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1. INTRODUCTION

It is well-known that in the operator theory, for any differential operator the important questions are:
. which differential expression; it is generated by in the corresponding functional space?
. which boundary conditions, it is generated by?
. which special class does it belong to?
. in which cases its spectrum is discrete ?
(see [13]).

Remember that a densely defined closed operator N in any Hilbert space is called formally normal if D(N) € D(N*)
and |[Nf]| = |IN*f]| for all f € D(N), where N* is the adjoint to the operator N. If a formally normal operator has
no formally normal extension, then it is called maximal formally normal operator. If a formally normal operator N
satisfies the condition D(N) = D(N¥), then it is called a normal operator [1].

Generalization of J. von Neumann’s theory to the theory of normal extensions of formally normal operators in
Hilbert space has been obtained by E. A. Coddington in [1]. The first results in the area of normal extension of un-
bounded formally normal operators in a Hilbert space are also due to Y. Kilpi [10, 11] and R. H. Davis [2]. Some
applications of this theory to two-point regular type first order differential operators in Hilbert space of vector func-
tions can be found in [9] ( also see references therein).
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2. STATEMENT OF THE PROBLEM

In this work we consider the differential-operator expression given by
() = (auw)' (1) + Au(D),

in the weighted Hilbert space Lﬁ(H, (a, »)), where H is a Hilbert space, a € R, a : (a, o) — (0,), a € C(a, ),
é € L'(a,), A : D(A) ¢ H — H is a selfadjoint operator, A > E and E : H — H is an identity operator. Connected
with this differential expression one can construct the minimal and maximal operator in Li(H, (a, 00)) (see [7]). In this
case, it can be shown that the minimal operator is formally normal, but it is not maximal. The all normal extensions of
the minimal operator and their spectrum have been studied in [8].

In this work under the condition A~' € C.,(H), we investigate the discreteness of spectrum of normal extensions in
detail. Later on, the asymptotical behavior of eigenvalues of any normal extension has been examined.

3. ASYMPTOTICAL BEHAVIOR OF S— NUMBER OF INVERSE FOR NORMAL EXTENSIONS

In this section we will investigate discreteness of the spectrum and asymptotical behavior of singular numbers of
normal extensions of minimal operator Ly in Li(H, (a, ©)).
Throughout the paper, it will be defined that

o(s, 1) = f%ﬂd‘r and § = 6(a, o).

Before of all we can give the following simple fact.

Theorem 3.1. If dimH < oo, then each normal extension Ly has a pure point spectrum and s—numbers of extensions
L;VI have the same asymptotics

0
Sn (L_Wl) ~ I’ asn — oo,
Now let prove us the following result.

Theorem 3.2. If A~' € S.(H) and the operator Ly is any normal extension of minimal operator Ly, then L;V' €
Soo(L(H, (a, 00))).

Proof. Let Ly be any normal extension of the operator Lg in L2(H, (a, )).
It can be verified that

1 O p
L;Vlf(t) = %e*Aé(a,t) (E _ W*e—A5) w* fefAd(.v,oo)f(s)ds
a

t

1
+ — f e 6D f(5)ds, f e L2(H, (a,)).
a(t)

a

Now we prove that if A™! € S (H), then
1 t
Kf(n):= o0 f ™D £(5)ds € S (L2 (H, (a, 00))).

1
Since — € L!(a, o), then from the absolute continuity property of Lebesque integral for arbitrary € > 0 there exists
a

1
7 > 0 such that for any Lebesque measurable set with A(e) < 7 it is true f ?ds <e[l2].
e al|s
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In order to prove K € S(Lﬁ(H, (a, »))) define the following operator:
t—1/2
1
Kef®):= o5 f e 00 f(s)ds, f € Ly(H,(a,)), €> 0,
a

a

K. : L>(H,(a, o)) — L%(H, (a, o)) for € > 0.

In this case, for any f € Lf,(H, (a, ©0)), we have that

= —1/2
IKeflis = f ”% f e 0D f(s)dslla(n)dr
e 2
| %[ | ||f(S)||Hds] i
aw :T/z 2
B f %t)[ f ﬁ@llﬂs}lmds] dr
am ' t—7/2
%6(a,t—f/2)[f OZ(S)llf(S)Ilfids]dt
< ; ’

2 2
NN L2 g1 ooy <

For each € > 0, the operator K, can be represented as follows
1 (9
Kef(1) := — | Ke(t,9)f(s)ds,
a(t)

where f(f) € L2(H, (a, o)) and for each (z, s) € [a, ©) X [a, ),

K.(t.5) = e 6D ifa<s<t—1(e)/2,
BZV 0, ift-1(e)2< s < 0.

