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ABSTRACT. The surface-surface intersection (SSI) problem is very important subject in geometry. We examined
perpendicular transversal intersection problems of eight Frenet ruled surfaces which are called ” Involutive Frenet
ruledsurfaces (IFRS) and Mannheim Frenet ruled surfaces (MFRS) ofa curve a, in terms of the Frenet apparatus
of curve a. First using only one matrix and orthogonality conditions of the eight normal vector fields are given.
Further perpendicular transversal intersection conditions and curves if there exist of eight /FRS and MFRS are
examined.
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1. INTRODUCTION AND PRELIMINARIES

The surface-surface intersection (SSI) problems can be three types: parametric-parametric, implicit-implicit, para-
metric - implicit. The SSI is called transversal if the normal vectors of the surfaces are linearly independent. Also
the SSI is called tangential if the normal vectors of the surfaces are linearly dependent, at the intersecting points. In
transversal intersection problems, the tangent vector of the intersection curve can be found easily by the vector product
of the normal vectors of the surfaces. Because of this, there are many studies related to the transversal intersection
problems in literature on differential geometry. Also there are some studies about tangential intersection curve and its
properties. Some of these studies are mentioned by Wu, Al essio and Costa in [13], using only the normal vectors
of two regular surfaces, present an algorithm to compute the local geometric properties of the transversal intersection
curve. Tangential intersection of two surfaces are examined in [1] too. We have already try generate a surface based
on the other surface. The evolute and involute curves, Mannheim curves or Bertrand curves are the famous examples
of the generated curve pairs. In the view of such information we have generate a new ruled surface based on the other
ruled surface which are called as involutive B— scrolls, and the involute D— scroll . They are examined in [11] and [12]
respectively. In this paper we consider special Frenet ruled surface, cause of their generators are the Frenet vector fields
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of a curve. The quantities {Vl, Vs, Vs, D, ky, kz} are collectively Frenet-Serret apparatus of a curve a, where V1, V,, and
V3 are Frenet-Serret vector fields, k; and k; are first and second curvatures, respectively. Also

- k
mw=§uwwm+wu>

is the modified Darboux vector field of @ [5]. A ruled surface can always be described (at least locally) as the set of
points swept by a moving straight line. Frenet ruled surface is one which can be generated by the motion of a Frenet
vector of any curve in /E3. The famous example of this situation can be seen in [3]. In this study tangent, normal,
binormal, Darboux ruled surfaces of any curve are collectively named ”Frenet ruled surfaces (FRS) of the curve a’.
Before, in [7] we have an examination on the positions of Frenet ruled surfaces along Bertrand pairs according to their
normal vector fields . Further we have some results on the positions of Frenet ruled surfaces along involute-evolute
curves according to their normal vector fields in [11].

Definition 1.1 ( [2]). In the Euclidean 3 — space, let a(s) be the arclengthed curve. The equations

@1 (s,u) =a(s)+uVi(s)
02 (s,u2) = a(s) + uz V2 (s)
@3 (s,u3) = a(s) + uz3Vs (s)
@4 (5,us) = @ () + usD(s)
are the parametrization of tangent ruled surface, normal ruled surface, binormal ruled surface, Darboux ruled surface

couse of they are generated by the motion of tangent, normal, binormal, Darboux Frenet vector field of any curve,
respectively, in /E3. Collectively they are called Frenet ruled surfaces (FRS).

Theorem 1.2 ( [11]). In the Euclidean 3 — space, let ni,1n2,1n3, and ny be the normal vector fields of Frenet ruled
surfaces @1, g2, @3 and @4, recpectively, along the curve a. They can be expressed by the following matrix;

m 0o 0 -1 Vi
[n] = ZjHj IR
N4 0 -1 0 V3
where
L - —urky p= (1 — usky) ’
Vwrks)? + (1 = uzky)? Viurko)? + (1 = uzky)?
e = —usk, de -1

