¢ (2), v = 2¢’ (2) and note that the first two conditions of Lemma
2.1 are clearly satisfied. We check condition (iii) as follows.

w1v
v = .
(u,v) = {U+u+w2}+uz

Now L1
. 1Wi1w2
ReV (iu,v) = ——
( s ) u2 +w% + p2
As p1 > 0, wy > 0, so applying vy = —% (1+ u%) and after simple computation we obtain

7#1(«}1&}2 (1 + UQ)
2 (u3 + wi)

_ 2upw3 — puwiws + (2pz — prwiws) uj

2 (u3 + w3)

Rel (iUQ, Ul)

IN

+ 2

A+ Bu}
_ 2
i) (32

where

A = 2503 — pywiw,

B = (2u2 — piwiws),

C=2 (u% + w%) .
The right hand side of (3.2) is negative if A < 0 and B < 0. From A < 0, we obtain 1
as given by (3.1), and B < 0 ensures that 0 < 8; < 1. Since all the conditions of Lemma
2.1 are satisfied, it follows that ¢ (z) € P, and consequently f (z) € fR?\Z (a,c,b, 1) . This
completes the proof. ]

Theorem 3.5. Let f(2) € k — UVY7* (a,c,b,a). Then f(z) € VY7 (a,c,b,p1) in &,
where 51 is defined by (3.1).

Proof immediately follows by using Theorem 3.4 and relation (1.10).

Theorem 3.6. Let f(z) € k — URY" (a,¢,b,@). Then there exist s1(z), s2(2) € k —
usg , (a,c,b,a) such that

m—+42

£9 ,¢,b *
K,u(aacvb)f(z):( )\’#(a - )81(2)>m_27 m227k€[0,00).

("Eiu (a,c,b) sz (z)) o
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Proof. Let s(z) € k —UST , (a,¢,b,a) . Then

2 (£§7M (a,c,b)s (z))/
£3 , (a,c,b) s (z)

< Pk« (Z) )

this implies that

z

al(t)—1
£§)# (a’c7b)8(z) =< ZeXp/pk’(t)d

0
Let pu,, be the class of real-valued functions p(t) of bounded variation on [—, ] satisfying
the conditions

L.

™

/d,u(t) — 2 and ] ()] < m.

—T

- Zp ol -1
et 1) = zep [P Ly e,
0

We can write the real-valued function of bounded variation as

ult) = (t) — o).
where 1 (t) and po(t) are nonnegative increasing functions. Thus

2 Pk a(t)_l
ag ’7d t ’
£/\7M (a,e,b)  (2) B expof i () _ 3 3)

: exp [ pel= (), ()

where
™

[ @) = dua(t) = 2. and. [ ldpua(8) + do ()] < .

—r -

Since p € piy. These, in turn, imply that

2 -2
/dul m+ =, and /d,ug m—z (3.4)

From (3.3), we note that f dp (t) and f dus(t) are the boundary rotation of the image
—T —T
of & under the mappings

w1 :/N(n)dn and wo :/'D(n)dn,
0 0

respectively. From (3.4) the functions
w1 = (N (Z))miﬁ and w9 = (@ (Z))n;% ,

are the derivatives of functions whose boundary rotations are 2. In other words, these are
the derivatives of functions belonging to k — UCV («). Let

£5.,(a,¢,b) 81 (2) = 2 (N (2))77% and £5, (a,¢,b) s (2) = 2 (D (2))72 .
This means s; (2), s2 (2) € k —USS , (a,¢,b, ). Hence

m—+2

£9 (a,c,b)s1(2)) *
iu(a’cvb)f(z):( )‘7/‘( ) 1( )) —, m =2, ]{:E[0,00)

(f‘/{# (a,c,b) s2 (z)) *
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This completes the proof. O
Theorem 3.7. Let f(2) € k — uvﬁf;’ (a,c,b,a) and have the form (1.1). Then

an =0 (1) 72 (n = oc0),

= () (G4}

and O (1) is a constant depending on k, m and «. The exponent is best possible when
k=0=q.

Proof. Let

where

e F() = F () =24 LETD S (1 S D)L,

T (atb) ) T (c+nb) ™

Since using the result [3] F'(z) € &k —UV™ (a) C V™ (1), a1 = ?"‘T‘z, there exist F} (z) €
V™ such that

n=2

11—«

F'(2) = (F{ () = (F{ (2)) #* .
Setting

G(z) = (z (zF' (z)),)l

= (2F' (2) H (2)), H(Z):(Zg//((zz))) € Pm (k{iZ)

= F/(2) [H? (2) + 2H' (2)] . (3.5)

Now from Theorem (3.7) , we have

iz for g1 (2),92(2) € C. (3.6)