Since each dual (7, s) € [a, ) X [a,), a < s <t — % satisfies the following property:
Ae " e B(H)
(Note that, B(H) is the class of linear bounded operators in H (see [3])).
e—A(S(S,t) — Ae—A(S(S,Z)A—l c 6oo(H)

Now for any y > a define the following linear bounded operator in form

Y
1
KIf0) = = f Ko(t, 9)f(s)ds,

K! : L2(H, (a,0)) — L%(H,(a, o).

Recall that this operator is compact (see [4]).
t
1
Since for every t, s € [a, o) such that s < ¢, §(s, 1) = f ﬂds > 0, then ||K.(2, s)|| < 1.
< a(s
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On the other hand
o 2
1
f fIIK (, )|| \/ a(|f(Dxds| dt
a(t)
f 1 f Lds fa(s)ll F(|ds | dt
ain|J als) H
a Y a
= ( ! d
= ||f||Lz(H(am)) m N
0 12
Hence ||(K. — K)|| < 6'/? f ——ds| tends to 0 as y tends to infinity.
5 a(s)

That is K — K, as y — oo in operator norm. It is well known in operator theory that K. € S(L2(H, (a, %))) ( [4]) .
Then, we have the following

t

_ 1 —AS(s,t)
K = KOSz 41 0oy = U f FOSI 40

t—7/2

f 5o (1) f e 00D f(s)dsjat)dt

t—-1/2

I 2

1
f% f“e_Aﬁ(m””f(S)llyds dt

a t—1/2

IA

2

f L a—“‘ﬁ;) Va@Ilf(s)luds| di

a(r)
a t—1/2

65(I—T/2 1) foz(s)llf(s)ll%,ds dt

a t—1/2

IA

IA

ﬂé(t—rﬂ 1) (fa(s)llf(s)ll%,ds] dt

a

fﬂ(s(t = T/2 D12 1,000

€I 1y oy | € LA(H. (@, 0)),

a

IA

that is,
IKe — Kl < €'26'/2,
therefore, K. converges to K as € tends to 0.

Again it is well known that K € S, (L2(H, (a, 00))) ([4D.
Thus the representation of Ly implies that L € GOO(L (H, (a, ))).
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Corollary 3.3. Let Ly be any normal extension of the minimal operator Ly and let A € p(Ly). Then R)(Ly) €
Se(L(H, (@, ).
One can easily deduce it by the following relation
Ri(Lw) = Ly = AR(Lw)Lyy .
Using the same method in the proof of Theorem 3.2, we obtain the following results.
Corollary 3.4. IfA~! € S,(H), p = 1 and Ly is any normal extension of Lo, then L;Vl € Gp(Lﬁ(H, (a, ))).

Furthermore, from the representation of resolvent R,(Ly ) of the operator

o

1 —1
e(/lE—A)(;(a,t) (W _ e(ﬂE—A){?) f e(xlE—A)r?(s,oo) f( s)ds
(1)

Ry(Lw)f (D)

a

+ % f exp (AE — A)S(s, 1) f(s)ds, f € H, A € p(Lw)

1 -1 -1
QE=-M5@) | (W, — pAE=AB) "' _ (W, — o@E-A)
a/(t)e [( e ) ( 2m¢ ) ]

% f SAE=A5) £y

Ra(Lw,) = Ry(Lw,)

a

1 . -1 -1
_ (AE-A)S(a,b) __(AE-A)S _ __(AE-A)S
= e (Wi = eE0) Wy — W) (W — e 1E47)

X f IR f(s5)ds, f € H,

a

we also have the following assertion.

Corollary 3.5. Let Ly,, Ly, be two normal extensions of the minimal operator Ly in L2(H, (a, %)) and A € p(Ly,) N

p(Lw,). Then we have
Ri(Lw,) — Ri(Lw,) € S (LL(H, (a,))), 1 < p,

if and only if
Wi —-WyeG,(H), p=>1.