V(uzka)* + 1 , V(usky)? + 1

Involute of a curve is very familiar offset curve. If the tangent vectors of @ and a*are intersect orthogonally they
are called evolute and involute curves, respectively. Let the quantities V7, VJ, V; and D* be collectively Frenet-Serret

vector fields, k’f, and k; be curvatures of the second curve @*. Then we have the equalites <Vf V1> =0,V, = Vf. For
the evolute and involute curves.

a’'(s) = a@s)+(c—-sVi(s)

is the equation of involute of the curve a. The Frenet vectors of the involute a*, based on the its evolute curve « [4] are

Vi=Vs, 5= _—klz‘/ltkzlvg’ Vi= k2‘2/1+/;1 \13
(k+43)2 (k3+43)?
Pr= _k _ Kha-hiky k

1 V> V3
VIE+k3 (+12)2 k2 +k2
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where D* is the modified Darboux vector of involute curve a*of an evolute curve a, based on the Frenet apparatus of
evolute curve a.The first and second curvature of involute o*, respectively, are

CoNErR S B(R)

K= . k= .
' (o -9k P 0 9k (K +R2)

For more detail see in [4, 9].Mannheim curve was firstly defined as by A. Mannheim in 1878. A curve is called a
Mannheim curve if and only if @ is a nonzero constant, k; is the curvature and k; is the torsion. Mannheim
curve was redefined as; if the principal normal vector of first curve and binormal vector of second curve are linearly
dependent, then first curve is called Mannheim curve, and the second curve is called Mannheim partner curve by Liu
and Wang. As a result they called these new curves as Mannheim partner curves. For more detail see in [10].

Leto** : I — E3 be the C2—class differentiable curve with Frenet Apparatus {Vf* (™), V3" (™), V3™ (s™) k), k;*}
If the principal normal vector V; of the curve a is linearly dependent on the binormal vector V;* of the curve o™, then
the pair {a, @**} is said to be Mannheim pair, then « is called a Mannheim curve and o** is called Mannheim partner

curve of @ where < (V1, V{*) = cos 6 and besides the equality kzkﬁ = constant is known the offset property,for some

1 2
non-zero constant. In [8] Mannheim offsets of ruled surfaces are defined and characterized. For some function 4™,
since V, and V3 are linearly dependent. Mannheim partner curve has the following equation;

a”™ (s) = a(s) — AV, (s)

_ =k
where A = v

curve a are

. Frenet-Serret apparatus of Mannheim partner curve o**, based in Frenet-Serret vectors of Mannheim
Vi* =cos V) —sinf Vs, V™ =sindV)+cosdV;, V"=V,

™ _ ki cos?@ ki cos@sinf
D**(S) = /l_klzTVI + V2 - Tk]zTV3

where D** is the modified Darboux vector of Mannheim partner a**of a Mannheim curve . The curvature and the
torsion have the following equalyties,

do 6 . k
Kr=—m=—— k= —
ds* cosé Ak
we use dot to denote the derivative with respect to the arc length parameter of the curve a. Also dif* = ﬁ, where |1]

is the distance between the curves a and a*. For more detail see in [8].

Normal vector fields of IFRS and MFRS. In this section first, we give the Tangent, Normal, Binormal, Darboux
Frenet ruled surfaces of the involute curve a*. Further we write their parametric equations in terms of the Frenet
apparatus of the involute-evolute curve curve a. Hence, they are called collectively ”Involutive Frenet ruled surfaces
or IFRS of curve a” as in the following way.

Definition 1.3 ( [11]). In the Euclidean 3 — space, let a(s) be the arclengthed curve. The equations

o1 (s,v) =a(s)+ (0 —)Vi(s) +viVa(s)

@5 (s,v2) = a(s) + (0 — )V (s) + 2 ("‘V‘—”‘ZIV‘)
(k+43)7
@5 (5,v3) = @ () + (0 = $)V) (s) + v3 | LA
) (k+k5)2

@, (5,v4) = a(s) + (o= )V (s)
ky _ kikrklk; + ki )

\%
Ve ! (2+12)} 2T e

are the parametrization of the ruled surfaces which are called involutive tangent ruled surface (ITRS), involutive
normal ruled surface (INRS), involutive binormal ruled surface (/BRS), involutive Darboux ruled surface (IDRS),
respectively, couse of they are generated by the motion of tangent, normal, binormal, Darboux Frenet vector field of
involute curve. respectively, in IE>. They are called collectively ” Involutive Frenet ruled surfaces (IFRS).