Now for z = re®,
1 27
3 _ —i6
7 Jan] = 5 / F(2)e®dp (3.7)
0

Using( 3.6 )and (3.5) in (3.7), we have

(£5, (@b a ()

. (52)(22)

1
3 _
" ]an| - 27r7“”/

‘HZ (2) + 2H' (2)] do.

o (50) (=)
0 |(£3, (@cb) g2 (=)
Using distortion results for the convex functions and Lemma as given in [14] with a; = %
andr=1— %, we obtain the required result. ]
Theorem 3.8. Let f(z) € k — UVT;LU (a,c,b,a) and let gth Hankel determinant of f (z

forq>1 andn > 1, be defined by . Then form > 2,
K,y () = O ()n, (0 o0),

where O (1) is a constant depending only on n, m and c.
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Proof. Let

T(ct+d) & p(n—=D\7T(a+nb)
n )Z<1+ > T (c+nb)™™

Hence, using a result due to [3], it follows that, for F'(z) € k — UV™ (o) C V™ (1),
ap = k+o there exist F (z) € V™ such that

14k
F'(2) = (F (2) ™ = (F] (2)) 7
(sl(z)>(T+2)(ll_Tz)
Fl(z)= 2 — for 51,89 € 8
=) () IR
Setting

Now for z =re?, j > 1 and z; any complex number, we consider

2
|A] (nazlaG(Z))| = 27”"1,”_’_]/(2—21)]6;’(2) 6_(n+j)6d6
0
27 m
1 L jysl(z)‘(T)(l 2)—i 2 ,
< s [le=al s ) D |12 (2) + 2 ()| do

0

Using Lemma 2.6, Lemma 2.7 and well-known distortion result for starlike functions in
(4.6), we obtain for (mT”) (1+k) > j

A, (2, G ()] € — ( 2 ) <4)<4><l+k>

2rrntd \ 1 — r2 r

rn+2)( 1

xf|sl<>|<4 )02 (2) + 2 (2)] db.
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using distortion bounds for starlike function we have

(m52) (455)
12 (1,21, (2)] € g ( )

IN

1 < 1 >(2><1+:)j 2)(572) (558 [1_ (m2(1—a)2_1) 7«2]

pr=2-(35%) \1—r

which can be written as

1 1\ (") () -1
18,2, G )| £ €k 0n) — ey (72
1 (mf)(lfi)—j—l
=0(1
(1)
Now choosing z; = ni_i_lew" (n = 00),r =1—1 we have
18 (n, 21, G ()] = 0 ()5 ) (0=,
where O (1) represents the constant depending on «, m and n. ]

Using Lemma 2.3 and similar technique of Theorem 3.7, we can easily prove the following
result.

Theorem 3.9. Let f (2) € k —URY"Y (a, ¢, b, ) having the series( 1.1). Then for m > 2
lansal — Janl| < C (@, m, n)n2,
where C' (a, m,n) is a constant depending on a,m and n .
Theorem 3.10. Let f(2) € k — UV (a,c,b,a) and g (2) € k —URY"] (a,¢,b, @) . Then
r [ £9 a,e,b)g()\" [ £3, (a,c,b)h(t)\"
(.fi“ (a,c, b)F(z)) - / ( T )9 )> ( 7 Jh )> dt, (3.10)

t t
0

in the class k — UVZT;’ (a,c,b,0), where
d=1-n+r)(1—-a). (3.11)

Proof. From (3.10), we can write

(z (fi,u (a,c,b) F (Z))/> z (.,EK’“ (a,c,b) g (z)), z (.,EK# (a,c,b) h (z))l

(5, @en () BaeeblgG) Ao hh()

+1-(n+k).

(3.12)
Since f (2) € k—uvg’ff (a,e,b,a) C k:—UfR;nj (a,c,b,a) and g (2) € k:—UfRKff (a,c,b,a),
we have £ (a,¢,b) f (2), £5 , (a,¢,b) g (2) € kK — UR™ () and therefore we obtain
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z(f‘/{,u(a,c,b)g(z))/ z( iu(a,c,b)h(z))/
£, (a,c,b)g(2) 7 £5,(a,c,b)h(z)

z (”Eiu (a,c,b) g (z))/
£, (@ebh)g(?)
z ("Eiu (a,c,b) h(z))/
£3 . (a,¢,b) h(2)
from (3.12), we have
1 <z (£§7M (a,c,b) F (z))/> . .

A= —0| = —q (z
1-2¢ ("Eiu (a,c,b)F(z)) (77"1'”)(]1( )t

€ P (Pr,a) - Let

=1 -a)q1(2) +a, ¢1(2) € P (pr)

=(l-a)g(z)+a, q1(z) € P (pr)-

m‘b (2), (3.13)

where 0 is given by (3.11). Now by using the well-known fact that the class P,, (px) is a
convex set together with (3.13), we obtain the required result. U
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