Now we will present a result on the structure of the spectrum of the normal extension of the minimal operator L.

Theorem 3.6. If A~' € S.,(H) and Ly is any normal extension of the minimal operator Ly in Li(H, (a, )), then the
spectrum of Ly has the form

o(Ly) = {/ln(A) - é (argd, (W¥exp (=A0)) + 2kn) ,n e N; k € Z}.
Proof. Theorem 4.1 in [8] implies that
o(Lw) ={1€C: A =6 (nlul™ + 2kni — iargu), k € Z, p € o (W exp (-AJ))}.

Since A™!' € G (H), then
We ™o = w (Ae*f‘ﬁ)A*1 € o (H).

Because for any eigenvector x,; € H corresponding to the eigenvalue 1 € o), (W*e‘A‘S) we have
Wie™x, = A (W*e’A5> X,

In this case since A € C is an eigenvalue of the adjoint operator to W*e™, that is, of the operator e *°W with the
same eigenvector x, in H, then the last relation implies

e’A‘;WW*e’A‘SxA — /l<W*ng6) e’A‘sWx/l - A(W*e’A‘S)/l(W*e’A‘s)xA,
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namely,
e Moy, =11 (W*e’M) x;.
Hence
1 (W* e—Aé) P = 1240 = o240
that is,

Il =12 (W*e—A(S)' — o)
and from this relation we have
Inlu] = —A(A)6.
Thus .
(L) = {/l €1 A= Au(A) - (argd, (W'e™) + 2r) n € ik € Z}.
Now we can prove the main theorem of this section.

Theorem 3.7. If A~ € S (H) and A,(A) ~ cn®, 0 < ¢, @ < oo, then Ly} € So(L2(H, (a,0))) and
04

su(Ly) ~dnP, 0<d <0, B = oo

Proof. Since A™' € S, (H), then by Theorem 3.2 Ly} € Sw(L%(H, (a, ©))).
Firstly, note that if N is any normal compact operator in any Hilbert space H, then for the s—number of the operator
N, we have

s(N) = [AN)].
from [4]. Therefore,

smLy) = Aa@LyH] = (L)l
i

|4, (A) = 5 (arg/ln (W*e’A‘S) + an) !

1,(A) — g (6, + 2km) [,

where, m = m(n,k) e N, ne N, ke Z, 6, = argd, (W*e‘A‘S).
It is clear that foreachn € N, 0 < ¢,, < 2.
Denote by N(A; T') the cardinality of the set {n : |1,(T)| < |4]}; that is,

N T) := Z 1, 1eC,
0<| 2, (D<Al

is the number of eigenvalues of the some linear closed operator T in any Hilbert space with modules of eigenvalues
less than or equal to |A|. This function takes values in the set of nonnegative integers and in case where T is unbounded
it is nondecreasing and tends to +oo as |4] to co.

It is easy to see that

1 1/2
|IA(Lw)| = [cznZ” + E(‘S” + 2k7r)2] ,

whereneN, ke Z.
Since 0 < ¢,, < 2x for each n € N, then from the last equality we have

1/2

472
[ ne 2

4n 2
5 < [ALw)l < [c2n2“ + e 1)2] ,neN, keZ

Therefore

L)l ~ V2n2* + k2, ne N, k € Z,
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2
where h = %
12
On the other hand, we note that (cznza + hzkz) / , n €N, k € Z, are modules of eigenvalues of the periodical
boundary condition, for the Dirichlet problem, i.e.,

Le)l = (> + 1) neN, keZ.

In another word, asymptotical behavior of the modules of eigenvalues of each normal extension Ly and Dirichlet
extension is the same, that is,
[ (Lw)| ~ |4 (LE)| as m — oo,

Using the method established in [5] or [6] (in our case k € Z ) can be found that
[Am(LE)| ~ pmﬁ, m— oo, 0 < p < oo,
On the other hand, since
sm(Lg") ~ An(LgHl, m — oo,
then following result holds
(L) ~ (L)) ~ (L] ~ dm™ a1, asm — oo, 0 < d < oo,

which completes the proof.
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