+vy
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Theorem 1.4 ([11]). In the Euclidean 3 — space, the normal vector fields iy, n5, m5.and n of ruled surfaces ¢y, 5, ¢35,
and @), recpectively, along the curve involute a*, can be expressed by the following matrix;

o 0 0 1)y
. : a 0 b !
(7] = %H“* o o ||V
T, 0 -1 0 3
where
: vk N (1 - vak})
a = , = ,
k) + (1 =vak;) Vo) + (1 =vaki)
&= —v3k; * _ -1

Josk) 1

Also we give the Tangent, Normal, Binormal, Darboux Frenet ruled surfaces of the Mannheim partner o™ of curve
a. Further we write their parametric equations in terms of the Frenet apparatus of the Mannheim curve @. Hence they
are called collectively ” Mannheim Frenet ruled surfaces of curve (MFRS) of curve a” as in the following way.

(vaks)” + 1

Definition 1.5 ( [6]). In the Euclidean 3 — space, let a(s) be the arclengthed curve. The equations

@7 (s,w1) = a + wicosfVy — AV, — wisinfV3
@5 (s, w2) = @ + wasing Vi — AV, + wycostV3
@3 (s,w3) =a+w3Vy — AV,

sk _ ki cos Bcosé
@ (s,wg) = + Zm—g ik
1 cos Osin
A0k, €

V1 + (W4 - /l) Vz
—Wy

are the parametrization of the ruled surfaces which are called Mannheim Tangent ruled surface (MTRS), Mannheim
Normal ruled surface (MNRS), Mannheim Binormal ruled surface (MBRS), Mannheim Darboux ruled surface (MDRS),
respectively, couse of they are generated by the motion of tangent, normal, binormal, Darboux Frenet vector field of
Mannheim partner of any curve, respectively, in /E>. They are called collectively as Mannheim Normal ruled surface,
(MFRS).

Theorem 1.6 ( [6]). In the Euclidean 3 — space , the normal vector fields ny*, 15", 15", and n;* of ruled surfaces
O, 05", @5, and @), recpectively, along the curve
Mannheim partner a*, can be expressed by the following matrix;

n;" 00 <.

. sk a** 0 b** L

1= H eoa o ||

0 0 -1 o [

where
a = > = s
k) + (1 = wak?)’ vk + (1 = ok’
c = , d7=

Jwsks?) + 1

2. PERPENDICULAR TARANSVERSAL IFRS anp MFRS

In this section, using a matrix the sixteen positions of normal vector fields of eight IFRS and MFRS are examined.

Further some interesting results are given, with simple

matrices product and equality. It is trivial that, the product
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matrix of unit normal vector fields [n*] = [;7’1‘, My 13 )72] and [n**] = [yfl“*, 55,15, nj*] of IFRS and MFRS, respectively,
along the curve « is

nsmyt) Amemyt) (menst) sy

) ety ) ety (e

Theorem 2.1. The product matrix [7*] [77*]" of the

the curve « is

5 ok T
T]3’771 7737’72 773’ T’} TI3”74
memt) meny ) memst) ALy

unit normal vector fields of IFRS and MFRS, respectively, along

. _ kycosO—k, sinf o .
0 _ kycosO—kysinf _xx m kycos6+k, sinf
m a _ kicosO+k; sind a4 m
m ..
b*a** kocos6—ky sin6 Ml)*c**
2,12)2
@ a*b™ k(lfﬁakf/zz ing ad
- + kicosbkysin g ps
m
s —kj cosO—ky sinf —kicosO—kasin® gs s
R d*a™—! m 2 m d'c d* kacosO—k, sinf
+C*b** +k26‘059—k1$in0d*d** m
—klctyslﬁ—kzsiné) ok
0 _ —kicosO—kysinf _xx - m c kycos6—k sinf
m a _ kycosb—k; sin@d** m

where m = 1/k% + k% # 0.
Proof. Let [n*] = [A*][V*] and [™*] = [A™] [V**]. Also
(7] [ 1" = [A [V 1A~ vt
= A (v v AT

0 0 1
—kycosO—k, sinf kocosO—k; sinf 0
T
=TT e (e (A"
ko cosé)—il sinf ki cox9+icz sinf 0

BT ()
Using the following matrix product form of Frenet vector fields of the involute curve o, and Mannheim partner curve
o™, we have

0 0 1
—kycosO—k, sin6 kocosO—ky sinf 0
T 1 1
VIVET =] ge)? (k+42)? : @.1)
ko msH—%q sinf ky (,‘039+;(2 sinf 0
1 1
(ki+k3)? (ki+k3)*
Hence
0 -1 0 0 1
. —kicos6—k, sinf kycos6—k, sinf
Rl ] BN | Rresvess rrevere sl VA
= « s +k2 +
c d 0 kzcolsﬁ—?q sinf ky colseﬁcz sinf
1 1
0 -1 0l @ay! @)
_ kycosb—ky sinf _ kicosO+ky sind 0 1
1 1
(kj+k3)2 (ki+k3)
% kgzozse—lzcl slinﬁ * k120j€+72¢;slin0 a* 0 a** o 0
_ K +k 22 K2+k2)2 o
- d* —ky crl)sH—z > sinf 4 kzcova—iq sinf % 0 0 d -1 (22)
] e | e LA (R
(+k2)? ki+k3) 2
_ —kicosb—k; sinf _ kzcoxﬂ—l%] sinf
1 1
(ki+k3)2 (ki+k3)*
this product give us the result. O

The perpendicular transversal intersection of two surface, basically, can be examined by the position of their unit
normal vector fields 7, 73, 5, 7, and 177", 75", 3", ;" We can examine the sixteen positions of eight surfaces, basically,
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according to the position of their unit normal vector fields in a matrix. Since the equality of the last two matrices (2.1)
and (2.2), we have sixteen interesting results according to the normal vector fields with the following theorems.

Theorem 2.2. There are only two pairs of Frenet ruled surface which are always perpendicular transversal, these are
ITRS; MTRS of curve @ and IDRS ; MTRS of curve a.

Proof. According to matrices equality we can say easily that

(m-my) = (i) =0
hence we have the proof. O
Theorem 2.3. Involutive tangent ruled surface and Mannheim normal ruled surface of curve a have perpendicular
normal vector fields and wyk3* # 0, so tan 6 = %
Proof. Since <n’l‘n§*> = (kysin6 — kycos6) a™ and using the orthogonality condition k;sinf — kycos6 = 0, or since
wak3™ # 0 we have tan 6 = i—f O
Theorem 2.4. Involutive tangent ruled surface and Mannheim binormal ruled sur face of curve a have perpendicular
normal vector fields, if

kiky (A +w3)

tan6 = .
—/lkg + W3k%

Proof. Since (n’l‘, n§*> = (ky5in6 — kycos6) c** — (kycos6 + kp sinf) d** and under the orthogonality condition

(k1 sinf — kacosB) ¢ — (kjcosO + ko sind)d™ =0

we have
_ koo™ + kd™ _ Akiky + wikiko

tan 6 = - .
M e —lad™ | —lkoky + wakiky

O

Theorem 2.5. Involutive tangent ruled surface and Mannheim Darboux ruled sur face of curve have perpendicular
normal vector fields, iftan 6 = —],Z—l.

Proof. Since <7f; 77T> = kjcos6 + kpsin@ and under the orthogonality condition kjcosf + ksin@ = 0, hence tan 6 =

_k
o m]

Theorem 2.6. Involutive normal ruled surface and Mannheim tangent ruled surface of Bertrand curve a have not
perpendicular normal vector fields, except v, = 0.

Proof. Since <r];, n*l‘*> = —a*, and under the orthogonality condition
—Vzk;

k) + (1= vak)’

and k5 # 0 it is trivial. O

=0,

Theorem 2.7. Involutive normal ruled surface and Mannheim normal ruled surface of Bertrand curve a have per-
pendicular normal vector fields along under the condition

(4
—voky + vokiwy osO

Viede
—-woki1 + Wzkﬂqﬁ

kocosO — ki sin = m

(2.3)

Proof. Since <17§, n§*> = b*a**%’lk‘me —a*b**, and under the orthogonality condition

b g kycost — kysing S =0
m
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we get
—va i (1= woki")
—szle (1 - Vsz)

—V2k1 (1 - WQFQSQ)

K2 +k2
—Wzk] (1 - (a'—ls)kl_)

kocosO — ky sin@

= m

O

Theorem 2.8. Involutive normal ruled surface and Mannheim binormal ruled surface have perpendicular normal
vector fields for the value
— (A +ws3) koky

2 2 Bm_ -
/U(2 — W3k1 — 1)2/7.(0__3)]{1

tanf =

Proof. Since (115, 75") = (kacos — kysin) b*c** + b*d™* (kicost + ksinf)) and
under the orthogonality condition
(kycosO — kysin@) b*c™ + b*d™ (kycosO + kysind) = 0
we have
—W3k2k;* — kl
kz — W3k;*k1 - Vzkzki‘

k
w3k =k

tan @

(o=9)k1

k
ky = w3 ki = vaky
O

Theorem 2.9. Involutive normal ruled surface and Mannheim Darboux ruled sur face have not perpendicular normal
vector fields, except v, = 0.

Proof. Since <77;, nz*> = —a*, and under the orthogonality condition
—Vzk;

Jak) + (1 =vak; )

since k3 # 0 it is trivial. O

=0

Theorem 2.10. Involutive binormal ruled surface and Mannheim tangent ruled sur face of curve a have not perpen-
dicular normal vector fields, except w3 = 0, or k" = 0.

—waky"
JOwsky) 41

Theorem 2.11. Involutive binormal ruled surface and Mannheim normal ruled sur face of curve a have perpendicular
normal vector fields for

Proof. Since <77§, n’{*) =—c"=- and under the orthogonality condition —w3k3* # 0. it is trivial. O

kicos6 + kysinf =

/lk;\@ (1 - Wzé) k '
mk? (o~ — s)w cos @ (k_z)
Proof. Since <r]§, n;*> =d'a™ _"‘C%_k”mg + ¢*b** and under the orthogonality condition

—k 0 — kysinf
Jrqt —NICOSY T RaSIG.  ape _
m
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we have

) =1+ wak}”
kicos6 + kysind _

ng*
woky 72

m(—l +w_] B
= )@=k (B +K)

Wz/l—kz

O

Theorem 2.12. Involutive binormal ruled surface and Mannheim binormal ruled sur face have perpendicular normal
vector fields for the value;
W3k% - /lk%

tanf= ——1 "2
M= T ) kak

Proof. Since <7f3‘, 77’3‘*> = d*d"* (kycosO — ky sin6) — (kicosO + ky sinf) d*c** and under the orthogonality condition
d** (kycosO — ki sin) — (kjcos + kysinf) ¢ =0
we have

(dky — k) cosd = sinb
—k2 + W3k;*k1
—kl - W3k;*k2 '

tan 6

O

Theorem 2.13. [nvolutive binormal ruled surface and Mannheim Darboux ruled surface of curve & have perpendic-
ular normal vector fields, if tan 6 = %
Proof. Since <TI§9 nz*> = d* (kycos0 — k; sinf) and under the condition

kocos6 — kysinf = 0
and d* # 0. ]
Theorem 2.14. Involutive Darboux ruled surface and Mannheim normal ruled surface of Bertrand curve a have

perpendicular normal vector fields, if
tan6 = —%.

Proof. Since <nz, 77;*> = (kicos6 + kpsinf) a** and under the orthogonality condition there is not a real value of a** # 0,
hence we get kjcos6 + kysing = 0. m|

Theorem 2.15. Involutive Darboux ruled surface and Mannheim binormal ruled sur face of curve a have perpendic-
ular normal vector fields, for the value
W3k% - /lk%

tanf = ——————.
(A +w3) kika

Proof. Since <77j;, n§*> = (kicosO + kysin) c** — (kpcosO — ky sinf) d** and under the orthogonality condition
(ki1cosO + kysinf) c™ — (kocos6 — ki sinf) d™ = 0,

we have
‘ By k
g k- d™ky Wik ko :
anf = = .
d=ky +c*ky  —f - W3%k2

Theorem 2.16. Involutive Darboux ruled surface and Mannheim Darboux ruled sur face of curve a have perpendic-
ular normal vector fields, if tan 6 = %
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Proof. Since <nj, nj*> = (kocos6 — k sinf) and under the orthogonality condition
(krcos0 — kysinf) = 0
we have the proof. O

Corollary 2.17. The perpendicular intersection conditions of eigth Frenet ruled surfaces which are called IFRS and
MFRS are given as in one table

BRI ny . n%*k o Ty . ]
* — K — Kikp(A+ws) — ki
nr 0 tan6 = 2 tanf = = presTe tanf = -
kocos — kysin@ tan 6
N +0 B mvﬂq(l—w; ) = kl(“Wﬁkzkl #0
- waky (1-v2k?) /UCZ(WS Wkl—kﬁ'vzkz ﬁ)
kicosO + kysind L
i NTRY _ —wakj+ak; _k
My #0 (w1 tanf = o=t tanf =
T mki(o—s)wy cos 0
m o0 " _ k- _k
tanf = - tanf = oS tand = 2 |
Proof. Tt is trivial, using the [n*] [n**]T =0. 0
REFERENCES

[1] Duldul Uyar, B., Caliskan, M., On the geodesic torsion of tangential intersection curve of two surfaces in IR3, Acta Math. Univ. Comenianae0,
2(2013), 177-189. 1
[2] Ergiit, M., Korpinar, T., Turhan, E., On Normal Ruled Surfaces of General Helices In The Sol Space Sol*, TWMS I. Pure Appl. Math.,
4(2)(2013), 125-130. 1.1
[3] Graves, L.K., Codimension one isometric immersions between Lorentz spaces, Trans. Amer. Math. Soc., 252(1979), 367-392. 1
[4] Hacisalihoglu, H.H., Differential Geometry(in Turkish), {nonii University Publish, 1, 1994. 1
[5] Izumiya, S., Takeuchi, N., Special Curves and Ruled Surfaces, Beitrege zur Algebra und Geometrie Contributions to Algebra and Geometry,
44(1)(2003), 203-212. 1
[6] Kiligoglu, S., An Examination on the Mannheim Frenet ruled surface based on Norml vecr fields in E3, Konuralp Journal of Mathematics,
4(2)(2016), 223-229. 1.5, 1.6
[7] Kiligoglu, S., Senyurt, S., Hacisalihoglu, H.-H., An Examination on the Positions of Frenet Ruled Surfaces Along Bertrand Pairs and According
to Their Normal Vector Fields in E3. Applied Mathematical Sciences, 9(142)(2015), 7095-7103. 1
[8] Orbay, K., Kasap, E., On Mannheim partner curves in 3 E, International Journal of Physical Sciences,4(5)(2009), 261-264. 1
[9] Lipschutz, M.M., Differential Geometry, Schaum’s Outlines, 1969. 1
[10] Liu, H., Wang, F., Mannheim partner curves in 3-space, Journal of Geometry, 88(2008), 120-126. 1
[11] Kilicoglu, S., Some Results on Frenet Ruled Surfaces Along the Evolute-Involute Curves, Based on Normal Vector Fields in E3, Geom.
Integrability & Quantization, (2016), 296-308, doi:10.7546/giq-17-2016-296-308. 1, 1.2, 1.3, 1.4
[12] Senyurt, S., Kilicoglu, S, On the differential geometric elements of the involute D scroll, Adv. Appl. Clifford Algebras,25(4)(2015), 977—
988,doi:10.1007/s00006-015-0535-z. 1
[13] Wu, S.T., Alessio, O., Costa, S.I.R., On estimating local geometric properties of intersection curves, In Proceedings of SIBGRAPI, (2000),
152-159. 1



	An Examination Perpendicular Transversal Intersection of IFRS and MFRS in E3. By 

